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Bollettino U. M. I.
(8) 2-B (1999), 537-575

Asymptotic Analysis for the Ginzburg-Landau Equations.

TRISTAN RIVIERE

Sunto. — Questo lavoro costituisce un survey sui problemi di limite asintotico per le so-
luzioni delle equazioni di Ginzburg-Landau in dimensione due. Vengono presenta-
ti essenzialmente 1 risultati di [BBH] e [BR] sulla formazione ed il comportamento
asintotico dei vortici in un dominio bidimensionale nel caso fortemente repulsivo
(large K limit).

1. - Introduction.

We consider a domain Qc R?, filled by a superconducting element. Super-
conductivity corresponds to the formation of electron pairs, called Cooper
pairs, and is represented by a complex function « on 2, such that |u|? equals
the density of Cooper pairs. By applying an external magnetic field H.y, the
superconductor reacts with producing a magnetic field 4. One may choose a
vectorfield A on £ such that curl A = and the superconductor’s state is fully
characterized by the couple (u, A), or more precisely by an equivalence class
for the relation

)] (u, A) ~ (e, A+ Vo),

where ¢ is a real valued function on £2. Under the influence of the external
field, the superconductor can roughly get into two different states, depending
on the intensity of H.:

— |#|*=1 and k= 0: superconducting state.

— |#|*=0 and h = H,: normal state.

For superconducting elements of type II (see below), on may observe two

critical values H, < H, such that

— for H. < H, the superconductor is in superconducting state,

— for H. > H,, the superconductor is in normal state.
In between H, and H,,, there is a transition phase or mixed state, which is
(*) Mini-Course given by T. RIVIERE at Mathematick Departement ETH Ziirich

und Forschungs institut fiir Mathematik ETH, Ziirich.
Notes by P. HarPEs, ETH, Ziirich.
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characterized by the formation of filament like non-superconduction zones,
called vortices, in the middle of superconducting areas.

Let & denote the characteristic width of each filament and A the character-
istic distance between two filaments. The parameter x:= A/£ then character-
izes the nature of the superconductor and in particular superconductors of
type II, considered above, are those with k larger than some given critical
value. Here we are interested in large x and will write x = 1/e. Empirical ob-
servation yields:

€ 1
H, =~ —log—.
b2 & €
Moreover the induced field & verifies an equation, called London equation, of
the form

_/12 Ah+h= ¢026V0rtex’

where 0 ey 1S @ Dirac mass in each vortex. Finally if Q is a cylinder, with an
external field H,; directed parallelly to the axis, the filaments are also parallel
to the axis and looking at a slice of 2, we get a regular pattern of vortices,
called Abrikosov lattice.
For further details on the physical aspects of these problems, see [16].
The action functional put forth by Ginzburg and Landau to describe the
free energy of this system is

2) G.(u, A) = f(|eVu—iAu|2+ (1—|u|®?+ |curlA|?)dw
Q
and for the total energy

Glet(u, A) := G, (u, A) — 2 fcurlA-Hextd% .

These expressions actually are invariant under the equivalence relation given
above in (1); this invariance is known as gauge invariance.

The related mathematical problem, which we are going to consider is the
following: Let (u., A,) be a minimizing couple for G/ (existence of such a
couple in an adequate function space is a standard problem, see [7] ), for an ex-
terior field H.y close to H, = (1/2) elog(1/e). We then let ¢ tend to 0, in order
to amplify the discontinuity produced by a vortex and the goal is to study the
asymptotic behaviour of the couple (u,, 4,), with the hope of detecting some
loss of compactness in the given function space, as ¢ tends to 0, describing the
creation of vortices.

This problem, in such generality, as it is explained in [6], is mathematically
quite difficult, and not entirely solved so far. In their initial work, F. Bethuel,
H. Brezis, and F. Hélein (cf. [4]) study a simplified model, with neither mag-
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netic field, nor gauge invariance, where the effect of the exterior magnetic
field is simulated by the prescription of some vorticity at the boundary (non-
vanishing degree for boundary data mapping into S?!). Precisely, as ¢ tends to
zero, they study the behavior of the critical points of the energy

1 1
Eelu; Q)= —f(IVu|2+ (- |u|2>2) de
29 2¢?

among the maps
ueW;*(Q,C):={ueW"*Q, C)|lu=g on 6Q}

for a smooth boundary data g: 32 —S! having a degree deg g = d > 0. They
give a complete description of this behavior (see Theorem 1 and 2 in part II)
which correspond to an answer to a first question about the relation between
vorticity and the actual formation of vortices:

vorticity = formation of vortices

This first problem and its solution is offered in the second section of this mini-
course. In the third section, we consider a similar problem but including the
induced magnetic field & = curl A, Precisely we minimize the functional

1 1
G (u, A) := —f(|dA|2+ |Vu — iAu|* + — (1 — |u|2)2) di
24 2¢?

among couples (#, A) in the space
Vi={(u, A) e W32, C)x Wh2(Q, R®) | |u| =1 on 0%,
deg(u, 092) =d,(iu, t-Vyu)=J on 2}

for a given degree d >0 and a given regular function J on 992 which corre-
sponds to the tangential current. We give an answer to the corresponding
question (see Theorem 18):
[formation of vortices and induction of amagnetic field
vorticity = 4 +
the induced magnetic field verifies the London equation.

Moreover we sketch the solution of the problem

exterior field = H, = vorticity ,

under some additional assumptions (see the Remark following Theorem 18).
Let us mention a recent work of S. Serfaty (see [17]) where she proves the sta-
bility of solutions of the complete Ginzburg-Landau problem with external
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magnetic field, which have more and more vortices as this external magnetic
field increases starting from the critical value H,,.

In this paper we restrict ourselves to the static problem in dimension 2.
Let us just give some references for the corresponding static problem in high-
er dimension [15], [12] and the corresponding heat-flow problem [9], [10], [8].

2. — Asymptotic behaviour of critical points of the Ginzburg-Landau
functional without magnetic field.

Consider the Ginzburg Landau functional
1 2 1 2y2
E,(w):=E.(u; Q) = — |Vu|*+ — (1 — |u|*)" | do
24 2%

defined for maps
ueW, (R, C):={ueW"*(Q2, C)|lu=g on 92}

with smooth boundary data g: Q2 —S! and fixed degree deg g =d >0, for a
smooth, bounded, simply connected, starshaped domain  in R% In this con-
text starshaped means that there is some o >0 such that

xv=a>0, Vreds?,

v being the outward unit normal to 0.

The goal of this lecture is to analyse the asymptotic behaviour as ¢ —0 of
minimizers as well as of critical points of E, in W} *(R, C). Throughout the
general reference is [4].

THEOREM 1. — Let {u., },.n be a sequence of minimizers of E. in
W, 2(RQ, C), with £,—0, as n—> o.

Then there is a subsequence, still denoted by {u., }, there are exactly d =
degg points ay, ..., ag in Q such that

3) we, = uy i Ch(2\{ay, ..., a4}), VkeN,
4) in Co“(Q\ay, ..., aq}), for 0<a<l.
where w,: Q\{ay, ..., ag} =S is the following harmonic map
a
u(2) = [T ——L exp(ip)
i=1 |z —a; |

with Ap =0 on Q, u,=¢g on Q.
Moreover, there is a function («the renormalized energy»), depending
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only on 2 and g
W: QI>R,
such that (a;)¢_, minimizes W in Q°

The previous result has been extended to the case where Q is only simply
connected and not necessary starshaped by M. Struwe in [16]. The result on
the asymptotic behaviour of critical points, which are not necessarily minimiz-
ers, is similar but the limiting map need not have degree 1 in each singularity
(vortex) and there is no precise information on the number N of singularities,
for which one merely obtains an upper bound.

