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Bollettino U. M. I.
(8) 2-B (1999), 499-516

Strata of Smooth Space Curves Having Unstable Normal Bundle.

LuciaNA RAMELLA (¥)

Sunto. — Per d>>g, vengono trovate curve liscie in P? di grado d e genere g aventi fibra-
to normale instabile con grado di instabilita o, per ogni 1 < o < d — 4. Inoltre per
49 — 2 < o <d — 4, viene trovata una famiglia di curve in P? di grado d e genere g
avente fibrato normale instabile con grado di instabilita o e formante uno strato
dello schema di Hilbert della giusta dimensione che ¢ 4d—g+1—20.

Introduction.

Several authors studied the normal bundle of spaces curves, but even today
our knowledge of this subject is not satisfactory.

The normal bundle of a smooth rational space curve is well-known. Eisen-
bud and Van de Ven in [6] and [7] gave a complete geometric description of the
strata associated to the splitting type of the normal bundle of smooth rational
space curves.

For g =1, one can stratify the Hilbert scheme of degree d and genus ¢
smooth spaces curves C by the following integer s(N.) associated to the nor-
mal bundle Ng:

1
s(N¢) = 3 deg Ny — deg L., where L, is a maximal line subbundle of N,.

If s(N¢) = s > 0, we say that N is stable with stability degree s. If s(N.) =
s <0, we say that N, is unstable with instability degree o = —s. If s(Ny) =0,
N¢ is semi-stable non-stable.

Some natural questions arise.

For every integer s such that —(d + ¢ —4) < s < [g/2] does exist a smooth
space curve C with s(N) = s?

Let Ny ,(s) be the stratum parametrizing the smooth space curves C of de-
gree d and genus g with s(N¢) =s. Does N, ,(s) have an irreducible compo-
nent of the «right» dimension?

(*) This research was partially supported by GNSAGA of CNR (Italy).
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For g =2 and a large d the general degree d genus g curve C has a super-
stable normal bundle N¢, ie. N¢ is stable with stability degree [g/2] ([10]).

For g =1, by using the geometric construction of Eisenbud and Van de
Ven, Hulek and Sacchiero in [20] proved that the degree d genus 1 general
space curve has a semi-stable normal bundle and they found all the instability
degrees ¢ that normal bundles of elliptic curves can admit.

In this paper we find a lot of smooth space curves having an unstable nor-
mal bundle. For example, if either g =3 and d =4g + 2 or g =2 and d = 12, we
find a degree d genus g smooth curve C in P? having an unstable normal bun-
dle N, with instability degree o, where 1 <o <d —4 (Theorem 4.3, Proposi-
tion 4.5, Theorem 4.6).

Moreover for 4g —2 <o <d —4, we find an irreducible component of the
stratum N, ,(—o0) consisting of degree d genus g smooth space curves having
an unstable normal bundle with instability degree o of the right dimension,
that is 4d — g + 1 — 20 (Theorem 4.3).

Alsoforg=1,d=7and 3 <o<d —4, we can find a good irreducible com-
ponent of the stratum N, ;(—o) of the right dimension, that is 4d — 20. Thus
we can calculate the dimension of some strata that Hulek and Sacchiero found
in [20] (Theorem 4.8).

We use the geometric construction that Eisenbud and Van de Ven gave
in [6] and [7], i.e. we use a developable ruled surface S;, containing C to descri-
be a line subbundle L of the normal bundle N. S;, is called the characteristic
surface of L and it is the dual surface of the curve A in P*V image of the Gauss
morphism induced by L.

We calculate the dimension of our strata by showing that normal sheaves
N/ of morphisms f from a curve C to P? form a flat algebraic family of sheaves
(Proposition 1.3) and by describing a natural IC-morphism (see Theo-
rem 1.6)

y: Quoth P (N, (—1), @ Xg ¢, 30— Homb(C X5 I, P3Y)

where S is the fine moduli space of genus g smooth curves with level m strue-
ture, ©is the universal curve over S, JCis the scheme of degree d S-morphisms
of Cin P%, ¢ is the universal degree d S-morphism and the first scheme deno-
tes the quasi-projective scheme of rank 1 degree b quotient sheaves of N,(—1)
that are flat over I and locally free over € xg IC.

The above morphism y gives in a natural way the morphism G that Eisen-
bud and Van de Venn described in [7] Theorem 5.1.

All schemes that we consider are separated and of finite type over an alge-
braically closed field k& of characteristic 0.
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1. — A family of normal sheaves.

