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Bollettino U. M. 1.
(8) 2-B (1999), 463-491

Homogenization of Neumann Problems
for Unbounded Integral Functionals

LuciaNo CARBONE - ANTONIO CORBO ESPOSITO - RICCARDO DE ARCANGELIS

Sunto. — Si studia l'omogeneizzazione di problemi di tipo Neumann per funzionali in-
tegrali del Calcolo delle Variazioni definiti su funzioni soggette a vincoli puntuali
di tipo oscillante sul gradiente, in ipotesi minimali sui vincoli. I risultati ottenuti
sono dedotti mediante introduzione di nuove tecniche di I'-convergenza, unita-
mente ad un risultato di ricostruzione per funzioni affini a tratti, che permettono
la dimostrazione di un teorema generale di omogeneizzazione per funzionali inte-
grali a valori reali estest.

0. — Introduction.

In the book [BLP] the authors proposed a general issue about the homoge-
nization of certain families of Dirichlet, Neumann and mixed minimum prob-
lems for integral functionals of the Calculus of Variations defined on functions
subject to pointwise oscillating constraints on the gradient (cf. [A2], [DM] and
[SP] beside the above quoted book [BLP] for general references on homoge-
nization theory).

A slightly simplified version of the issue relative to Dirichlet and Neumann
problems deals with the study, for every regular bounded open set Q, fe
L*(2), 2> Bl = o), of the asymptotic behaviour as ¢ tends to 0 of the families
{17°(2, P }eso and {7.7(2, B, M) }e>¢ of the minimum values

0.1 (R, p) =

min[fq)(f,Du) dx-l—fﬂudx:ueWol’x(Q),|Du(m)|Sm( x) for a.e. er},
Q & Q

B
(02) jsoc (99 ﬁ) l) =

min[fgb(%,Du) dx+fﬁudx+/1f|u|dac:uewl’°°(Q),
Q Q

Q

| Du(x) | Sm(f) for a.e. er},
€
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where ¢ and m are functions verifying (here and in the sequel Y=
10, 1)

¢:(x,2)eR"XR"—>¢(x, 2) e [0, + o[,
0.3) ¢(-, z) measurable and Y-periodic for every zeR",

¢(x, -) convex for a.e. xeR",

0.4) m: xeR"—m(x)e[0, + ],
' m measurable and Y-periodic ,
(0.5) meL*(Y).

Once introduced the convex, lower semicontinuous function ¢y, defined
by

0.6) ¢Ppm:2eR"—

min [fq&(y, z+Dv)dy: ve Wk ”(R"), v Y-periodic,
%

|z + Du(y) | <m(y) for ae. ye Y},

the convergence of the families {7,” (2, 8)}.~¢ and {j,* (2, 8, 1)}, respect-
ively to

0.7) e (L2, f) =min [ f(,bffom(Du) dx + fﬂudx: ueWg °°(Q)],
Q Q

0.8) jhi;’m(Q,ﬂ,i)=min[f(pffom(Du) dac+fﬂudac+if |u| da : ueWwh ”(Q)}
Q Q

Q

has been conjectured.

We observe explicitly that, beside (0.1) and (0.2), also (0.7) and (0.8) are
gradient constrained problems; in fact, since ¢ oy, in (0.6) may take the value
+ oo, the functions % that make the integrals in (0.7) and (0.8) finite must be
such that Du(x) e dom ¢ 1, for a.e. x € 2, dom ¢, being the closed convex,
bounded subset of R" given by

domgb}olcom = {Z eR": ¢hom(z) < + oo} =
{zeR": there exists ve Wy *(R"), v Y-periodic such that |z+Dv(y) | < m(y)

for ae. yeY}.
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The case of Dirichlet problems has been treated in some papers (cf.
[C1]+[C4], [CS1], [CS2], [F]) under some additional assumptions on m and fi-
nally in [CEDAZ2] by requiring only (0.3)+(0.5). On the other side in [CS3],
[DAV], [DAGP] and [CDAZ2] some attempts have been made in order to study
the above Dirichlet problems when (0.5) is dropped, nevertheless the study of
the general case in which m verifies only (0.4) has not been completely
achieved.

On the contrary the case of Neumann problems has been less studied in lit-
erature and it has been treated only in [CDAZ2] under suitable summability hy-
potheses on m and in [DAGP] when m(R") = {0, + o« }.

In the present paper we want to study just the case of Neumann problems
by assuming minimal hypotheses on .

We prove that if ¢, m are as in (0.3), (0.4) and one of the following assump-
tions (0.9) or (0.10) is fulfilled

0.9 |z|’<¢xz) for ae. xeR", every zeR"and some pell, + [,
(0.10) meL?(Y) for some pe[l, + ],

then for every convex bounded open set Q, Be L *(2), 2 = ||, » (o) the values
Je(, B, A) given for every & >0 by

0.11) j»(2,A,2)=min [qu (f , Du)dac+f,3udm+/lf|u|dac: ueWh?(Q),
Q 3 Q Q

| Du(z) | $m(ﬁ) for a.e. meQ}
e

converge as ¢ tends to 0 to

0.12) jP (2,8,1) =

min [fqbfwm(Du) do + fﬁudac + lf |u|dw: ue Wl’p(Q)] ,
(] Q Q
where ¢ is the convex, lower semicontinuous function defined by

hom *

(0.13) P . 2eR"~>min {fgb(y, z+Dv)dy: ve WL.P(R"),
Y

v Y-periodic, |z, Dv(y) | <m(y) for ae. ye Y}.
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Moreover, if (0.10) holds, dom ¢!  turns out to be bounded and

hom

Ji (2, B, ) =min [fqbfwm(Du) dx + fﬁudac+/1f |w|de: we W W(Q)].
Q Q Q

Finally, if {¢,} is a sequence of positive numbers converging to 0 and, for
every he N, w, is a solution of j? (22, #, A) then {u,, } is compact in L? (L) and
its converging subsequences converge to minimizers of j. (2, f, 1) (Corol-
lary 4.2).

In order to obtain the above results we introduce a new technique based on
I'-convergence theory (cf. [DG], [DGF]), together with a reconstruction argu-
ment for the limit problem in (0.12) proposed in [Al], [A2], and a representa-
tion result for piecewise affine functions (Theorem 2.1). Such technique allows
us to prove very general results for Neumann problems, and can also be ap-
plied in the case of Dirichlet problems to get some more refined theorems under
additional assumptions, weaker than those existing in literature, but not minimal
(cf. [DMD]). The problem of the study of the Dirichlet case under assumptions
comparable to the ones proposed in the present paper remains open.