THEOREM 2. — Let {u, },.x be a sequence of critical points of E. in
W, 2(2, C), with ¢,—0, as n—> .
Then there is a subsequence, still denoted by {u., }, there are N points

ay ..., Ay m Q, N integers d, ..., dy
(5) e, —uy i Ch(2\{ay, ..., ay}), VkelN,
(6) in Co“(Q\{ay, ..., ay}), for 0<a<l.
where uy: Q\{ay, ..., ay} =S, is the following harmonic map
d 2 —Q; d;
U4 (2) = l_[ —— | exp(ig)
i=1\ |z —q;|

with Ap =0 on 2, u, =g on 9RQ.
Moreover there is a function («the renormalized energy»), depending only
on 2 N and g,

W: Q¥ x 7N >R,
such that (a;,))_1 is a critical point of W in QY.

The complete definition of W is given in the step 11 of the proof of Theorem
1 and 2 bellow. Let us make a digression to the questions which arise from the
results stated just above. Observe that once you know the d; and the a; you
know the limit % ,. So the limiting problem & =0 is included in the finite di-
mensional one which consists of finding the critical points of W. Now it would
be interresting to understand what happens just before ¢ =0 (i.e. ¢ small but
different from zero): How many critical points of £, do exist? In [1] and [2]
critical points of £, which are not necessary minimizers are found by the mean
of topological methods. But in a more systematic approach we can ask the
question of understanding the number of familly of critical points of £, wich
converges to a u, constructed from a given (a;, d;), critical point of W. The
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first result in this approach was given by F. H. Lin and T. C. Lin in [11] : they
prove that, in the case where all the d; are equal to +1, if (¢;) is a non degener-
ate critical point of W, there exists at least a familly of critical points u, of E,
which converges to the corresponding u .. In [13] this result is extended to the
case where d; = + 1. Finally the problem of describing exactly the number of
branch of solution converging to a given u . has only be solved, untill now, in
the particular case where we restrict ourselves to minimizers (see [14]). The
general situation is still far from being understood especially when the multi-
plicity of the limiting vortices are different from =1.

In the sequel, we will sketch the main ideas of the proof of Theorems 1 and
2, which consist of eleven steps:

Step 1: The Euler-Lagrange Equation.

The Euler-Lagrange equations for critical points of E,(u) are:

1
- Au=—=u(l-|u|®) in 2,
) e?
u=g on Q.
Step 2: L ~-estimate for u.

LEMMA 3. — Let u be a solution of (7), then |ul|, = <1.

Proor. — Note that by elliptic regularity and a standard boot-strap argu-
ment, weak W 2 solutions are smooth. We thus may take the scalar product
with % in (7) and deduce:

1 1
=5 Olul?= = [Vul? = (Au,u) = = |Vul* + = |u]* (- [u]”),
&

and

|u]*

éA(|u|2—1)—( )(|u|2—1)>0.

82

Since |u| = |g| =1 on 3£, the claim follows by applying the maximum prinei-
ple to [u[*—1. =

Step 3: L~ estimate for the gradient.
LEMMA 4. — Solutions of (7) satisfy ||Vull. < Cle.

ProoF. — In [3] the following interpolation inequality is proved:
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LEMMA 5. — Assume ue L *(Q) satisfies AuelL *(Q) for some smooth,

open QccRY, then:

ol 7. =
dist?(x, 9Q)
i) If in addition u =0 on 09, then:

D |Vul?@) sc(nmnmnunm " ) Ve o,

IVulfy = < CCll Al = [lell ) -
Now the result follows by equation (7) and lemma 3, with a constant depending
on g.

Step 4: Pohozaev identity.

LEMMA 6. — Every critical point u of E, in W) *(R2, C) satisfies

2

1 ou o 1
—f(1—|u|2)2doc=— —u—ur-xdo+—fx'v
ey v ar 2

Q2 Q

ou ou
or v

Here we only need the assumption that Q is smooth and bounded.

2
do .

PROOF. — In the sequel, we will drop the index ¢. The lemma follows from a
onhozaev identity, which is obtained by multiplying equation (7) by

>, x;(0u/dx;) and integrating over £, noting that
i=1

. ) . ) 1
div(Va'a;o;u’) = Au'e-Vu'+ |Vu|? + Eﬂc-V(|Vu|2),

1
w(l— |ul?) = —Eac-V(l — |ul|?)y,

and

3 ou \*
—u(xVu) = (_u) Vet ——1,
v ov )

where v and 7 denote the outward unit normal and a unit tangent vector to 99,
we obtain:

1 1
—f(l — |u|?Pde — — fx-v(l — |u|*? do =
829 28239 —

=0 on oQ

) 1
= —f—u-xVudo+ — fac~v|Vu|2dO
) 2

@ oV oQ
so this yields the result. =
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COROLLARY 7. — There is a constant C independent of €, such that for every
critical point u, of E, in Wy (R, C), we have:

1
f—2(1 — |u|?Pde<C.
&

Q

Here we essentially need 2 to be starshaped.

Proor. — By Young’s inequality and the previous lemma, we obtain

<ot jar

and since £ is starshaped, we may choose 6 such that 0 <d <a<z-v,VreQ
and thus we obtain

1
?!(1 - |u|2)2

Step 5: A remark.

ou ou
— —1x do
a0 Ov ot

ou

From equation (7) we see that A wulu, which is equivalent to
2
> Oi(u N\ du) =:div(u AVu) =
i=1
In particular, if |%| = 1/2 locally on some simply connected subdomain QcQ,
we may write u =pe', where ¢ satisfies the following elliptic equation:
div (0% Ve) =

with 1/2<p<1.
Actually for u = Qei‘z’ equation (7) transforms into the system
div(02Vg) =
® 1
— Ao +o|Vg|*= —~e(l -0%),

(cf. [4] p. 109) and since u A Vu =0?V¢ this may be written as

div(iu AVu) =0
9

1 2
= ?|u|(1— |u|®).

Note that the first equation is independent of ¢ and will be preserved under
weak W P-limits lin}) u, = U for solutions u, of (7). In view of the elliptic
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equations (8), the limit « ., can be expected to be regular in the part of the do-
main where |u| = 1/2. The problem is now to locate the part of the domain
where (8) is degenerate, ie. where |u|, <1/2.

Step 6: Locating the «bad set», where |u| <1/2.

LEMMA 8. — Let u, denote a critical point of E, in W;’Z(Q, C).
There are constants N e N, 1 > 0 depending only on 2 and g, such that for
each € >0 there are xf, ..., x5y € Q2 and N, <N with

N,

1 &
B, = {9069' |u, | < E}C Al_JlB,lg(acje),

where the balls B, (xf) are mutually disjoint.