Let @ be a smooth curve of genus ¢ over a scheme S and let d be a positive
integer.

We consider the functor HomZ(e, P%) from the category of S-schemes to
the category of sets associating to an S-scheme 7' the set Hom$ (@ xg T, P%) of
T-morphisms f from @ Xg 7T to P} of degree d.

This functor is representable (see[14]). We denote by 9¢= omf(e, P$)
the S-scheme representing it and by ¢: @ xg 93— P3. the universal 9¢-mor-
phism. The bijective map from Homg(7', 9¢) to Hom$(€ xg T, P%) associates to
an S-morphism ¢: T—9C the T-morphism induced by the S-morphism
po¢ o(1s X @), where p is the projection from P3. to P2.

We note that a k-point of 9¢omg (@, P%) is a pair (C, f), where C is a genus g
smooth curve which is the fibre of € at a k-point of S and fis a degree d mor-
phism from C to P3.

DEFINTTION 1.1. — We consider the canonical morphism d¢: Tex o —
@ * Ty, j5c- The quotient sheaf coker (d¢) is denoted by N, and is called the
normal sheaf of the universal morphism ¢ (universal normal sheaf for
short).

We will prove that N, gives the family of normal sheaves of morphisms
from € to P3.

LEMMA 1.2. — The following exact sequence

0—Tox, s> P * TIP;Q;L-/:){‘_)Nqb —0
remains exact after any base change.

Proor. — We prove that the sequence remains exact after every S-mor-
phism from 7' to IC and after every k-morphism from S’ to S. Let ¢: T— 9Cbe
an S-morphism and let us consider the following commutative diagram:

exsT 25 p3 — T

IX(p\L \LIX(p lgc

exga Lops o
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From [15] 20.5.4.1 and 20.5.7.3, we obtain the following commutative
diagram:

PFLpsr — Qexgmyr — Qexgr/ps, — 0

! ! !

AxX@)*g* QIP?L/:)C — (Ixe*QR exgycjoc T Axg)*Q exga/pl T 0

Since Q2 y vy = 2x ® Oy, the two first vertical arrows are isomorphisms.
Moreover ¢ r/pj is a torsion sheaf supported at a closed scheme of € x5 T
and then its dual sheaf is zero.

© and P% are two smooth S-schemes, then dualizing the above diagram gi-
ves us the following commutative diagram (see [16] Proposition 16.5.11):

0 — Toxgrr — ¢* Tosr — Ny, — 0

0 — (1><§0)*Texsf>c/:>f — (1X¢7)*¢*T1P§L/:>c — (1X€0)*N¢ — 0

Since the vertical arrows are isomorphisms, the first row is an exact
sequence.

Now let S'—S be a base extension. We write ¢’ =CXgS' and 3’ =3xgS’;
we note that 9¢" is the scheme representing the functor Hom¢. (¢', P%.). We
have the following commutative diagram:

"
C'Xg H' — Py — X

l l |

!
ex I - pd —» ;
S 9
and we conclude as above.

PROPOSITION 1.3. — The universal normal sheaf N, is flat over IC.

ProoF. — The sequence of Lemma 1.2 remains exact after any base change
and ¢ * Tp3 /s is a flat sheaf over IC. Thus the quotient sheaf N, is flat over J¢
(see[4] ch. I §2 n. 5). =m
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The Euler exact sequence 0 —Ops(—1) —>Ops@k*—Tps(—1) —0 gives
the following exact sequences:

0

Toxs .‘)L'/.‘)('( -1)

|

0 = Oexgan(—1) — @(exS:)o®k4 - ¢*TP§[/:><'(_1) — 0

|

N, (~1)

We have P(N,(—=1))cP(¢p* Tpy jo(—=1)) € x5 P3Y.
PROPOSITION 1.4. — The scheme P(N,) is flat over IC.

ProoF. — P(N,) as an d¢-subscheme of P(¢* Tp3, /5c) is locally defined by a
unique equation.

Thus P(N,) is a flat 3(-scheme if and only if it is a Cartier (-divisor of
P(¢* Tp3, 50)-

Write L =Texgosoc(—1), T=¢*Tps 5(=1) and N =N, (—1).

We have the following exact sequence: 0 — L —T— N —0. Consider the
following projection q:

P(N) c P(T) € @ xg 9 X5 PEY 5 € x5 9.
We have the following commutative diagram with exact rows:
0 — q*L — q*T — q*N — 0
0 = Hwm®%mp(l) — Opmp(l) — OGuw(l) — 0

l l

0 0

(a is induced by 7).