The convergence theorem we prove is deduced by a general homogenization
result for unbounded integral functionals, i.e. of the type of those in (0.2) but with
integrands taking extended real values and possibly being not finite on large class-
es of regular functions, (Theorem 3.10), that can be applied also to the treatment of
further classes of perturbations of the first integral in (0.11).

We also observe that we are able to consider only minimum problems directly
on W P-spaces and not infimum problems on classes of more regular functions, as
for example differentiable or Lipschitz continuous functions. This remark is not
trivial since it is known that in general, both in the unconstrained and constrained
case, a Lavrentieff phenomenon may occur and the homogenization processes may
lead to different results (cf. [CEDA1], [CESC]).

Finally we remark that variational problems of the type considered in this
paper are interesting also from a physical point of view: for instance the prob-
lem of the homogenization of the elastic-plastic torsion of a cylindrical bar (cf.
[An], [B], [BS], [CR], [DL], [DLi], [GL], [L], [T]) can be framed in this
context.

In conclusion we also want to thank the referee for the useful remarks and
comments.

1. - Notations and preliminary results.

We first recall the notion and the main properties of I' ~-convergence, we
refer to [DG], [DGF], [Bu] and [DM] for a complete exposition on the
subject.
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Let (U, 7) be a topological space, for every u e U let us denote by () the
set of the neighborhoods of u in 7.

Let EcR, 0 be a cluster point of £ and let, for every ¢ e £, F, be a function-
al from U to [— o, + ]

DEFINITION 1.1. — We define the functionals

' (1) hmlnf F..ueU— sup liminf 1nf F.(v),

Teym) €0

I' (7) limsup F,: ue U~ sup limsup mf F.(v).

e—0 Teju) e—0

If at we U it results I' ™ (1) 11m1nf F.(w)=T"(7) hmsup F.(u) we say that

the family {F.}.cx '~ (7)- com)m‘ges at u as & goes to 0 and we define the
'™ (v)-limit at w as

' (1) lir% F.(w)=I"(7) limigf F.(uw) =TI (7) limsup F,(u).

e—0

It is clear that
1.1 I () limiglf F.(u) <TI'" (7) limsup F.(u) for every uelU,
£— £e—0

moreover it is well known (see [Bu]) that

(1.2)  the functionals ' (1) hmmf F. and I' () limsup F,

e—0
are t-lower semicontinuous on U.

If E =N and (U, 7) satisfies also the first countability axiom, the function-
als I' (1) hmmf F,and I (7) limsup F, can be characterized in the following

way (ct. [DGF) o

(18) I~ (7) liminf Fh(u)=min{}1imi+nf Fy(): v,—u} for every uelU,
— + © | —> 0

(14) I () limsup F),(u) =min {hmsup F,(),): vh—m} for every ueU .

h— + h— + x
We explicitly recall that (1.3) holds if and only if it results

1.5) I' () }Yiminf Fy,(u) s%iminf F,(v,) for every ueU and every v,—u
) — + o — 4+ ®

and

16 I' (v %iminf F,(u) Bl}iminf F(u,)
—> + ®© 11— + o

for every we U and at least one sequence u;,—u .
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Analogously (1.4) holds if and only if (1.5) and (1.6) are fulfilled with
I' (7) }liminf F,(u) replaced by '™ (7) limsup F,(u) and the operator “liminf”
— +

h— + h— +
replaced by “limsup”.

h— + o
If ECR and 0 is a cluster point of E it is easy to verify that

(1.7) I (7) limsup F,(u) =

e—0
sup{F‘(r) lil;merup F. (u):{e,} cE, sh—>0} for every ue U,

moreover, if in addition (U, 7) satisfies also the first countability axiom, it re-
sults that (cf. for example [DAG])

(18) I (x) liminf F,(u) =

min{F*(r) }iminf F, (u):{e,} cE, €h—>9} for every ue U .
h— + ®
The following results are proved in [DGF].

ProPOSITION 1.2. — Let {F),} be a sequence of functionals from U to
[— oo, + ], and assume that the limit I' ™ (1) , lim F, exists on U, then for
— + o0

every t-continuous functional G from U to R it results

Guw)+ I (v) h,ETm F,(uw)=T"(1) hEI}rlw {G(w) + F,,(uw)}  for every ueU .

Let {F),} be a sequence of functionals from U to [ — o, + o ]. We say that
the functionals F), are t-equicoercive on U if for every real number A there
exists a compact subset K; of U such that {ue U: F),(u) <1} cK, for every
heN.

THEOREM 1.3. — Let {F},} be a sequence of equicoercive functionals on U,
and assume that the limit '™ (1) hlim F,,(u) exists for every uwe U, then
— 4+ ®©

I' (1) hlim F;, has a mainimum on U and
— +
min I’ (r) lim F,(v)= lim inf F,(v).
velU h— 4+ h—+o velU

Moreover if {u,} is a sequence such that w,—u and }lim {F),(uy,) —
L —> + ©

ing F,(v)} =0, then u is a minimum point for I~ (1) hlim F,onU.
ve — + o0
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For every subset £ of R" we define y ; to be the characteristic function of £
defined by yz(x) =1if x e £ and y z(x) =0 if x e R"\ E, moreover, if in addi-
tion E is also Lebesgue measurable, we denote by |E| its measure.

Given xgeR", r>0 we set B,(xy) = {xeR": |x — x| <r}.

For every nonempty subset C of R" we denote by aff (C) the affine hull of C,
i.e. the smallest affine set containing C. It is known that if in addition C is also
convex and is regarded as a subset of aff (C), then C possesses interior points
in the topology induced on aff (C) by the natural one of R"; the set of such inte-
rior points is called the relative interior of C and is denoted by ri (C). Obvious-
ly when aff (C) = R" then ri (C) = C".

For every de {1, ..., n} we denote by 0” the null vector in R? and by Pr,
the projection operator from R" to R? defined by Pry:(xy, ..., 2,)e
R"— (xy, ..., x;) eR"

For every z e R" we denote by u, the linear function defined by u,(x) = z-x
for every xeR", and, if pe[1, + =], we set Wy (Y) = {u e Wi.”(R"): u is
Y-periodic}.

Let # be a continuous function on R", we say that « is piecewise affine

if
m
(1.9) w(e) = 2 (u,(x) +s;)xp(x) for every xeR",
i=1 " *
where meN, 2y, ..., 2, eR", 51, ...,s,€R and Py, ..., P,, are pairwise dis-

m

joint polyhedra, i.e. finite intersections of half spaces, such that 'Ul P;=R".
=

We denote by PA (R") the set of the piecewise affine functions on R".