ProOF. - In the sequel we omit the index & for u. Suppose |u|(y) <1/2 for
some y € . Since |[Vul, - < C/e, there is some 1,> 0 independent of & such
that

|u|(x) <

>~ | oo

on B; . (y),
thus

1 2\2

?(1— |lu|**=C,  on B; . (y),
and

1
- f (1—|u|2)2d90200>0,

€ Bioe(y)

C, being independent of «.
Vitali’s covering theorem applied to the cover {B, . (x)|re®® .} gives us a
countable subset {x;};,.; c®B, such that

B, (xf)NB;, (xf)=0 for i=j,
%SCiEUJ B510£(9€]’E).

From the global bound in Step 4, we deduce:

1 1
Cold | < 2 f — (1 - Ju|?de < —2f(1— lu|Pde<C,
]EJLBA()e('xij) & E 0

i.e. |J.| <N independently of e.
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Set 4 :=541,. i
Furthermore one may chose a subset J'cJ and a constant A = 4, such
that

|w;—a;| =84e, Vi,jed',i#j and .UJBES(XJ?)C'UJ’BM(XJ‘?).

Indeed we may proceed by induction on card (J) = |J|: If there are w;, x; with
|2 —a; | <84, set J' :=J\{j} and 1:=9 4.
In particular we obtain a covering of ¥, by disjoint balls. m
Step 7: Convergence of the «bad set» to limiting singularities.
From step 6 we obtained a covering
N

%(SC l,szlB/le(xjs)

with mutually disjoint balls.

Since 0 < N, <N, we may select a converging subsequence N, , which
must be stationary for » sufficiently large and we may assume N, =N. Ex-
tracting a converging subsequence from

(@, oy i), enC O,
we get a covering of B, by N disjoint balls, with converging centers
xfr—a;(n— ), 1<j<N.
It might happen that a; e 92 for some j. In [4] they actually prove that the a;
lie in Q.
Step 8: Convergence to a limiting map, away from the singularities.

There are two different approaches, depending on whether we consider
minimizers or merely critical points of E.

i) For minimizers one may derive lower and upper bounds for the en-
ergy from which we deduce a uniform upperbound for the energy outside the
singular set.

ii) For critical points in general we prove uniform W!” estimates, for
p <2

The second method is more general, so we will merely give a sketch of the
first and develop the second one.

Sketch of the first method:

— On the one hand, we have:
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LEMMA 9. — There are constants €y, C > 0, such that for any minimizer u,
of E. in W 2(Q, C), with & < e, we have

1
E.(u,) < 2xadlog ( — ) +C.
&
This can be seen by using test functions of the following form: Fix
d = deg g distinct points ay, ..., ag in £ such that By, (a;) N By, (a;) = @ for ¢ #j
and set

d

b z—a;
(10) 7.(2) =11 ——7 ¢#® on @\ U B,.(a),
k=1 |2 —a;| k=1

where ¢ is a harmonic function on £ chosen in such a way that u,=g¢ on
2Q.
Further set

z—a; z—a;
11) u.(2) :=g( | i ) e™i®  on By (a;), (1<j<d),
2¢ |z —a;|

where 0 e C ([0, 1]) o(1) =1 and 0 =0 on [0, 1/2] and H; is a harmonic func-
tion determined by

iHi(z) _ |z —a] _ .
"W = ————u.(2) on 9B, (q;), 1<sj5<d).
z_a/j

Noting that

(12) |

Br(0)\B,(0)

2 R
dx=2nlog(—),
”

v( -~ )
||

we see that each vortex a; creates an energy 2srlog (1 /e) plus constants inde-
pendent of e. Indeed, according to (12), (11) produces an energy ~ log (2¢/¢e) +

C, but the term 2mlog (2¢) cancels with the corresponding term of the energy
of (10) (cf. [4] theorem IIL.1, p. 44).

— On the other hand, there is an optimal lower bound for the energy
around the vortices (this is the more difficult part to prove):

LEMMA 10. — For 6 > 0 there is a constant Cs such that for (sub-)sequence
of minimizers as in step T, satisfies:

1 1
f (|V“|2+ 5 S (11— |u|2)2) d.%'>2awllog(—)—q5
&

n € n

N
£n
kl:JlBa(vT_, )
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(cf. [4] theorems V.2 and V.3. They also show that there are exactly d vortices,
which is actually a consequence of lemma 9 and 10.)

— Subtracting both estimates yields a bound on the energy away from
the singularities, uniformly in ¢, and ensures weak W.>(2\{a, ..., az}) con-
vergence to a limiting map.

The second method, W7 estimate method for critical points of E,:

LEMMA 11. — For any critical point u, of E. and any p <2, |[ully1.»q) is
uniformly bounded with respect to e.

N,
PROOF. — Let @ := Q, := Q\‘UlBls(xf) for a covering {B;,(xf)}Ve, of B,
e

as in step 6. On Q we have |u| = 1/2. Now we are tempted to write u = |u|e’”
and use the elliptic equation div (|« |? V) =0 (cf. step 5) which yields appro-
priate estimates. But % does not admit such an expression globally, since Q is
not simply connected. Note that locally for u = |u|e™:

2
> (WA Su) de; =:uN\du=|u|?dg
i=1

and

d(|:|2 ):d(%/\d(%ﬂ)):o

here A denotes the vector product in RZ
But u/|u| Adu/|u| is not exact in £ because

J o pa( )~ Jonao-zm

The idea is to subtract the «topologically non trivial part»> from wu/|u| A
du/|u| in order to obtain an exact form which will satisfy the elliptic equation.
We thus need some kind of Hodge decomposition. We present this Hodge de-
composition for arbitrary dimensions, which can be usefull for Ginzburg-Lan-
dau problems in higher dimensions, in particular in dimension 3.
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Hodge decomposition.

First observe that the topological part of u/|u| Adu/|u| is «finite»:

(13) [ n g

j
3By (arf) |ul |ul

and from step 3, we know ||Vu/|.. < C/e, which implies that |df| must be uni-
formly bounded.
In order to obtain a decomposition
U du

1
(14) A = ——d*y+dH,
lw]  ful  |ul

for some 2-form 3 and some O-form H, where the «topological part» d*y
should possess as little energy as possible, we consider a solution vy of the fol-
lowing minimization problem

1 ~
f|u|2|d*1/)—u/\du|2dx for wEWI,Z(AZQ)’
o

(15)  Min [

d( =) | s = dr( *1/)|afz):0}

for 1 e W 2(A2Q), which projects to 9 |s5e W'?2(A123Q). The index T de-
notes restriction of the considered operation or form to the tangential compo-
nents of Q. Observe that unlike the usual Hodge decomposition, we do not
separate a purely harmonic part, which contains the topological information.
As we will see below, this information is contained in d * 1. Such a decomposi-
tion is always possible on any manifold «whose topology comes from the
boundary» (cf. (20) below), typically an open set in R".

In the sequel we treat the 2-dimensional problem, the same approach
might yield analogous results in higher dimensions. In particular in dimension
2, the boundary constraint implies * 1 = constant on each connected compo-
nent of Q2 and so we may choose

[ *9p=0 on 99,

(16) .
2[ w1 =cf on dB,(xf) for I<j<N.,.