Since morphisms f are not constant, locally the intersection of ¢* L and
kert in ¢* T is zero. Then ¢ * T is locally a direct sum of ¢ * L and kerz. So we
conclude that « is an isomorphism and &py, is isomorphic to the line bundle
Opn(—1)®q*L.
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DEFINITION 15. — The natural morphism 7: P(N,(—1))csCxg P3Y —P3Y
is called the universal morphism giving the family of algebraic dual surfaces
of degree d morphisms from C to P%.

Note that we have degN,(—1) =degm=2d — 2+ 2g.
Let b be a positive integer, we denote by Quot" (N, (—1), € xg 9, %) the

quasi-projective scheme of rank 1 degree b quotient sheaves of N,(—1), that
are flat over ¢ and locally free over © Xg IC.

THEOREM 1.6. — We have a natural IC-morphism

y: Quot! * (N, (—1), € x5 3¢, 90— Homb(€ x5 3¢, PRY)

where om4.(C X ¢, P3Y) denotes the scheme of degree b I¢-morphisms from
CxgIC to P3Y.

ProOOF. — Both 9(-schemes represent contravariant functors from the cate-
gory of d(-schemes to the category of sets. We denote these functors by F and
G respectively.

We construct a functor map ¢g: — G in order to define the morphism y.

Let T be an d(-scheme. The Euler exact sequence gives the following exact
sequences:

O(C’ Xg ) X:)L'T®k4 - ¢ * TP‘?(/‘X( - 1) ®@:u OT — 0

|

Ny (~1)®,, O

|

0

If Q is an element of F(T), then @ is also a rank 1 locally free quotient of
e xg 90 x5 7R k* and so @ induces a canonical 9C-morphism Ag from (€ Xg 30) X, T
to P3Y, such that @ = A§U, where U denotes the universal quotient of
P3Y. Thus Aq has degree b. So we have defined a map g,: F(T) — G(T),
9r(Q) = A4.

Let h: T—T' be an IC-morphism of I(-schemes. We have groF(h) =
G(h) ogr because groF(h)(Q) =A,:q, With (A,«)* U=L*Q, and G(h) o
g9r(Q) =Aqo(1 X h), with (Ago(1Xh))*U=(1XR*AFEU) =1 Xh)*Q=
h*¥Q. =
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We write Q; = Qﬁotl’ b (N, (—1), € X5, ) and we omit the index b when
there can be no ambiguity.

DEFINITION 1.7. — The morphism y of Theorem 1.6 gives a natural degree b
9C-morphism from ©XgIC X, Q to P3Y and thus a degree b Q-morphism
A e x5 Q—>PYY.

The morphism 4 is called the degree b Gauss morphism associated to the
universal normal sheaf N;.

Now we consider the canonical morphism di: Teq/q—>4" T3 1 induced
by the Gauss morphism A, the normal sheaf N, = cokerdd of 1 and the mor-
phism o: P(N;(—1))c € xg P3—P%. We have, as above, that the sheaf N; is
flat over Q and the scheme P(X,) is flat over Q, Note that the morphism o has
degree 20— 2+ 2¢.

DEFINITION 1.8. - The morphism o from P(N;(—1)) to P is called the wni-
versal morphism giving the family of degree 2b — 2 + 2g algebraic characte-
ristic surfaces of degree d morphisms from € to P%.

We consider as an example € = P}. We denote by ¢,: Q,— ¢ the structural
morphism and by ¢;(Q;) the scheme image of g;.

We denote by N(2d —2 — b, b) the scheme (¢,(Qs) — q5-1(Qp_1)) N ',
where I’ denotes the open set of IC consisting of embeddings. A k-point of
N(2d — 2 —b, b) is an embedding f: P} — P} of degree d such that the vector
bundle N,;(—1) is isomorphic to (‘)p/lﬁ(2d —2—-b)DOp;(b). We have the
following:

COROLLARY 1.9 (see[7]). - If b <d — 1, then there is a natural morphism
G: N(2d — 2 — b, b) — yom” (P}, P?V).

ProoF. — Let Q' the inverse image of 3¢’ by ¢;. If b <d — 1, then g is an iso-
morphism between Q and N(2d —2—b, b). So the IC-morphism y: Q—
Iom’. (Pt x 3¢, P3Y) of Theorem 1.6 gives the morphism G. ®

In Corollary 1.9 we have obtained in a natural way the morphism G that
Eisenbud and Van de Ven described in [7] Theorem 5.1. The morphism G has
been the basis for studying the stratification of the scheme I¢' of embeddings f
from P} to P} by the splitting type of N;(—1) (see[6] and [7]).