We denote by A the set of the bounded open subsets of R" and, for every A,
Bea@, we say that AccB if AcB.

Given a set function a: @—[— o, + ] we say that « is increasing if
a(¢) =0 and a(A;) < a(A,) whenever A;, A, e A with A, CA,. For every in-
creasing set function a we define the inner regular envelope a _ of a as

a_:Aed—sup{a(B): Bed,BccA}.

Finally, given a real function f: R"—]— o, + ], we set domf= {ze
R": f(z) < + o}, define the bipolar f** of f as

(1.10) f**:zeR"—>sup{a-z+b: aeR", beR, a-5+b<f(§) for every (eR"}

and recall that f** turns out to be the greatest convex lower semicontinuous
function on R" less than or equal to f.
We now define the functionals we are going to consider in this paper.
Let £, and &, be respectively the o-algebras of the Lebesgue measurable
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and of the Borel subsets of R", let f be a function verifying

fi(x,2)eR"XR"—f(x,2)e[0, + o],

(L11) £, ® B, measurable ,

f(-, 2) Y-periodic for every zeR",

f(x, ) convex and lower semicontinuous for a.e. xeR",
and let pe[1, + ], then for every Qe @, ue WH?(R), ¢ >0 the function
f ( ;Du(‘)) is nonnegative and measurable on £ and hence the functional

€
Fs(Qy )
€ : 1 n
fl —, Du) dx if uwe W, .P(R"),

1.12) F(Q,)uel?(Q)—<§ e
+ o if ue LP(Q)\WL.P(R"),

turns out to be well defined. We observe explicitly that the functional in (1.12)
involves a constraint on the gradients of the admissible functions, in fact the
elements u of W,?(R") that make the integral in (1.12) finite satisfy the con-

straint Du (x) e domf( L , ) for a.e. xe Q.
€
For every Qe @ let us set

(1.13)  Fyon(2,u) =T (L"(Q)) limiglf F (2, u),

Fun(Q,u)=T" (LP(2)) limsup F,(Q, u), for every ueL?(Q),

e—0

and define the function fi,, by
(1.14) fis zeR"Hinf{ff(y, 2+ D) dy: vewgé,P(Y)},
Y

then it is clear that fj,,, may take the value + « and that, by (1.11), fi,m turns
out to be convex.
Our goal is to prove that, if ¢ is the Y-periodic function given by

(1.15) prreR"—sup{|z|:flx,2) <+ o}

and if one of the following assumptions

(1.16) |z|’<f(x,2) for a.e. xeR", every zeR" and some pe]l, + oo
or

1.17) pre LP(Y) for some pe[l, + ]
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is fulfilled, then for every convex bounded open set 2, ue W' ?() the func-
tionals in (1.13) are equal and their common value agrees with the integral

Jfrom(Du) dx; obviously this last integral includes the gradient constraint

Q

Du (x) e dom fo, for a.e. x e Q, where

(1.18) dom fyom= {zeR”:there exists veWI}g;(Y) with f fy,Dv)dy < + 00}.
Y

We recall that when f in (1.11) is just real valued, the following homoge-
nization result holds (cf. [A2], [BLP], [CS], [CEDA1], [DM], [DGS], [M], [MS],
[MT], [SP], [T], [ZKON]).

THEOREM 1.4. — Let f be as in (1.11), pe[1, + ], F, (¢ >0) be given by
(1.12) and fuom by (1.14). In addition assume that

Dp<+ow
flae,2) <A+ |z|P)  for ae. xeR", every zeR" and some A>0,
i) if p=+ o
for every zeR" f(-,2) e L *(Y),

then for every Qe@ with Lipschitz boundary the family {F.(22,-)}.>0
'~ (L?(RQ))-converges on W1 P(Q) as & goes to 0 and

' (L?P(RQ)) lin% F.(Q,u)= ffhom(Du) de  for every ue Wh?(Q).
£—> Ie)
Finally we prove the following result that will be used in the sequel.

PROPOSITION 1.5. — Let f be as in (1.11), ¢ s be given by (1.15), and let fiqm, be
defined by (1.14). Assume that ¢ feLl(Y), then dom fi,m 1s bounded and

|2 $Jq0fdac for every zedom fion.

Proor. — Let zedom f;,, and let weWgér”(Y) be such that f fly,z+

Y
Dw) dy < + o, then obviously f(x, 2 + Dw(x)) < + « for a.e. xeY and

1.19) |z+Dw(x) | < pfx) for ae. wxel,
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therefore, by using the Y-periodicity of w and (1.19), we have

fzdac

Y

2] =

Sf|z+Dw(ac)|dac+
Y Y

f|z+Dw(x) |doe < fqof(m) dx ,
Y Y

from which the thesis follows. =

2. — A representation result for piecewise affine functions.

Given x, y e R" we set olx, y] = {tx + (1 —t) y: t [0, 1]}; similar defini-
tions are given for olx, yl, olx, yl, olx, y[.

In the present section we want to prove a representation result concerning
piecewise affine functions, more precisely that every piecewise affine function

U= Z (u; + ;) x p; can be represented in a convex open set £2 by means of a

f1n1te comblnatlon of last upper bounds and greatest lower bounds of those of
its “components” Uy + 8 for which P; N £ is nonempty.

Finally we discuss some examples showing that in general the convexity
assumption on £ cannot be dropped.

The result we prove is the following (cf. also [CEDAS] for the analogous in
the one dimensional case).

THEOREM 2.1. — Let u = 2, (u%' +8;) x P be in PA(R"), then for every con-
G E T v

vex open set Q there exist keN and Ny, ..., Nyc{je{l,...,m}: P,NQ2=
0} such that

2.1) u(x) = sup 1nf (u () + 5 ) for every xe Q.
ie{1,...,k} JeNi

ProoF. — Let Q be a convex open set, I be the set of the indexes corre-
sponding to the different components of u, namely I={1}U{je
12, ..., mpu, +s;#u, +s; for every ie {1, . ..,j—1}} and, for every ael,
SetEa—{jE{l m} Uy + 8=, + 8, ).