Now we claim that for minimizers 1 of this problem
1 U du

d*yp— — A

|ul? lul  u

is exact.
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Indeed the (weak) variational equations for i read as follows:

am f<d*§, lllz(d*w—u/\du)>d9¢=0
y u
Q

for any smooth 2-form & satisfying dy( = &) =0 on 3Q.
Choosing a 2-form & with compact support in £, we deduce:

(18) d( ! d*w—(i/\d—“))=o in &

|u]® | u

and since u/|u| Adu/|u]| is closed, also

(19) d( 1 d*w)=0 in Q.

|ul®

Moreover combining (17) and (19) it follows:

f*éf/\ ! (d*w—u/\du)=f*§/\d( |1|2d*w)d90=0,
u —

2
50 |l 20 by (19)

for any 2-form & satisfying dy( = &) =0 on Q2. Now this implies that

1

|u]®

Bi=

(d*yp —uNdu)

is exact. Indeed note that in dimension 2, ( * &) is a function. Choosing for = &
the characteristic function of a given connected component of 99, we see

that

(20) f B=0, for every connected component C of 3Q
c

and since every closed path in @ is homotopic to an integral sum of connected

components of 38, the Poincaré dual
y— f B (y a Lipschitz-representent of Hl,(2))
Y

is identically zero and thus the DeRahm-class of § must be zero.

We thus obtain a decomposition as in (14) and in the sequel we will de-

rive estimates for d* vy, dH and |u]|.

Estimates on d*y for p<n/(n —1) (for the case n=2).



ASYMPTOTIC ANALYSIS FOR THE GINZBURG-LANDAU EQUATIONS

We have
({1 o
d( d*w) =0 in Q,
|l
@21) f - A o f
TGB}Lg(il‘f) |u | B3 (atf) | |?

f L gy —2d.

o0 |u]?

5561

Combining (21) and (16), this yields in dimension 2 for the function ¢ = * o

f 1
div(—Vrp)zO, in Q,
|u]?

1 Jgp
22) ] f —, do = 2df,

3B, () |u|® v

=0 on 909,

Note that this is an e-approximation of the following problem:
~ N ~
Ayp=2x2dfé, inQ, y=0 inoQ
i=1 "

and since the Green-function in R? is W' ? for p <2 we have:

_ N
(23) [lhwr < € 2 4] -

We actually obtain the following similar estimate for a solution ¢:

@=c¢f on 3B, (xf) for 1<j<N,.

LEMMA 12. — Let ¢ be a solution of (22), with 1/2< |u| <1 on Q=

N
Q\.UIBM(xf), for some smooth u. Then
=

Ve, <C

where the constant C only depends on A, Q and (d});, and 1 <p <2
Proor For fixed & and some constant ¢ consider the weak solution

LeVPi={&:=(§y, &) |E:e HVP(Q, C), E=c on By (xf)

for 1<j<N,, £=0 on 02}
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of

Q

(24) f( ! ZVC) Vadx = thadm, VYaeVi,
|ul o

where ¢ is the Holder conjugate of p: 1/p +1/q=1. We have:
1]l < €, IRl

The proof can be found in [4], Lemma X.8, p. 117 and uses a method due to
G. Stampacchia, which consists in testing with (¢ — k)™ . where k is any real
constant. Now for fixed h = (hy, hy), h;e L1(2, C), test equation (22) with ¢
solution of (24) in order to obtain

fl
0=—
u

VoV da + f |:|2V¢-v§do

2
o vl 59

ie.

Q

Ne
f| ! Vo -Vidw =2n21d;«;(aBM(x;)) .
)=

|2
On the other hand inserting ¢ in equation (24) yields

f%qu-VCdx:qu)-hdx
5 Ul o

80
N,
(25) fV(j)-hdx <2x 2 |df |[El-,
2 =
N,
(26) <2 ‘21 Cq(u) |djs | ||h||Lq .
i

Now by duality:

Ns
Vol < C,(w) X |df|.
j=1

Thus as expected in (23) the solution y = * ¢ of (22) satisfies
J

and by (13) the right hand side is bounded independently of «.
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Let us digress before finishing the W' ? estimates for |u|.

5563

Consider a similar problem in higher dimensions: Let £ be a smooth, sim-
ply connected, bounded domain of R” and let % be a map from  into C, such

that
C
Vel < —,
e
27 1 N,
|u| = S on Q, = 9\.l_-JlBa(Xi)’
where
C
Ng S n—2"

d*y given by (15) satisfies

1
d d* =0
( o ’”)

and for any I', regular curve in Q,:

(28) J d*w:rf

rolul?
dr( =) |556=0.

1
2u/\alu=2:rdeg[(i),
|| ]

Thus 1 is an «e-approximation» of a Green function 1 associated to a Dirac
mass along an n — 2 dimensional manifold I", with multiplicity given by the de-
gree of % around each part of this manifold. Because of (27) the total mass of
this current is uniformly bounded independently of ¢ and we have L? esti-
mates for d*1 independently of & for p < n/(n — 1). The question is whether
we also have L?” estimates for d*y itself, the solution of (28), under the hy-
pothesis (27) independently of & for p <n/(n—1). This is still an open

question.

L

Estimates for VH.
In the decomposition (14) above the 0-form H is given by

1
u N\ du —

29 dH = a*
(29) ; P

||
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Since ul| Aw we have d*(u Adu) =0 (cf. step 5) and thus

d*(|u|2dH) =0
Furthermore
OH
f |u|? —do=0 Dy (21)

3B, () o
and also

oH 1 u

— = u/\ —  on 9B, (x;)

A |u|? v AR

by (29) and the boundary constraint for .
Since ue L * (2, C) and |u| =1/2, this implies

[ivappaz<c

Q
(for a proof see [4] lemma X.9, p. 120).
Estimates for V|u]|.

Following [4] one establishes the following bound

f|V1p|2dx$C(log(l) +1)
. €
Q

(cf. [4] lemma X.10, p. 122).
Moreover, multiplying the variational equation for |u| by (|u| —1) (cf.
step 5 (9)) one computes

1
(30) fIVlul Izdxscl+czf(|vw|2+ |VH|2)deC(log(_) +1)
Q o €
2 0

(for the exact computation see [4], lemma X.12, p. 123).
Now setting S:= S8, := {xe Q|1 - |u|(x) |22£ﬂ} for some <]0, 1[ and

using the upper bound 1 /e ) (1 — |u|?*)?dx < C from lemma 6, we obtain for
1<p<?2 Q

/2 _ 1 p/2
f|V|u||pdms<f|V|u||zdac) |S|(1‘p/2)SC(log(—)+1) £(2-28)1-pi2)
S ) &
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by (29), i.e.
f | V]u||"de < Ce”
S={xe f2/|u|(x)2> 1- sﬁ}

for some a = a(f), f€l0, 1[, 1 <p <2 and ¢ sufficiently small.
Finally, multiplying equation (8) by 1— g, where ¢ = max{|u|?, 1 —¢f}
we deduce

f|V|u||2dac<
a\s
1
Cleﬁ(f|u/\du|2+02)$C36ﬂ(f|V1/)|2+ |VH|2+C2)sCeﬁ(log(—)+1)
h . €
2 2

(cf. [4] p.124 (102)-(103)) and this finally yields a uniform bound on ||V ||+,
for 1 <p<2.

Final estimates for u.
Now writing » = |u|e' locally and noting that u A Vu = |u|*Vg, we see

that

1
|Vu| < |V]|u|| + m|u/\Vu| < |V|u|| +2(|Vy| + |VH|)

since 1/2 < |u| <1 on L. Thus by combining the estimates on V|u|, Vy and
VH, we obtain the uniform bound

(31) ||’M,£ ||W1’1’(§) < Cp for 1< p< 2.