506 LUCIANA RAMELLA

2. — Dual and characteristic surfaces of curves.

Now we want to describe fibres of the morphism y of Theorem 3 by means
of curves on developable ruled surfaces. We use the geometric construction
that Eisenbud and Van de Venn gave in [6] and [7].

We consider a smooth curve C of genus g over k and a morphism f: C— P}
of degree d = 2. The fibre (Ny), of the normal sheaf N, of fis a free O, ,-modu-
le if and only if « is not a ramification point of f and f(x) is not a cusp. Moreo-
ver, if fis an embedding, the normal sheaf N, is isomorphic to the normal bun-
dle Ny of X=£(C) in P3.

DEFINITION 2.1. — The quotient N/ of the normal sheaf N, by its torsion
subsheaf R is called the normal bundle of the morphism f.

The number k= deg R, is called the number of points x of C such that ei-
ther x is a ramification point or f(x) is a cusp (see [25] §3).

The image of the canonical morphism sz: P(N/(— 1))—P3V is called the
dual surface of f.

Let p" (f*pz(1)) be the bundle of principal parts of order m (m =1, 2),
it has rank (m +1) and we have a canonical morphism a”:(k*)¥ @ Op—

9" (f*(Opp(1)).

DEFINITION 2.2 (see [25]). — The bundle ¢ =1Im(a™) is called the oscula-
ting bundle of order m of f.

The rank 2 bundle g} gives a natural morphism 7} from C to the Gras-
smannian G(1, 3) of lines in P}, describing tangents lines of f(C). The bundle
97 gives a morphism 7% from C to P}V describing osculating planes of
J(O).

Assume that f is a non-degenerate morphism. The image of the canonical
morphism p: P(p}) < C x P§— P} is the tangent developable surface T} of f.
The image of 77 in P}V is the dual curve of f(C) and 77 is denoted by fV.

If fis a degenerate morphism, the image of 7} is the (plane) dual curve of
f(C) and 7} is denoted by fV.

LEmMmA 2.3. — We have the following exact sequence of bundles over C:

0= (pHV—=k'@O;—N/(-1)—0.
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Proor. — From properties satisfied by osculating bundles and described
in [25], we deduce the following commutative diagram with exact rows and
columns:

0 0

| |

Oc(=1) = Oc(=1)
| |
0 =  p'(f*opp(1)Y o keo - Ni(-1) — 0

| | [

0 — Te(—1) —  [*Tpi(=1) — Ng(-1) — 0
| |
0 0

Thus we find the following exact sequence:

al
0—=>N{(-1)V—=k*"V Q0O [al(f*Op-z(l))
and we obtain the thesis by dualizing it.

PROPOSITION 2.4. — If f is a non-degenerate morphism from C to P}, then
the dual surface Sy of f is the tangent developable surface of the morphism f
giving the dual curve of f(C).

If f is a degenerate morphism, then we have N/(—1)=
Oc® (fV)*Op2v(1) and the dual surface Sy of f is the cone over the (plane)
dual curve ¥ (C) with vertex the point corresponding to the plane containing

FO).

Proor. — If f is non-degenerate then, from the above Lemma and from
Lemma 5.2 of [25], we obtain canonical isomorphisms of the following exact
sequences:

0 - ONHN(-D)Y — k'®o — 9 v — 0

(K [ (K

0 — (p})V - k'®0; — N/(-1) — 0

If f'is degenerate, we have N/ (—1) = Oo® N/ y(—1), where H is the plane
containing f(C) and N/ y denotes the normal bundle of f in H. From Lem-
ma 2.3 N/ py(—1) is isomorphic to (fV)*Op2v(1) and we have the asser-
tion. =
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Let L be a line subbundle of N/ (—1). It gives an exact sequence of vector
bundles 0 — L — N/ (—1) —Q— 0. The injection P(Q) < P(N/(—1)) gives a
section of the projective bundle P(N/(—1)).

DEFINITION 2.5. — The restriction of the morphism 7 to P(Q) (see Defini-
tion 2.1) gives a morphism A: C—P3V called the Gauss morphism associated
to the line subbundle L of N/(—1) (see[7]). We have A% (Opsv(1)) = Q.

If degA > 0, let « be a point of C, the dual line in P} of the tangent line of
MC) at A(x) is called the characteristic line of L at .