Let A= R"\{meR”: there exist a, fel with a=f and u, (¥)+s,=
u.,(x) + sg}, then it is clear that A is open, dense in R" and that it possesses a

finite number of connected components, say Ay, ..., 4;, that turn out to be
h

pairwise disjoint open polyhedra with A = L—J1AV’ moreover let ke N and

Vi, ..., vre{l, ..., h} be such that A, N Q = ¢ if and only if ve {v,, ..., v} }.
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Then, by using the connectedness of 4, , ..., 4,,, it is easy to see that

Vi)

(2.2) for every ie {1, ..., k} there exists a(i) el, j(i) e E

SuCh that u="u + Sa(i) in AV{’ P(L) ﬂ .Q Z ﬂ and u="u + 8’(1’) in P](L)‘

Za(i) J (i) J

Let us prove that for every e {1, ..., k} there exists a nonempty subset
M; of I such that by defining

2.3) v;: e R"— in}fv'[_(uza(x) +5,)
then

(2.4) vi(x) =u(x) for every xeA,
and

2.5) v;(x) <u(x) for every xeQ.

To do this let ie {1, ..., k}, set

M;={ael: u, (x)+s,=u(x) for every xeA,,
and there exists je £, with P,N Q2 =0},

and observe that by (2.2) M;# ¢ and that (2.4) holds.

Let us prove (2.5), by contradiction let us assume that (2.5) does not hold,
then the set B = {xeQ: v;(x) >u(x)} turns out to be open and nonemp-
ty.

Obviously, being A open and dense in R", it results that BN A # @. Let x; €
BNA, e>0 be such that B,(x;) cBNA and take xye A, N Q2.

Since R"\A is made up by a finite numbers of pieces of flat surfaces and
B,(x;)cBNA, we can choose x, € B,(x;) such that

(2.6)  olxy, 2] N (2\A) contains only a finite numbers of points

and again v;(xs) > u(x,).

Let S = {x e olxy, x2] : v; <u on ofxy, x]}, then obviously S turns out to be
closed and by (2.4) xyeS. Let x*eS be such that |x, —x*|= max |g — ],
then e

2.7 w(x®) =v;(x™*).

Being £ convex it turns out that x* €  but, in general, it is not sure that
x* e A, nevertheless, by using also (2.6), we can find x5 e olx ™, x;] such that
ole*, x3] AN Q. Since now a3 € A, there exists one and only one index a* e
I for which u(xs) =u, .(x3) + s,-, moreover, being u affine on olx*, x3], we

a*s
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also have that
2.8) u=1u,.+s, on olx*, r].

On the other side the fact that x5 ¢ S yields the existence of xse o]a ™, x5]
such that v;(x4) > u(x,) and by this, taking also (2.8) into account, we conclude
that

2.9 Uy, () + 8 = uley) <v;(ay).

We now observe that (2.3) implies that if a € M; then v;(x) < u, (%) + s, for
every x € R", therefore by (2.9) we deduce that a* ¢ M;. By virtue of this, since
by (2.8) and the inclusion of g]a*, x3] in 2 there exists at least one j € £+ such
that P;N Q= ¢, we conclude that it must result

(2.10) u,,.(X) + 8.« <u(w) for some reA,..

At this point we recall that « is affine on A,, and that by definition of A, . ei-
ther u is identically equal to u, . + s,« on A, or u(x) # u, .(x) + s, for every
xeA,,, therefore by virtue of this, of (2.10) and of (2.4) we obtain

(2.11) Uz, (%) + 8o < i) = v; (%) .

By (2.3) v; turns out to be concave, hence by (2.9) and (2.11) we deduce
that

U,, . () + 8.« <v;(x)  for every xeolwxy, v,]
and in particular that
(2.12) Uy, (F) + 5,0 <V ().

Inequality (2.12) yields a contradiction since by (2.7) and (2.8) we have
that

Uy, (%) + 5, =ule™) =v,(X*),

therefore (2.5) holds.
By (2.4) and (2.5) we conclude that
(2.13) w(x)= sup wv;(x) for every xe Q.
ie{l, ..., k}
The theorem is now essentially proved, indeed (2.1) follows by (2.13) if we
choose, for every aeM;, j(a) € E, such that P;, N 2 # @, if we define N; =

{jla): aeM;} and observe that wv;= inf (u +s) for every 1te
{1,..,k}. = Jed

In the example below we show that in general the convexity assumption in
Theorem 2.1 cannot be dropped.
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ExaMpPLE 2.2. — Let n=1 and u be the piecewise affine function given by
u:xeR—>wy - o (@) + (2 —x) 1, 2@ + (@ —2) x12, + (),

then, in relation to the notations of Theorem 2.1, m=3, z;=1, $;=0, 2o=—1,
So=2,23=1,8=—2, Pi=]—o,1[, Ps=1[1, 2] and P;=[2, + oof.

Let 2 =10, 1[U ]2, 3, then {je {1, 2, 3}: PiNnQ#¢}={1,3} and The-
orem 2.1 cannot hold for such choice of Q since whenever we take ke N and k

subsets Ny, ..., N; of {1, 3} it is easy to verify that  sup 1nf (u, () +
ie{l, ..., k} JjeN;

sj)=wx or sup inf (u,(x)+s;)=x—2 for every xeR.
’ ie{l, ..k} JeNi 7 ’

The following example shows that Theorem 2.1 can be false even for con-
nected non convex open sets.

ExAMPLE 2.3. — Let =2 and u be the piecewise affine function given
by

w:(x, y) eRP—>yyp (v, y) +xyp,(x, y) — yxrp,(@, ¥),

where Py = {(x,y)eR*: ©>0,0<y<uz}, Po={(x,y) eR*:y=|x|}, P3s=
{(x,y)eR*: x<0,0 <y < — x}, then, in relation to the notations of Theo-
rem21,m=4,P;={(x,y)eR*: y<0},2,=(0,1),2,=(1,0),25=(0, —1),
2,=0(0,0) and s;=s,=s3=5,=0.

Let Q= {(x,y)eR* —1<x<1, —1<y<|z|}, then {je{1,2,3,4}:
PiNQ=¢}={1,3,4} and Theorem 2.1 cannot hold for such choice of Q
since whenever we take ke N and k subsets Ny, ..., N, of {1, 3, 4} the func-

tion sup 1n£ (u,, + s;) does not depend on the x variable whilst so does u.
ie{l, ..., k} JEN /

REMARK 2.4. — We observe that examples 2.2 and 2.3 are even more shrink-
ing, indeed they prove that convexity assumptions on € in Theorem 2.1 cannot
be dropped even if one tries to represent on an open set Q a piecewise affine

function u = E (u,, + 8;) x p; by means of combinations in arbitrary order, and

not as in (2. 1) of last upper bounds and greatest lower bounds of those of its
“components” u, +s; for which P; N £ is nonempty.

3. — The homogenization formula.

Let fbe as in (1.11), pe [1, + ] and let fi,m, F. (¢ > 0) be given respect-
ively by (1.14) and (1.12).