Finally, by ||V, =0 < C/e and |ull,» <1 from lemma 8 and 4, it follows
||u£ ||W1’2(BM(~’L‘]‘S)) < 6 fOI' ]. $j < NE

and so (31) actually holds for & instead of Q. =

Step 9: Stronger convergence of {u,, } in Kcc Q\{a;}}-;.

«Standard» elliptic estimates, derived from the equations for |« |, v and H,

imply strong Wii.2(2\{ay, ..., ay})-convergence of a subsequence u,, to some
wyee Wy 22\ {ay, ..., ay}, S') and using ideas from [3] one obtains conver-
gence in

Ct.(2\{ay, ..., ay}) VkeN
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and
CL.*@\{ay, ..., ay}) for 0<a<l.

(cf. [4] Thm. X.2 p. 127 and Thm. X.3 p. 130).

Step 10: The limit wu ., is a harmonic map from Q\{ay, ..., ay} into S*.

Indeed Au,, Au,, =0 implies div (%, A Vu, ) =0 and we may pass to the
limit in Wh?(2)(1 <p <2) in order to obtain

(32) div(u e AVu,) =0 ae. in Q.
Moreover, by the estimate of lemma 6 we see that

(33) |us| =1 ae. in Q.

By results of L. Almeida (cf. [Alm]), equation (32), (33) are not sufficient to
conclude that u , is a strong harmonic map but the additional regularity from
step 9 actually implies

—Auy=uy|Vuy|?> ae in Q:=0\{a,...a,}
ie. u, is a smooth harmonic map from Q to S

Step 11: The vortices {a;}}_, are critical points of some renormalized energy W.

1) Defination of W.

Consider the solution @ = @, ; of

N
(34) AD= 3 2x-d;0, inQ,
i=1 :
3P 3
(35) —=g/\—g on 0Q,
ov or

N
for mutually distinet points b;e Q, d;eZ (1 <j<N) with > d; = d fixed.
ji=1

@ is unique up to a constant and we may normalize by f Ddo = 0.
R

Note that the funections

(36) S;(x) = &(x) — d;-log|x — b; |
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are harmonic on B,(b;) for o sufficiently small and further that

37 f@a—(pdo= f(as

4 )(Sj + d;logo)do =
oByby OV v o/ =

2 aSj 1 f aSj
2md; logo + —S;do +d; — S;do + d;log o —=do =
a8,y OV Q 5B, aB, ) OV

0By (b))

2_7-[dj2]og9 + f |VS]~ |2d90 + Zﬂdij(bj) + deOgQ f Asjdx
By(by)

Bolt) g
- . N
We then compute for Q :=Q, ,= 2\ X B,(b)
j=1 %
3P N 3% N 1
f|V<15|2dac= fqb—do—Z f Zdo= Eanjzlog(—)+C+O(Q)
5 30 ov jzlaBQ(b_,-) ov j=1 %

where C = C(b, d) is a constant independent of ¢ and O(p) a function such that
|O(0) | < const. -g, for o close to 0.

REMARK. — There is a unique harmonic map u =u"%: Q\{b,,
Q,— 8! associated to @, ; defined by (34), u =u" ? being determined by

ceey bN} =
o op
u/\_u:— b’d,
ox; A L~
o in 2,
o
u/\_u: b’d,
8902 8901

(cf. [4] p. 10) and we have
diviu AVu) = ADy 4, deg (u, b;) =d;,

|Vu| = |Vo|

and thus

[1vupae= [ |ve?de.
Q Q
This motivates the following

DEFINITION:

Wby, ..., by, dy, ..., dy) := W(b, d) := 1111})(

N
1
f|V(D|2dx—2ndelog—
3, =1 Q
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which is welldefined for by, ..., by e Q mutually distinct and d;, ..., dyeZ.

2) The wvortex configuration {a;}\_y is a critical point of W for fixed
d=degg.

For fixed be Y, deZ" set

N d;
(38) wy 4(2) 1= H( ) ON
’ |z — b

where A ® =0 in Q and such that
Uy, g=yg on Q.

LEMMA 13. — For fixed deZ", the point be Q~ is a critical point of
Wy(b) :=W(b, d) if and only if for each je {1, ..., N}, w, 4 may be written
as

z—b, \¥ .
39) wy, 4() = (—’) e i)
|z —b;|
with
(40) VH;(b)=0 and AH;=0

m a sufficiently small neighbourhood of b; in L.

For the proof see [4] corollary VIII.1, p. 85, and for the definition of W see
Theorem 1.7, p. 20.
Actually one proves the following

as,  as,
=1,

ceey

2 [d( o b aHf'(b))]
J‘[ . _——_— i)y — o
! oy ! o ’ j=1,..,N

for S; as in (36) and H; as in (39) (cf. [4] Theorem VIIL3, p.84).
In the sequel we will sketch the proof of the following result:

THEOREM 14. — The limit map u , = 7}% u,, from the previous steps with
singularities a = (aq, ..., ay) satisfies

) wy=u, 4, where d; = deg (u,, ;) = deg (u,, IB,(a;)) (u, 4 defined
as 1 (38)).

i) u, admits local expressions around the a;’s as in Lemma 13, (39).
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COROLLARY 15. — The vortex configuration of the limit map u .. s a critical
point of the renormalized energy W.

Sketch of the proof of Theorem (14):

i) Both the limit map u , and %, 4 defined by (38) are smooth harmonic maps
from

Q=0\{a, ..., ay} into S!
equal to g on 992 and deg (v, a;) = deg (u,, 4, @;) by definition.

Now we

CrLAM. — There is a function v such that

A1) Ap=0 in Q=8\{ay, ..., ay}
y=0 on 08

and

(42) Uye=e"u, 4.

Indeed both u ., and u, 4 satisfy the equation
Au=—u|Vu|?> in Q.

Writing locally u, = e+, u, 4=, this is (locally) equivalent to the linear
equation

Ap=Ap,=0 in Q

and in particular since ¢ . = ¢ + ¥, y (locally defined) as in (42) must also be
harmonic in Q. Now since deg (u ,, a;) = deg (uy, 4, @), Ug g Uy = e™ has de-
gree 0 around the a,’s and a continuous v satisfying (41) and (42) defined on all
of © may be found.

(For a more rigid and computational proof of the claim see [4] Theorem 1.5,
p. 11).

From step 8 we know that u, e W' !(Q) and since u, e W (), using
|%|s = |]a,¢=1 on Q, we deduce Vi e L'(L2), by applying V to (41).

Now Ay =divVy =0 on 2\{a,, ..., ay}, so spt(Ayp)c{a,, ...ay} as a
distribution and therefore

43) Ap= 2 ¢0,+ > €5 9;0 ;5
; <i<N.j=

1,2

A being a distribution of order 1.
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First note that the constants c¢; must be zero, since Vy € L'(Q) implies
div Vi e (W *(2))*, whereas 9;0,,¢ (W" *(22))*. Thus

N
(44) y=2qlogle—a| +x
=

and

Uy =g, de7,§;,c_,-log|x—aj| e

where y is a smooth harmonic function on €.

Actually we have c; = 0 too, which implies Theorem 14 i). The proof is quite
lenghty and in the sequel we will merely sketch the basic ideas, the main ref-
erence being [4] Theorem VII.1 and VII.A4.