If deg 1 > 1, the set of characteristic lines of L forms a ruled surface S;, cal-
led the characteristic surface of L.

PROPOSITION 2.6. — The characteristic line of L at x € C contains the point

f).

Proor. — We denote by kl[x,, x;, «s, 23] and k[X,, X;, X,, X3] the homoge-
neous coordinate ring of P? and P?V respectively. We assume that f(x) and
A(x) are contained in the affine open sets x,# 0 and X, # 0 respectively.

Morphisms f and A are locally defined at x by equations of the following
type respectively:

901 = al(t) Xl :Al(t)
Xy =ay(t) and X, =A5(1)

Suppose that for both morphisms f and 4 the point x gives neither a ramifi-
cation point nor a cusp.
The characteristic line of L at x has equations

3 3
o+ > A;(0) ;= > A/(0)x;=0.
i=1 i=1

By using the duality between tangent developable surfaces and dual ones,

3
we have that the plane x, + Z A;(t) x; = 0 contains the tangent line of f(C) at
3 =1 3
f(t), then we have 1 + >, A;(t) a;(t) = > A;(t) a;/(t) =0. The derivate of the
g i=1 i=1
first equation gives 2 A/ (t) a;(t) = 0 and then the characteristic line of L at x

contains f(x). =1
For the other points x of C the proof is similar.

REMARK 2.7. — Let f: C—P? be a degree d morphism, with d =2,
and 0 >L—N/(—-1)—>@—0 an exact sequence of vector bundles, with
deg@=2. The line subbundle L of N/(—1) induces a Gauss morphism
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A: C—P3V, with 1*(Opsv(1))=Q, and the curve A(C) lies on the dual
surface S; of f.

The above Proposition prove that the characteristic surface S;, of L (i.e. the
dual surface of 1) contains the curve f(C) and we have a quotient Nj(—-1) —
f*Op:(1)—0. We can say that fis the Gauss morphism associated to a line
subbundle of N/ (—1).

Note that f(C) is the projection of a unisecant section of P(N; (—1)). If A is
birational, P(N;(—1)) is isomorphic to the desingularisation S, of the dual
surface S; of A. If A is a #: 1 morphism (r > 1), the desingularisation S, of S; is
isomorphic to a rank 2 projective bundle P(¥) on the desingularisation of the
curve A(C). In this case f(C) is the projection of a r-secant section of
P(E) =S;.

We can conclude that the fibre of the morphism y of Theorem 1.6 at the
point (C, 1) is given by the pairs (f, @), where fis the morphism associated to
a degree d line bundle quotient of N/(—1) and @ is 1* Opsv(1).

3. — Stratifications.

Let £ be a rank 2 vector bundle over a genus g smooth curve C. To £ asso-
ciate the integer S(&) = deg £ — 2 max {deg L}, where the maximum is taken
over all rank 1 subsheaves L of E (see[21]).

A rank 1 subsheaf L of E' of maximal degree is a line subbundle of £ and it
is called a maximal subbundle of K.

Note that S(F) = deg E(mod2) and that E is called stable (resp. semi-
stable) if and only if S(E)>0 (resp. S(E)=0). If S(E)<0 E is called
unstable.

Let C, be a section of the projective bundle P(%) of minimal self-intersec-
tion. C, is given by a maximal subbundle of £ and we have C¢ = §(E). Nagata
proved in [22] that s(E) <g.

The normal bundle N of a smooth curve in P? has an even degree. We give
the following definition:

DEFINITION 3.1. — If N is a rank 2 vector bundle of even degree, we put
s(N) =(1/2) S(N). If s(N) > 0, the bundle N is stable and we say that s(N) is
the stability degree of N; if s(N) <0, N is unstable, we write o(N) = —s(N)
and we say that o(NV) is the instability degree of N.

The definition of stability degree of the normal bundle of a space curve
used by Ellingsrud and Hirschowitz in [10] is the one given above.

We want to study curves in P? having an unstable normal bundle.

Note that we have the following fact:
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LEMMA 3.2. — An unstable rank 2 vector bundle N has a unique maximal
subbundle.

ProOF. — Let us suppose that there exist two maximal subbundles L; and L,
of N. We have two exact sequences of vector bundles over C: 0 —-L;—N—
@ —0 and 0 —L,— N —,—0. Then we have a natural morphism ¢: N —
QP Q5. The morphism ¢ is non-null, then we have rank (ker ¢) < 1. L; and L,
are two different line subbundles of N, then ker ¢ is of rank 0 and so ¢ is an in-
jective morphism. Since N is unstable, we have degN > deg@; + deg @,
absurd.