In the present section we prove that for every convex bounded open
set Q, ueWb?(Q) the limits I (L?(Q)) limﬁigf F.(Q2,u) and

I' (L?(2)) limsup F,(2, u) agree with the integral ffhom(Du) dx. To do
e—0 Q
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part of this we will follow an argument proposed in [A1] and [A2] by first ap-

proximating f from below with an increasing sequence of real valued inte-

grands {f.}, by applying known results on homogenization of integral func-

tionals for these integrands and then by taking the limit as k diverges.
For every ke N let us set

ey Fui(e, 2) R xR o min {f, 2), K1+ |2},

3.2) fri(x, 2) e R" X R"— (fr(x, ))**(z)

and

3.3) fr. hom: 2 € R" > inf {ffk(y, z+Dv)dy: UEWI}F;TP(Y)}
Y

then fj pom turns out to be convex and finite on R"; moreover for every
Qea@ and e>0 let F; (2, -) be the functionals defined by

ffk(ﬁ,Du) de if we Wi,?(R"),
Fr o (2,)uel?(Q)—1a €
+ oo if ueL?(Q)\WLP(R").

By virtue of (3.1) and (3.2) it turns out that for every keN it results
that

(3.4) filx,z) <k(1+]2|) for a.e. xeR" and every zeR",
therefore by (1.11), (3.4) and the obvious inequality, if p < + o,
k(1+|z2|) <2k(1+|2]?) for every zeR",

it turns out that the assumptions of Theorem 1.4 are fulfilled by f, hence
we have

85) I (LP(2)) lin}) F (2,u)= ffk,hom(Du) dax
&E—> Q
for every Qe @ with Lipschitz boundary, uwe W' ?(Q).
Moreover, since obviously

3.6) F, (Q2,u)<F.(2,u) for every Qe@, every keN and ueL?(9Q),

if Fy,m is defined in (1.13), by (3.5) and (3.6) we deduce that

3.7 sup ffk,hom(Du) de < Fyon(2,u) for every Qed, ueWh?(Q).
keN o
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In order to evaluate the left-hand side of (3.7) we need to prove some
lemmas.

LEMMA 3.1. — Let f be as in (1.11), and let, for every ke N, f;, be given by
(3.2), then

(3.8) sup fi(x, z)=klim fi(x, 2)=f(x,2z) for a.e. xeR" and every zeR".
keN —>+

Proor. — By (1.11) there exists a subset N of R" such that |[N| =0 and for
every xe R" \N f(x, -) is convex.

Let te R"\N, z,e R" and let a < f(x, z,). Since f(x, ) is convex and lower
semicontinuous there exist a e R" and b e R such that

3.9) [ () az+b< f(x, z) for every zeR",
' (i) a<az+b<flx, z).

Let kN be such that
(3.10) a-z+b<k(l+|z|) for every zeR",
then by (3.1), (3.9) and (3.10) we obtain that

i) arz+b<f,.(x,z) for every zeR",
G11) {() T, 2) ry ze

(i) a<a-zg+b<fi(x,z).
At this point by (3.2), (3.11) and (1.10) we obtain that

(i) az+b<f,(x,z) for every zeR",

(11) a< G/‘ZO + b Sf}c(x7 Zo) gf}c(ﬁﬂ, zO) $f(x, 2'0),

(3.12) {

therefore by (ii) of (3.12) we have proved that for every a <f(x, z,) there
exists ke N such that

(3-13) a <.fk(9(;7 ZO) Sfl(:)c’ ZO)-

By (3.13), taking into account that the sequence { f;(x, 2¢)} is increasing,
we deduce (3.8). =

We now prove the analogue of (3.8) for f; nom and fuom-

LEMMA 3.2. — Let f be as in (1.11) verifying (1.16) or (1.17), fi.m be given by
(1.14) and, for every keN, fi nom by (3.2), then

(3.14)  sup fi hom(®) = klir{l Ji bom (@) = foom(z)  for every zeR".
keN —t®
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ProoF. - It is clear that for every zeR" the sequence {f; nom(2)} in in-
creasing and that by (3.1), (3.2)

(3.15)  sup fi nom(®) = klim Ji bom(®) < from(®)  for every zeR".
keN i

Let z e R", in order to prove the reverse inequality in (3.15) we can assume
that the left-hand side of (3.15) is finite, moreover let us first consider the case
in which (1.16) holds.

For every ¢ >0 and keN let v, e Wple’f (Y) such that

(3.16) + 00 > sup fi nom(R) T €= fi pom(2) + &> ffk(y, z+ Dv,) dy,
keN Y

moreover, since we can always assume that ka dy =0 for every ke N, we get

Y
from (3.16), (1.16) and Poincaré-Wirtinger inequality that {v;} is bounded in
WL P(Y) and that there exists v e Wr}e’rp(Y) such that, up to subsequences, v, —
v weakly in W1 P(Y).
Let us fix now kyeN, then by (3.16), the monotonicity of {f;} and the
sequential weak-W'?(Y)-lower semicontinuity of the functional wue

WLP(Y) — ffko(y, 2+ Du) dy we obtain that
Y

(B.17)  sup fi nom(2) + &= liminf ffk(y, z+Dvy,) dy =
keN k—+o

%iminf ffko(y, z+ Dv,) dy?ffko(y,z+Dv) dy .
vt ey Y

By (3.17), Lemma 3.1 and the monotone convergence theorem we infer first
as k, increases to +  and then as ¢ decreases to 0 that

(3.18) SUD f, am (2) [ fty, 2+ Do) dy = from ().
< Y

By (3.15) and (3.18) equalities in (3.14) follow if (1.16) holds.

If (1.17) holds in place of (1.16) the proof remains almost the same, the only
difference is in the fact that the weak-Wh ?(Y) (weak*-WhP(Y) if p= + o) -
compactness of {v,} is achieved by observing that |Dv(y)|< ¢,(y) for al-
most every yeY and every ke N and by using the summability properties of
@y, and that, if p = + o, the sequential weak*-W" *(Y)-lower semicontinuity
of the functional uwe W' *(Y) — Jeo(¥, 2+ Du) dy must be taken into
account. ® Y

REMARK 3.3. — We observe that if fis as in (1.11), if (1.16) or (1.17) holds and
Jfrom I8 given by (1.14), then by Lemma 3.2 it turns out that f,, is lower
semicontinuous.
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If fand fi,, are as in Remark 3.3 and (1.16) or (1.17) holds, by Remark 3.3 it
soon follows that for every Qe @, ue W' ?(Q) the function f,,, (Du(-)) is non-

negative and measurable on £, and hence that the integral f Jrom (Du) da is
well defined. e
We can now prove the estimate from below.