For a sequence u,, —u ., as in step 9 define the Hopf differentials

2 ou

oy

the dot denoting the real scalar product of vectors.
From the variational equations (7) one deduces

awn_a( 1

T o\ 9.2
2¢e7

aus n
ox

2 ou,
- 21

En X aufﬂ

(45) W, =
dr Oy

)

(1 | Uen 2)2)-
oz oz | |

Further (cf. [4] Lemma VII.1)
1 N
2 \2
28?2 (1- |u|sn) A]; mjéaj

weakly as a Radon measure.
It follows (cf. [4] p. 67-69)

(46) CUn_>CU*:ﬁ+2a in Cl]gc(g\{a’h sy aN})

where a, = — ij /((z — aj)z) and $ is some holomorphic function on Q.
On the othel hand, from the definition (45) we obtain

U 4

ox

2

Uy |2 .au* ou

ES
4n w,—w.= —21 —— i CE(Q\{ay, ..., ay}).
oxr Oy

%Y
Since we have for u = e there holds

R R ey

ox y dx Oy ox dy

(46), (47) combined with (44) yield an equation that both implies ¢; = 0 (cf. [4]
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p. 70) and produces an expression of u ., as stated in Theorem (14) ii) (cf. [4]
p. 70).

3. — The gauge invariant Dirichlet problem for the Ginzburg Landau
functional with magnetic field.

The goal of this lecture is to develop the same kind of analysis as in the
previous chapter for the functional

1 1
(48) G, (u, A) := —f(|dA|2+ |Vu —iAu|® + — (1 - |u|2)2) da
24 2¢2

where Q is a 2-dimensional, smooth, bounded, simply connected domain of R?,
u is a complex-valued function u e W' 2(Q, C) and the «magnetic field» A is a
real-valued one-form over £, also considered as a vector-valued function A
Wb 2(Q2, R?). Throughout the main reference is [5]. Observe that the above
functional differs from the original one by a scaling factor £ after substituting
A by 1/eA.

G, is invariant under the action of gauge transforms

s: Q—S'cC
x> s(x) = e @
given by
s*u(x) :=s(x) w(x) (complex multiplication)
and
s*A:=A—is tds=A+d¢p.

Therefore we should not impose u =g on 9Q for some given g: Q2 —S!
as boundary constraint, since this breaks gauge invariance. On the other
hand u =g implies Vu-t=Vg-7, for the unit tangent vectorfield r on 92
and if we choose

this new constraint actually is gauge invariant. In our problem we prescribe
|u| =1 as well as the vorticity deg(u, 92) on the boundary, which are
gauge invariant quantities. Moreover we impose

(tu, (-Vu — itAw)) = (iu, T-Vau)=J on 99,

where J is some given real-valued function on 09 and {(u, v):= Re(u?)
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is the real scalar product. The one form j:= (iu, V,u) has some physical
significance and is called the current of the field.
Note that locally on the boundary we have u =e™ and

(tu, Vau)=Re(iuVyu) =i 'Vyu=— (Vo — A)

since ¢ and A are real-valued.
We will look for minimizers of G, in the following class:

49 V:= {(u, A)eWh2(Q, C)x WHE(Q, R?) | || =1 on 32,
deg (u, 02) =d,(iu, t-V4u) =J on 92}

THEOREM 16. — There is a minimizer (u,, A,) € V of G.. It may be chosen in
such a way that

d+A,=0 mQ, A-v=0 ondQ.

ProoF. — By gauge invariance, if {(u,, 4,)}, €V is a minimizing sequence
for G, then so is {(u, + e, A, +d¢p,)}, eV for any ¢, e WEi2(L2, R), with
V¢ ,e WH2(Q, R). In order to obtain adequate bounds, we will choose partic-
ular representatives in the gauge classes

[(u,, A1 = {(eu,, A, +dp) |p e G}
with
®:= {p e Wa(2, R)|V¢ e Wh2(Q, R)}

of a minimizing sequence {(u,, 4,)},.

LEMMA 17. Coulomb gauge. - For each (u,A)eWh2(Q, C)x
WL 2(Q, R?), there is (w, A) e [(u, A)] such that

(d*A=0 in Q,

(50) _
Av=0 on 992,

where v denotes the exterior unit normal vectorfield on 9%Q.

PROOF OF THE LEMMA. — Consider £€e W% 2(Q, R) such that
(51) ANéE=%dA in Q, E=0 on 0Q.

Set A := = d& thend *+ A=d?E=01in Q, A-v =353t =0 on 3R and finally
d(A—A)=dA - = AE=0in Q, thus since R is simply connected there is a
function v such that A —A =dy. Note that Ay =d*AeL? and so ye
WZ.2(Q, R). Now for w =e " u, we have (u, A) = (u, A) with (50).
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QED lemma.

In order to prove the existence result of theorem 16, we consider a mini-
miz-
ing sequence {(u,,A4,)}, in V for irI}f G,. For each A,, choose &, as in (51)

ANE,= *dA, in Q, £,=0 on 0Q.

Since
J 1+ da,2de= [ a4, )P de<G.u,, 4, <C
Q o

by the Calderon-Zygmund inequality, a subsequence also denoted {&,} con-
verges weakly in W% 2 and thus 4, = * d&, converges weakly in W' 2 The
uniform bound on |4, |2 together with

f |V, —iA,u, |*de < C,
Q
and
[1a,fae<c;
Q

implies ||V#, |2 < C/, so {u,} also converges weakly in W' 2. By weak lower
semi-continuity of G, with respect to these norms, the weak limit actually is a
minimizer.

This minimizer lies in V and satisfies (50), because all these constraints are
preserved under weak W1 2(Q) and W'22(3Q) limits, respectively strong
L?(Q) and LP?(0Q) limits for 1 <p< . =

THEOREM 18. — Consider a sequence ¢, = 0 and corresponding minimiz-
ers (u.,, A, ) of G, in V.

Then there is a subsequence still denoted by {e,} and d points
{ay, ..., ag} c 2 such that

h

=% dA, —>h

&y ° Engy— o

_[WhP(Q) for 1<p<2,
in
- Cl.(2\{ay, ..., ag}) for all ke,

where h . satisfies the London equation

d
—Ahy+hye=2m1 > 0, 1 2,
=1 "

52
(52) o,

ov

=—J on 08 .




564 TRISTAN RIVIERE

Moveover the configuration (ai, ..., a;) minimizes a function W: Q1—R,
which is regular on Q\ A for A = {(ay, ..., az) € " |a;e } and has the fol-
lowing form

jizk aj_ak

1
(53) W(al,...,ad):2ﬂ21og(|—)+R(a1,...,ad)
where R is regular (C”) on Q°
Further each class [(u.,, A,)] admits a representative (u,,A,) such
that

Uy —Uy, A, —A,  in CE(Q\{ay, ..., ay}), VkeN
and the limiting sections satisfy
(Va)¥Va, =1y |Va, uy|?
i.e Uy 1S A, —harmonic.

REMARK. — We would like to point out the link between this result and the
problems presented in the introduction. The Dirichlet boundary conditions
and in particular the boundary constraint |«| =1 are not meaningfull for the
underlying physics. Nonetheless the preceding result yields a rigorous de-
scription of the mechanism

[ formation of vortices and induction of a magnetic field
vorticity = T +

the induced magnetic field verifies the London equation ,

which actually is the first question addressed in the introduction. The second
question, which is still left to be understood, may be formulated in the follow-
ing way:

1
{exterior field H,y = critical value H, ~ k' ( Elog (k) + cl)} = vorticity .