Now we define the stratification of the Hilbert scheme of smooth curves in
IP? with unstable normal bundle by the instability degree of the normal bundle
and we estimate the «right» dimension of these strata.

NoTATION 3.3. — Let ¢— M, ,, be the universal curve over the fine moduli
space of genus g smooth curves with level m structure, for g = 2.

We denote by 3¢, ,, ,, the open set of f)(’om}’wgy e, P;Q’V,gym) consisting of embed-
dings and by ¢: Xy, S}Cd‘g7m—>P§ug, ., the universal morphism. In the étale
topology, we can consider the relative Picard scheme Picf,  (CXy | 9 o n)

and its closed subschemes (see[18])
Pa, g.m) ={(C, f, L) ePic'ﬁ';Qiygym(@ qu,mf)Cdyg,m)/ho(C, Nf®LV) =1}.

(Notice that L is a subsheaf of Ny if and only if LO(C, Nf®LV) =1.)

If #4 4 wm(u) is non-empty, then we have codim Py o m(u) <|x| + 1, where
x=x(N;®LVY)=4d —2u (see[1] and [18]).

Let 9§, g, m(u) be the scheme image of the natural projection of &#; , ,, (1)
in Iy, g, m-

Note that if L is a rank 1 subsheaf of N, then for every point p of C the line
bundle L( —p) is, in a natural way, a rank 1 subsheaf of Ny. So in ¢, ,, ,, we ha-
ve P 4 omu+1)Cc P, (). Let us denote by Ny, ,,(2d —1+ g — ) the lo-
cally closed scheme 99 , ., (u)— P4 , n(u+1). Let o=u—-2d+1—-g>0.
Then Ny , ,,(—0) parametrizes all the degree d embeddings f of genus g
smooth curves with level m structure in P? having an unstable normal bundle
N, with degree of instability o.

For g =1, we consider the fine moduli space M, ,, of polarized smooth el-
liptic curves with level m structure and we can do as above.

REMARK 3.4. — Let o be a positive integer. If & is a k-point of Ny , ,(—0)
giving an embedding f: C— P? with 21 (f* Tps) = 0, then for each irreducible
component W of Ny , ,,(—0) containing & we have dmW=4d —g+1- 20 if
g=2and dmW=4d+1-20if g=1.
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Indeed, let ©=2d -1+ g+ 0. We have codim #; , ,,(u) <|x|+ 1, where
y= X(Nf®LV) = —2(g+0—1) (see[l] and [18]). From Lemma 3.2 we have
dimNg , ,(—0) =dim &Py , () ZdimI , ,+9g—2(g+0—1)—1.

We have that & is a smooth point in 9¢; , ,, and RO(f*Tps) =4d + 3 — 3.
Thus every irreducible component of 3(; , ,, containing & has dimension =4d
ifg=2and =24d+1if g=1.

In a similar way, we can stratify the Hilbert scheme 1, , ,, of degree d
genus g smooth curves C in P? with level m structure and also the Hilbert
scheme I, , of degree d genus g smooth curves C in P? by the normal
bundle N.

NOTATION 3.5. — If 0 > 0, we denote by Ny , ,(—0) and N; ,(— o) the stra-
tain I, , , and I, , respectively parametrizing curves C having unstable nor-
mal bundle N, with instability degree o.

If h*(N;) =0, C is a smooth point in the Hilbert scheme and every irredu-
cible component of Ny , ,(—0) and of N; ,(—0) containing C has dimension
=4d—-g+1-20. ,

There exist natural morphisms 9¢; ,, 1 g, 1 4,9 and then also [4]
Nd, g, m( - 0) i)]Vd, g, m( - 0) i>Zvd, g( - 0)-

We note that fibres of a' are finite, while fibres of o are finite if g =2 and
of dimension 1 if g =1.

4. — Unstable normal bundles and some strata of the right dimension.

NOTATION 4.1. — We denote by Dg(g) the minimum integer d such that the-
re exists a degree d genus g smooth curve C in P? whose normal bundle N is
stable and by DJ(g) (resp. Dd(g)) the minimum integer d such that there
exists a degree d genus g smooth curve C in P? whose normal bundle N is
stable (resp. semi-stable) and satisfies the condition 2!(N.) = 0.

If g = 3 we have DJ(g) < g + 3 and for g = 2 we have DJ(2) = 6 (see [10]).
For g =0, 1 the normal bundle is not stable.