PROPOSITION 3.4. — Let f be as i (1.11) verifying (1.16) or (1.17), and let
Jroms Fruom b€ given by (1.14) and (1.13), then for every Qe @, ueL?(Q) it
results

. 1,
[!J‘ﬁlom(Du) d% lquW p('Q) < Fﬂom(-Q’u)'

(3.19)
+ 0o if ueLP(Q2)\Wh?(Q)

Proor. — Let QeaQ.

For every keN let f; and f; yom be given respectively by (3.2) and (3.3);
since the sequence { f; nom} is increasing, by (3.7), the monotone convergence
theorem and Lemma 3.2 we infer that

(3.20) ffhom (Du) dx = . lim ffk hom (Dw) dx < Fy,, (2, u)
0 )

for every ue Wh?(Q).

Let us observe now that by (1.16) or (1.17) it follows that if uw e L?(£) is
such that Fy,, (2, u) < + o then there exists a sequence in W;..” (R") bound-
ed in W1?(2) and converging to « in L”(R), this implies that

(3.21) Fim(Q,u) < + o = ueWh?(Q),

therefore by (3.20) and (3.21) inequality (3.19) follows. =
We now study the estimate from above.

LEMMA 3.5. — Let f be as in (1.11), pe [1, + «], and let foom, From be given
by (1.14) and (1.13), then

(3.22) (2, u,) < | 2] fiom(z)  for every Qe@, zeR".

PRrOOF. — Let Q, z be as above and let {¢,} be a sequence of positive num-
bers converging to 0.
Obviously we can assume that f,,(z) < + o . By virtue of this and of (1.18),



480 LUCIANO CARBONE - ANTONIO CORBO ESPOSITO - RICCARDO DE ARCANGELIS
given 7> 0, let ve Wj”(Y) be such that
(3.23) ff(y, 2+ Dv) dy < from(2) + 17

Y

and define, for every ke N, the function v, by v, =¢,v ( _ )
En

Clearly v, e W.”(R") and v, — 0 in L{.(R"), moreover by the Y-periodicity
of f(-, z+ Dv(-)) and by (3.23) we have

B824) I~ (L”(Q))hmsungh(Q u,) < limsup ff(— z+Dvh) d =

h— + h—+oo g En

limsup ff(i z+Dv( )) dz=| Q| ff(y, 2+ D) dy< | 2| From (@) +17) .
h—+% g &y En

As 7 decreases to 0, by (3.24), the arbitrariness of {¢;} and (1.7) inequality
(3.22) soon follows. =

In order to extend inequality (3.22) to PA (R") we need to prove the follow-
ing result.

LEMMA 3.6. — Let f be as in (1.11), pe[1, + ], and let Fy,,, Fiom be given
by (1.13). Let g: R*— [0, + ] be a lower semicontinuous function, 2e A
and UCWLP(R") be such that

(3.25) Fy L (2,u)= f g(Du) dx  for every ue WL.P(R")
Q
and
(3.26) Fy (2, u) < fg(Du) de< +o  for every uelU,
then for every meN and every u, ..., U, € U it results that
8.27),, Fi.(Q2,u)< fg(Du) de<-+oo with w=inf {u;:je {1, ..., m}}
and
(3.28),, Fi.(R,u)< fg(Du) de<+oo with w=sup {u;:je{1,...,m}}.

ProoF. — Let us prove the inequalities in (3.27), the proof for those in (3.28)
being similar.
We argue by induction on m.
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If m =1 clearly (3.26) implies (3.27);.

Let now m e N and prove that (3.27),, implies (3.27),, ;1.

Let {e,} be a sequence of positive numbers converging to 0,
Upy ooy Uy 1€ U, w=inf{u;:je {1, ..., m+1}}, and define the function v
by v=inf {u;:je {1, ..., m}}.

Since u,,+;€ U, by (3.26), (3.27),, and (1.7) there exist two sequences
{u**1} and {v,} in Wi,?(R") such that ;" *'—u,, ; in L?(Q), v,—v in
L?(Q) and

T o> fg(Dunz+1)d9ﬂ> hmsup ff(_ Dum+1) dﬁﬁ,
Q h—>+0o o €

3.29)
+ o0 > fg(Dv) du = hmsup ff( — Dvh) de .

h—=+@ o &
Let us observe now that inf{v,, u;"*'} —u and sup {v,, "'} —
sup {v, Uy, 41} in LP(L2) and that

(3.30) f(ﬁ , Dinf {v, uhm”})(x)) -

En

f( 2, Dvhm)) +f( 2, Du,:'L“(x)) —f( 2 D(sup {v, u,z"”}xx))

En En &n
for a.e. xeQ,

therefore by (3.30), (3.29) and (3.25) we have

(3.31) I'" (L*(R)) limsup F,, (L2, u) <limsup ff(— D(1nf{vh,u,f”+1})) d <

h— + o h—+0e o Ey

limsup f f ( Dvh) dx + limsup f f ( i , Du"* 1) dx —
€p

h—+o o h—+© o €n

liminf ff(— D(sup {vy,, uj +1})) di <

h— + e

fg(Dumﬂ) dw + fg(Dv) dw = Fyom (2, sup {v, %y, 1}) S
Q Q

fg(DumH) dx + fg(Dv) dx — fg(D(sup {v, Uy +1}))dc = fg(Du) dw .
Q Q Q Q

By (3.31), the arbitrariness of {¢,} and (1.7), inequality (3.27),,,, and the
thesis follow. =
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LEMMA 3.7. — Let f be as in (1.11) verifying (1.16) or (1.17), and let fiom, Fiom
be given by (1.14) and (1.13), then

(3.32) hom (2, u) < ffhom(Du) dx  for every convex Qed, ue PAR").
Q

PrOOF. — Let Q be as in (3.32) and u € PA(R") be as in (1.9), then by Theo-
rem 21 we obtain the existence of keN and of Ni,..,N,c{je
{1, ..., mp: P,NQ= (ZJ} such that (2.1) holds.

Let us observe that it is not restrictive to assume that f Jhom(Du) dx < + o0,
that is e

(3.33)  from(z)) <+ for every je {1, ..., m} such that P,NQ=¢.