A rigorous mathematical theory for the spontanious apparition of vorticity, for
the minimizers of F j_ (u, A), when applying an external field Ho ~ H,,, is
still to be found and this seems to be quite difficult. Still the preceding result
gives some light on the phenomenon. Actually the creation of vortices is cou-
pled to an effect in the vicinity of the boundary, called Meissner effect, which
implies that (u, A) is not superconducting close to the boundary. We now as-
sume that 92 is not the real boundary of the superconductor, but simply the
delimitation of some interior sample-domain, far away from the real boundary
of the superconductor, such that we can ignore the Meissner effect. It then be-
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comes physically relevant to prescribe |#|=1 on 92. Moreover we may as-
sume there is a tangent current (1u, Vyu) -7 =J on 9Q which is independent
of ¢, but has firee vorticity d. We then mimimize

2
Fen (u,A)=f(|vAu|2+ %(1— |2 + |dA|2) dac—zfdA-Hext
Q

ext
Q

for the preceding constraints. Choosing J =0, in order to simplify the presen-
tation, we obtain

[aa-H, =H. [da= [Av=27aH,,.
Q

Q QR
Setting as before k=1 /e, we thus minimize

F.y . (u,A)=G,(u, A) —4ndH .

ext

The asymptotic developpement of Theorem 18 then yields

Fs,H

ext

1
(u, A) =2mlog— + W(a) + cd + 6(e) — 4ndH . =
€

1
27 (log— — 2dHext) + W(a) +cd + 6(e).
€

We easily see that there is a value c;, such that for c<c¢, and H. =
(1/2) log (1/¢) + ¢, it is better to have d = 0 (and in the same time W(a) = 0),
whereas for ¢ > ¢, this is not the case anymore. We can also determine the op-
timal vorticity as a function of c.

The above argument and the use of theorem 18 is rigorous, if we assume
that d is a free parameter, which is merely bounded by a given constant for
&¢—0. It would be interesting to prove this result without the assumption that
d is bounded.

SKETCH OF THE PROOF OF THEOREM (18). — We will follow the same approach
as in the case without magnetic field, but the proof is not quite the same and
also works for non starshaped domains. Actually this method could also be
used to treat the problem without magnetic field and implies F. Bethuel, H.
Brezis and F. Hélein result for arbitrary domains which was the result estab-
lished by M. Struwe in [18]. The idea consists in combining the Pohozaev iden-
tity on balls of radius ¢* with the #-compactness lemma, offered below and the
global bound on the energy.
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Step 1: The Euler-Lagrange equations.

The Euler-Lagrange equations for the critical points (v, A) of G, are

1
(54) VjVAu=—2u(1—|u|2) in Q,
€
(55) —d*dA = (tu, Vau) =:j in Q,
oh
(56) —=—gJrt=—J on 09 .
v

Actually in Coulomb gauge (56) follows from (54), (55) since the latter equa-
tions then become elliptic and solutions are smooth up to the boundary. Now
since (56) is gauge invariant, by transforming back, we see that it holds in ar-
bitrary gauge.

Here ViV, = — }k:(&/@mk —1A)(0/dx;, — 1A) and as before h:= * dA. Note

that (56) may be written as —d*h =y, if we set d*h:= (Oh/3xy) dx; —
(Oh/dx;) duxs.
Step 2: L* bound on u.

LEMMA 19. — Solutions of the Euler-Lagrange equations satisfy |lu, |, - <1.

This follows as in the previous chapter from the maximum principle applied to
l 2 [ i 2 1 _ 2 V 2
Alul; 7 [ e = Jue ) + |V e |7
2 €
Step 3: Global bound on the Energy.

LEMMA 20. — For minimizers (u,, A,) of G, in V we have

1
(B7) G(ug,A€)<2Jrlog(—)+C,
€
which is obtained by evaluating G.(v,, 0) for v, a minimizer of the functional

E, considered in chapter 1, for some boundary value g solving {ig, t-Vg) =J
and |g| =1 on 9L.
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Step 4: A remark.

From the previous step we obtain the bounds

1
(58) f|h€|2dacSClog(—),
P €

1
(59) f|VAEu€|2dac$Clog(—).
P €
We may nonetheless obtain better local bounds on A. In a way A does not
have local effects, but rather global ones: it resorbs the degree of u prescribed

at the boundary.
Indeed, set »=¢“ and choose Coulomb gauge on a ball B,:

d+A,=0 in B,
(60) _
A, v=0 on OB,
i.e. as in the proof of Lemma 17 set A, := = d& for & given by
AE=h, in B, E=0 on 9B,.
Now
1
(61) f|Ag|2dx<le |V§|2dacSsz|h£|2dac$037'210g(—),
B, B, B, €

SO

1
(62) f |Ag|2dacSCezalog( )—>O.
B,a

&€ e—0

Suppose we have a vortex of degree 1in &€ 2, i.e. u.(xy) =0 and |u.| >0 on
OB,, with ) (1/|u|*)(u A du) =2z

3B,
Then one may show that f |Vu|*de = C,log(1/e), whereas

Bg“(-l’())
f |A|?dx ~ e2*log (1/€) (cf. [5] proposition IV.3).
Bya(xy)

Step 5: Global estimates.

LEMMA 21. — For minimizers (u,, A,) of G, in V we have

C
(63) V4, 20, ||, = < o
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In particular, this implies

1V e [l = < and VA~ <

)

o |

¢
&

from equation (55).

ProoF. — (63) essentially follows from a scaling argument, the bounds of
step 3 and 4 and the fact that in Coulomb gauge on the unit ball, i.e. for

d*A=0 inB; and A-v=0 on OJB.

we have
(64) [1vapae+ [1apde=[|aapde = [ )2 de.
B; 9B, B B

Indeed let (u, A) be a minimizer of G, in V in Coulomb gauge (cf. Theorem 17),
where for simplicity we drop the indices e. Fix xy=:0e 2 and define the
rescaled solutions

W) = ulex), A:=eA(ex)= eA;(ex) dx;

1=1,2

for x e By := B5(0). B
Then |Vau |(x) = e|Vau|(ex), |Ma)| = e? |h(ex) |. Now (58), (61) and (64)
yield

~ ~ ~ 1
f(|A|2+ |VA|2) dacSCf|h|2dx$08210g(—)
By B, &

and moreover, keeping in mind that we chose Coulomb gauge, the Euler-La-
grange equations for the scaled solutions on B, read

—Aa=a(l-|u|?)—iA%u+2iAVi,
— A A =i, V).
From the estimate ||7 |, - < 1, elliptic regularity and the usual boot-strap argu-
ments, one concludes

||V71||L°°(33,2> <C,

for a constant C independent of ¢. Now scaling back and covering 2 with a fi-
nite number of balls of radius 3/2, combined with boundary-regularity yields
[V, = < Cle and also ||V, ull, = < C/e (cf. [5] proposition I1.6). =
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Step 6: Pohozaev identity.