LEMMA 4.2. — For every triple of integers (d, g, o) such that d=3g +
Ds(g)—1land dg—2<o<d—1+g— Ds(g), there exists a degree d genus g
smooth curve in P? whose normal bundle is unstable with instability degree o.

ProOOF. — We consider a smooth curve C of genus g, an integer b such
that Dg(g) <b<d —3g +1 and an embedding A: C—P3"V of degree b whose
normal bundle N; is stable. Let s be the stability degree of N;
1sss</[g/2].
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A maximal line subbundle F of N,(—1) gives an exact sequence 0 — F,—
N;(—=1) = 0O:(Dy) —0 and an unisecant section C;, of P(N,) of minimal self-in-
tersection C¢ = —e = 2s.

If D, is a divisor on C of degree = —2s + 2g + 1, then the divisor C = C; +
D, fis very ample (see [3]) and then a general curve of the linear system | C | is
projected by p: P(N,(—1)—P? into a smooth curve. So we have an embed-
ding f: C—P? such that f*(Op3(1)) = Oc(D; + D,) (see Remark 2.7).

If we pick up a divisor D; of degree d —b+1— g —s, we obtain an em-
bedding f of degree d. The bundle N/(—1) has 2*Opsv(1) as a quotient (Re-
mark 2.7) and then it has a line subbundle L of degree 2d —2 4+ 2g — b. Thus
Ny(—1) is unstable with instability degree c=d —1+g¢— 0.

THEOREM 4.3. — For g=2, d=39g+DJ(g)—1 and 4g—2<o<d—-1+
g — D$(g), the stratum N, o(—0) of the Hilbert scheme 1, , parametrizing de-
gree d genus g smooth curves having an unstable normal bundle with insta-
bility degree o is non-empty and it has an irreducible component of the right
dimension 4d—g+1—20.

PROOF. — Let b=d—1+¢g—o0, b is an integer such that D{(g) <b<d—3g+1.
We consider the universal curve ¢—M, ,, the scheme 3=
otomf; (€, P}, ) and the d¢-morphism y of Theorem 1.6.

We consider the open subscheme 9(; , ,, of 9C consisting of embeddings
and the stratum N, , ,,(b —d+1—g) (see Notation 3.3).

Let (C, f) be a k-point of Ny, ,,(b—d+1—g), since b<d—-1+g, the
normal bundle N, is unstable and it has a unique maximal subbundle. Thus
N;(—1) has a unique rank 1 quotient of degree b. We have that the M, -

scheme Ny, ,(b—d+1—g) is isomorphic to an open subscheme of
o
Quot" *(N,( —1), €Xy . 3, 90 and y is also a k-morphism

g, m

viNg g mb—d+1—g) —>:)fom§’ww(e, P?W\;m).

We consider also the natural projections

Na, g mb—d+1—g) Xy, g, m
a\l/ and ﬂ\L
Nd,g,m(b_d'*'l_g) Ib,g,m

where ¢, ,, ,, denotes the open subscheme of ~ dcomj; (€, P}’ ) consisting
of embeddings and I, , ,, denotes the open subscheme of the Hilbert scheme
Hilb, gym(PSV) consisting of smooth curves.

Let A be a degree b genus g smooth curve of P?V having a stable normal
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bundle N, with 2*(N,) = 0. We denote by H; g, m the irreducible component
of dimension 4b of 1, , ,, defined by A with a level m structure.

A is given by a degree b embedding 1: C—P3V of I, g, m-

The fibre of y at (C, 1) is an (irreducible) open subscheme of the Hilbert
scheme of curves in P(W;(—1)) of class C =Cy+ (d —b+1—g—s)fin the
Neron-Severi group, where s denotes the stability degree of N;.

By the Kodaira Vanishing Theorem, we have &' (0(C)) = 0 (see [3] §1) and
then, by the Riemann-Roch Theorem, we have dim|C | = C? + 1 — 2g. Thus we
have found a non-empty irreducible component of Ny , ,,(b —d+1—g) of di-
mension 4b+C%?+1—-g=4d—g+1-20.

We conclude by considering the (finite) projections into N , ,,(b—d +
1-g)and Ny ,(b—d+1—g)=Ny,(-0). =

When there exist degree b curves having stable normal bundle with maxi-
mum stability degree s =[g/2], we can amplify the range of o in the above
Theorem. We have:

PROPOSITION 4.4. — For g=4,d=6g -2 and 49 —1—[g/2] So<4g -3,
the stratum Ny ,(—o0) of the Hilbert scheme 1, , parametrizing degree d ge-
nus g smooth curves having an unstable normal bundle with instability de-
gree o is non-empty and it has an irreducible component of the right dimen-
sion 4d—g+1—20.