Lette {1, ..., k}, a; be the cardinality of N; and v; = jnzg(uzj +s;), then by
JeN;

Remark 3.3, Proposition 3.4, Lemma 3.5, (3.33) and (3.27),, of Lemma 3.6 ap-
plied with g = o and U = {u, +s;: jeN;} we obtain

(3.34) Fyon (22, v;) < ffhom(Dvi) de <+ for every ie {1, ..., k}.
Q

At this point by (3.34) and (3.28), of Lemma 3.6 applied with g = f;,n and
U={v;:ie{l, ..., k}} we deduce (3.32). =

If 2Qe@, » is in L?(2) and Fy,, (2, u) is given by (1.13) we denote by
(From) - (2, u) the inner regular envelope at 2 of the increasing set function
From (-, w).

LEMMA 3.8. — Let f be as in (1.11) verifying (1.16) or (1.17), and let fiom, Fiom
be given by (1.14) and (1.13), then

3.35) (Fyom)-(R2,u) < ffhom(Du) dx  for every convex Qe @, ueC'(R").
Q

Proor. — Let Q, u be as in (3.35).

Let us observe that the set dom f,,, is convex and that we can obviously as-
sume that it is nonempty and that Du (x) e dom f,,,, for every x e Q.

If dom f,,,, contains only a single point then the thesis follows by Lemma
3.5, therefore it is not restrictive to assume that the dimension v of
aff (dom f;,,,) is bigger than zero.

We first consider the case in which

(3.36) 0 e ri(dom fo).
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Let R be the identity matrix if v=n and an orthogonal matrix such
that

(3.37) R(aff (dom f0,)) =R x {0" "}

if v<m, and let us define the function % by

(3.38) w:yeR"—u(R y),
then
(3.39) D,i(y) =RD,w(R'y) for every yeR".

By (3.39) and (3.37), since Du (x) € dom f,,,, for every x € 2, we infer that
Dii(y) has the last » — v entries equal to zero for every y € RQ and hence, tak-
ing into account the convexity of RQ, that % depends only on (¥, ..., %,) when
(Y1, ---, yu) varies in RQ.

Let us set 2% = Pr,(RQ), let A, B e @ with A convex, A cc Bcc 2 and de-
fine A™ = Pr,(RA), B” = Pr,(RB), then obviously A cc B"cc Q™.

If v<mn let o be the multivalued function defined by o: ye 2" {z€
R" V:(y,z2)eRQ} and let 8 be a continuous selection of o, i.e. a function in
C°(Q2™; R"~") such that B(y) € o(y) for every y e 2" (take for example 5(y)
to be the barycentre of o(y) for every ye Q®).

Since (y, B(y)) € RR for every y € 2 and RQ is open, we can find a func-
tion B,eC*(R"; R"~") such that (y, 5,(y)) e RQ for every yeB™.

By virtue of this we can define the function % by

Jﬁ(yl, e Yy)  fv=mn,

(340) U (Y1, ..., y) eR"—1 )
L % oo 40 Br(yns - 90) i v <o,

then obviously % e C!(R") and, being Du (x) € dom f,,,, for every xe Q, by
(8.38), (3.39) and (3.40) we obtain that Du(y) € Pr,(R(dom f,,)) for every
yeB™,

By virtue of this and by (3.36) we infer that there exists a compact subset
H, of ri(Pr,(R(dom f,,,))) such that

(3.41) D(su)(y)eH, for every se]0, 1[ and yeB™.

Let se[0, 1[ and let {u,} c PA(R") be such that u,—su in W' *(Q®),
then by (3.41) we obtain that

(3.42) Duy(y)eK, for every yeA™ and every heN large enough,

K, being a suitable compact subset of ri(Pr, (R(dom fiom)))-
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For every heN let us now define the functions #, and u, by
Wt (Y1, ooy Yu) eR =, (Y1, ..., )
and
uy,: v e R"—u;,(Rx),
then obviously u;, € PA (R") for every heN and
(8.43) w,—>su in Wi *(Q),

moreover by (3.42) we deduce the existence of a compact subset K of
ri(dom for) such that

(3.44) Du,(x)e K for every xeA and every heN large enough .
At this point by the convexity of A and Lemma 3.7 we obtain

(345) Fin(A,u,) < f Jrom(Duy,) dx for every heN large enough ,
A

moreover by (3.43), (3.44) and the local Lipschitz continuity of fi,m, in
ri(dom f,,) We have

(3.46) hll)rfm Af Jrom (Duy,) da :Af Jrom(sDu) dx
therefore by (3.45), (3.46) and the convexity of f,,, we obtain
(3.47) }Llininf Fyom(A, w,) < séffhom(Du) dr + (1 —5) | 2]|fhom(0)
and by (3.43), (3.47) and (1.2) that

(3.48) F. (A, su) Séffhom(Du) dr + (1 —5) | 2| fhom(0).

Taking now the limits in (3.48) first as s tends to 1 and then as A increases
to 2, by (3.36), (3.48) and the convexity of 2 we obtain (3.35) if (3.36)
holds.

In conclusion if (3.36) does not hold we only have to take z,eri(dom f;on)
and consider the function f; defined by fy:(x, 2) e R" X R"— f(x, 2y + z). We
have, with the obvious meaning for the symbols adopted,

(3.49) J0,hom(8) = from (2o +2)  for every zeR",

(3.50) 0, hom (£2, %) = Fyon (2, u, +u) for every Qed and uelL’(Q)
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and

8.51) 0 eri(dom fy, nom),

therefore by (3.51) and (3.35) applied to f; we infer that
(352)  (F§ pom)_ (2, u) < ffoy nom (Du) da for every Qed, ueCH(R").
Q

In conclusion by (3.52), (3.50) and (3.49), inequality (3.35) follows also in the
general case. ®

LEMMA 3.9. — Let f be as in (1.11) verifying (1.16) or (1.17), and let fiom, Fiom
be given by (1.14) and (1.13), then

(3.53) (Fim) - (2, u) < ffhom(Du) dx  for every Qed, ue Wi.,”(R").
Q

Proor. — Let Q, u be as in (3.53).
Let a be a mollifier, i.e. « e C*(R"), a =0, spt(a) cB;(0) and fa(ac) dx =
1 RH,
1. For every >0 and x e R" let us set a,(x) = —a (f), denote by u, (x)
n n
the regularization of u at x defined by u,(x)= (a, *u)(x)= fa”(x -
R)’V,
y) u(y) dy and set 2, = {yeQ:dist(y, 02) >n}, then it is well known that
for every n >0 u, e C'(R") and that u, —u in W' () as n—0, moreover, by
the convexity of f,,, and Jensen inequality, we have

(3.54) f Jhom (Du,y) die < f from(Du) dx for every n>0.
Q

Qy

Let now A e @ with Acc Q, A being also convex, and take n > 0 so small
that Acc 2,, then by the convexity of A, Lemma 3.8 and (3.54) we infer

355 (Fio) (A, u) < | from(Du,) de < [ from(Du,) d <
A Q,

f Jrom(Du) de for every n >0 small enough .
Q

Taking the limits in (3.55) first as # tends to 0 and then as A increases to £,
by (1.2) and the fact that the set function (F},)_ (-, #) is increasing, we de-
duce (3.53). =

We can now prove the representation result for the I'™ (L?(£))-limit of the
funectionals in (1.12).