In the non gauge invariant case of the previous chapter, we obtained the

Pohozaev identity by multiplying the FEuler-Lagrange equations by

x;(Qu/dx;) = &35 U, Where ¥ is the Lie-derivative. This is equivalent to
i=1,2

1=1,

saying that u is a critical point with respect to variations induced by transla-
tions in the domain, i.e. perturbations of the form:

w () i=ule + (e —x9) t) .

Now we also set: A,(x) :=A(x + (x — x,) t) and if (u, A) is a critical point of

G.(u,A) = | g.(u, A) dx, then we have
Q

d

— g.(u,A)de=0 VGccQ.
dt t:[)G

After a translation, we may assume 0 = ;€ 2 and find

LEMMA 22. — Let (u, A) be a critical point of G.(u, A) we have

(65) f(é(l - |u|2)2—2h2) dw =8Gf(x-v)(2i82(1 - |u|2)2—h2) do +

G
f(|VAu-r|2 — |Vau-v|?) do—2 f(ac-t)(r-VAu, v-Vyu) do .
5G G

Step 7: Local estimates.

LEmmaA 23. — Let 0 <a <1, xye 2, (u,, A,) a mimimizer of G, in V and
h.= * dA,. Then

1
(66) f |h8|2dx$Ce“10g(—), V0 <a<l1
B.a(xg) N 2 &
and
1 242
(67) — (1= |u, [*Yde < C,,

Boa(w)nQ €

where C, depends on a as well as d, J and Q.

REMARK. — We choose ¢“ because it is the largest scale for which the Po-
hozaev identity yields a bound of the form f 1/e*(1 — |u, |*)*de < C,. In par-
B.a
ticular this implies, as in the previous chapter, that the number of bad discs B,«
is finite, which will be discussed in step 8.
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ProOF. — In the sequel we will drop the index ¢. Noting that % is a function,
we deduce from (55) and (56)

(68) |dh| = |Vh| < |Vaul

Indeed since in Coulomb gauge the variational equations (54), (55) are elliptic,
weak solutions are actually smooth and the equations hold pointwise. Now
since the above quantities are gauge invariant, (68) holds for weak solutions in
any gauge.

Combining with (569) we obtain

1
f |Vh|2deClog(—)
B.a €

€

and from (58) we have

1
f |h|2dx$(]log(—).
B €

Using the Sobolev injections W 2(Q2) cs LP(2), 1 <p < « and Hélder’s
inequality, we deduce

O

2/p
f|h|2dxs(2neza)2/q( f|h|”dx) <C, (e [(|VR|2+ |1|?) de
B B.a

B.a

with 1/p + 1/q =1, which gives the first result by setting p =4.
For the second estimate, let 0 <a <1 and write

1 1
g.(@) = g, (u(w), A@)) = §(|dA|Z<x> # |Vaul*)+ — (1 |u|2<oc>>2)

for the energy density. Then

@2

f g.(x) da = f %(rfge(m)) dw) drslog( 1 )
3B,

B.2a\B,a e &

Thus there is some o, [e%, ¢“?], such that

O f 9:.(0.w) do < C,,

0B,
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where the constant C, depends on a, J, d but not on . Combining the Pohoza-
ev inequality (65) on B, with the previous estimate (66), we obtain

1 1 1
f—z(l — |u|?)Pde < f —(1- |u|2)2dac$C(salog( )+Q f gé,do) <C,.
€

&
B € B,, 9B,

Note that in the case B, N 92 # @, one should integrate over B, N 2 and
make use of the boundary data. =

Step 8: The n-compactness lemma.

This lemma roughly says, that if we don’t have enough energy on a ball,
then |u| is larger than 1/2 on the ball of half of the radius. Now this implies
some compacteness properties for {u,}.~, on this ball. The #-compactness
property is also one of the key ingredients for studying similar asymptotic
phenomena for minimizers of the Ginzburg-Landau Functional in dimension
larger than 2, but in higher dimensions the 5-compactness lemma is much
more delicate to establish (see [15] and [12] on this subject).

LEMMA 24. — There is a constant n >0, such that, for all minimizers
(Ug, A,) of Gy in V, all xyeQ and all o= ¢

f ge(ue, A,) d < nlog(g)
&

By(z9) N Q

|/M€ | = m BQ/2(:60) ne.

Do | =

Consequences of the n-compactness lemma.

Let 0 <a<1. We call B,(x), for xe Q2 a bad ball , if there is some y e
B,; (), such that |u|(y) <1/2. Here and in the following B, or B,(x) actually
stands for B,.(x) N Q, for some x e 2. If B,(x) N 92 # @ some care is required
and the boundary data should be used.
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Choose a covering by balls {B,w(x')};.; of Q@ and set J,:={ie
1, |Bgu(xi) is bad}. By the n-compactness lemma we have

a

1
Clog(—)? > f gs(ue,As)dm>nlog(g

& jed, Bfa(.x'j) &

)-(M) _

1
tJ) n(1—a) 10g(; ) :
So 1J, < C,, i.e. the number of bad balls of radius ¢“ for 0 < a <1 is uniformly
bounded with respect to «.
On the other hand, from Lemma 21 and Lemma 23, we know that

C
(69) V]2, |l = < -
and
1 2\2
(70) 1= |u|*Pde<C,.

Bs“ &

This yields a uniform bound on the number of bad balls of radius Ae, for a con-
stant 0 < 1 <1 independent of ¢. Indeed, by (69), there is a 1 €]0, 1[, such that
|u| <3/4 on B, (y) if |u|(y) <1/2, thus

1 2)2
f — (1= |w|?)?de = i

By €

>0,

and so the number of bad balls of radius Ae contained in some bad ball of
radius ¢“ is bounded independly of ¢ by (70).

Proof of the n-compactness lemma in dimension 2.
First note that it suffices to prove |u|(xy) = 1/2.
Now by Lemma 23, o < ¢“ implies

1
f|h|2dach“10g— —0.
B, e &0

By assumption we have

o

1
f—(r fge(us)As)dO') OlrSnlogg
e T\ oaB, £
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and so there is some 7€ [¢, o] such that
2 1 2\2 2
(71) 7 [Vaul®+ — (1 — |u[?)+ [dA]") de< 7.
3B, 2¢
Combining (65) and (71), we obtain

1
&

By

Using ||V |u]|,~ < C/e, this yields |u|(xy) > 1/2 for 5 sufficiently small.

Step 9: Wb estimates for h = dA.
h:=dA satisfies

(72) d( 1 d*h)+h=0 on @::Q\_UJBE(xj),
je

|ul®

where {B,(x;)};c,; is a finite cover of the bad set. (cf. step 8)

Indeed on @ we have |u|=1/2 and locally we may write u = |u|e™.
Then

(tu, Vau) =Re(iu-Vyu) = |u|*(dp — A)

and

d<ii dAu>=—dA=—h.

jul*”

Applying now d to (55), we obtain

1
—dd*h = (|u|2<i%, VAu>) = —d(|u|>)(—d*h) - |u|*h,
u

|u]®

SO

d*h+h=0,

which is equivalent to (72). Now this equation for % is very similar to that ob-
tained for 1 and H in the case without magnetic field, considered in the previ-
ous chapter. But here we did not have to make use of a Hodge decomposition,
since & turns out to be the right variable to work with. Note that the Dirichlet
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boundary condition for i is now replaced by a Neuman boundary condi-
tion

—=—-J on 0Q.

W P estimates are obtained by similar methods and the other steps too can be
developped mutatis mutandi as in the case without magnetic field.
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