PrOOF. — For b = 3¢ the general curve A of I, , has a stable normal bundle
N, with stability degree s=[¢g/2] and it satisfies the condition A'(N,) =0
(see [10]). At this point we can proceed as in the above proof, by using general
curves of [, , with 3gsb<d—-3g+[g/2]. =

For g =2 we obtain also the following

PROPOSITION 4.5. — For g=2, d=12 and o=d—4, the stratum N, (4—d)
of the Hilbert scheme 1, » parametrizing degree d genus 2 smooth curves ha-
ving an unstable normal bundle with instability degree d — 4 is non-empty
and it has an irreducible component of the right dimension 2d + 7.

ProoF. — For b =5 and g =2 the general curve A of I; , lies on a smooth
quadrie. Thus its normal bundle is unstable with instability degree 1. Moreo-
ver we have the condition ~'(N,) =0, so we can proceed as in the proof of
Theorem 4.3. =

Since DJ(g) <g+3 for g=3 and DJ(2) =6 (see[10]), if either g =3
and d=4g+2 or g=2 and d=12, we found an irreducible component
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of the stratum N, ,(—o) of the right dimension for every stability degree
o such that 49 —2<o<d—4.
For 1so<4g—3, we can prove that the stratum N, ,(—0) is non-empty.

THEOREM 4.6. — Assume d =1+ 2g +\/1 + 8¢, then there exist degree d ge-
nus g smooth curves in P? having an unstable normal bundle with instabili-
ty degree o, for every 1 <o<(1/2)d+2g—2.

PROOF. — There exists a birational morphism A: C—P3?V of degree d + g —
1 — o such that the curve image A is plane with k=d +4g —4 — 20 cusps. In
fact its (plane) dual curve 1V: C—P?is of degree d and has kp=d+g—1+0
cusps, it satisfies conditions (17’) of [30] p.221 and its existence is proved
in [30] p. 222.

We consider 7: P(N;(—1))—P3, the surface image is the cone S over
AV (C) with vertex the point corresponding to the plane containing A(C).

We recall that N/ (—1) = O D O¢(D), where D is the divisor of C giving
the morphism 1V. ©,(D) as a line subbundle of N;(—1) gives the unisecant
section C, of P(N;(—1)) of minimal self-intersection C¢ = —d. Furthermore
Oc(D) as a quotient of N;(—1) gives the unisecant section C= C, + Df.

The complete linear system |D| gives a degree d embedding F': C—pPiv,
AV(0) is the projection of F(C) from a linear space [ of dimension d —¢g — 3.
The secant variety of F(C) is of dimension 3 and so it intersects [ at a finite set
of points. Then the general hyperplane [, of [ does not meet the secant variety
of FI(C). The projection from l, maps F(C) onto a smooth curve contained in a
cone over AV (C).

The general curve of the linear system | C | is projected by 7 onto a smooth
curve of degree d having an unstable normal bundle with instability degree o.

COROLLARY 4.7. — For g=2 and d=10, g=3 and d=12, g=4 and
d =49 — 2 there exist smooth curves C of degree d and genus g having unsta-
ble normal bundle with instability degree o, for every 1 <o<4g—3.

ProOF. — For g=2, we have 49—3<(1/2)d+2¢g—2 if and only if
d=4g — 2, then we apply the above Theorem for d = max {1 +2¢g + /1 + 8¢,
4g—-2}. =

For g =1 and d =6 Hulek and Sacchiero found degree d elliptic smooth
curves in P? having unstable normal bundle with instability degree o, for
every 1l <o<d-—4.

Now we can deduce from the following Theorem that ford =7 and 3 <o <
d—4 the stratum N, ;(—o0) has an irreducible component of the right
dimension.
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THEOREM 4.8. — For g=1, d=39+ D%(g) and 4g—1<o<d-1+g—
DY(g), the stratum Ny, 4(—0) of the Hilbert scheme 1, , parametrizing de-
gree d genus g smooth curves having an unstable normal bundle with insta-
bility degree o is non-empty and it has an irreducible component of the right
dimension 4d —g+1—20.

PROOF. — We consider the integers b such that D& (g) <b <d — 3¢ and we
proceed as in the proof of Theorem 4.3. m

Acknowledgement. — 1 wish to thank Sandro Verra for stimulating
discussions.
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