486 LUCIANO CARBONE - ANTONIO CORBO ESPOSITO - RICCARDO DE ARCANGELIS

THEOREM 3.10. — Let f be as in (1.11) verifying (1.16) or (1.17), let F,
(€ >0) be the functionals defined in (1.12) and f,.m be given by (1.14), then fiom
turns out to be convex, lower semicontinuous and for every convex bounded
open set Q, weLP(Q) the limit I'~ (L?(Q)) glg}) F.(Q, u) exists and

om D d ) WI:P 0 ,
3.56) I (LP(R)) lin%)Fg(Q,u): éffh (Du) dx if we (R)

+ oo if ueLP(2)\WhP(Q).

Moreover, if (1.17) holds, dom f ., turns out to be bounded and the right-

[ ffhom(Du) dx l:f ue le p(Q) ,
hand side of (3.56) is equal to 19

+oo if ueLP(Q)\WhP(Q).

ProOOF. — Let Q be as above and let Fy,, (2, ), Fion (L2, -) be given by
(1.13).

By (1.11), Remark 3.3 and Proposition 1.5 the properties of fi,, and of
dom f;,,, follow.

Let us first prove that

8.57) U (2, u) < ffhom(Du) de  for every ue Wh?(Q).
Q

To do this we can assume that dom f,,,, # @, moreover, as in Lemma 3.8, it
is not restrictive to assume that

(3.58) 0 e dom fiom-

Let uw e W ?(R), then, since 2 has Lipschitz boundary, we can extend u to
a function in W ?(R") and call again « such extension.

Let 2y 2, t>1 and let u, be the function defined by u;: x € R" — u(x, +
( — 2)/t), then obviously u, e W ?(R") and u,—u in L?(Q) as t—1; more-
over by the convexity of 2 and Lemma 3.9 we have

(859)  Fion(Q, u) < (Flon)— @+ 42 —20), u) < [ from(Dup) dec.

2o+ 2 —xg)
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By performing the change of variable y = xy + (¢ — )/t in the right-hand
side of (3.59) and by exploiting the convexity of fi,m we obtain
(3.60)  From(2, w) <

1 1
tnffhom(?Du) d?/ S tnilffhom(Du) dy + tn(l - ?) |‘Q|fh0m(0)7
Q Q

therefore by (1.2) and (3.58) we infer (3.57) by taking the limit as £—1 in (3.60).
Let now u e L?(£), then by (3.57) we have immediately

ffhom(Du) de if ue Wh?(Q),
(3.61) Fin(Q,u)<s{a
+ o if ueLP(Q)\WHP(Q),
therefore by (3.61), Proposition 3.4 and (1.1) equality (3.56) follows.
Finally, if (1.17) holds, Proposition 1.5 yields the boundedness of dom fip,
from which, together with (3.56), the last statement of the thesis follows. =

4. — Convergence of minima.

In the present section we deduce by Theorem 3.10 a result on the conver-
gence of minima for Neumann problems for the functionals in (1.12) and, as a
corollary, the convergence result exposed in the introduction.

THEOREM 4.1. — Let f be as i (1.11) verifying (1.16) or (1.17), and let fiom be
given by (1.14), then fiom turns out to be convex, lower semicontinuous and for
every convex bounded open set Q, feL ™ (Q), A> |« the values

(41) ms(gy ﬁ5 j~) =
min{ff(f,Du) dx+f,8udx+/1f|u|dac:ueW”’(Q)} e>0
Q € Q Q
converge as € tends to 0 to
Mpem (2, B, 1) = min {fohom(Du) dx + fﬂudﬂc +if |u|da: uer”’(Q)} .
Q Q

Moreover, if (1.17) holds, dom f ., turns out to be bounded and

(4.2) My (L2, B, 1) =min {&ffhom(Du) dac+fﬂudx+lf |w|de: ue W oc(Q)}.
Q Q

Finally, if {e,} is a sequence of positive numbers converging to 0 and, for

every heN, w, is a solution of m,, (2, B, A) then {w,} is compact in LP(£2)

and its  converging  subsequences converge to  minimizers  of
Mpom (2, B, 4).
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Proor. — Let 2, 3, 1 be as above and, for every ¢ > 0, let F, be given by (1.12).

The properties of fi,m and of dom f;,, follow by Theorem 3.10.

Let Q2 be a convex bounded open set and {e,} be a sequence of positive
numbers converging to 0, then by Theorem 3.10, (1.7), (1.8) and (1.1) we de-
duce that

4.3) I (L*(9)) } lim F, (Q,u)= ffhom(Du) de for every ue WhH?(Q),
h— + oo 0

therefore by (4.3), the L?(Q)-continuity of the functional wue
L?(Q)~ ) pudr+A) |u|dx and Proposition 1.2 we infer that
Q Q

44) I~ (L”(Q))hEer[th(Q, u) + fﬁudw +lf |u|dac} =
Q Q

ffhom(Du) dm+fﬁudx+/1f|u|dx for every ue Wh?(Q).
o o Q

At this point we observe that by (1.16) or (1.17) and the choices of 5 and 4
the functionals in brackets in (4.4) are LP?(Q)-lower semicontinuous and
L?(R)-equicoercive on W1 ?(), hence by (4.4) and Theorem 1.3 we deduce
that minima in (4.1) do exist, that

4.5) hlir? My, (2, B, 1) = My, (2, B, 1)

and that if for every & e N u,, is a solution of m,, (2, 8, 1) then {u,} is compact
in LP(Q) and its converging subsequences converge to minimizers of
Mpem (2, B, ).

In conclusion, being {¢;} arbitrarily chosen, by (4.5) we deduce that

hn%) ms(g, ﬁ, j-) :mhom(‘g’ ﬂ’ l)

Finally, if (1.17) holds, by the boundedness of domf,,, (4.2) soon
follows. =

We now prove the convergence result stated in the introduction. To do this
we denote by Iy ;[ the function defined by I} ,.((t) =0 if [0, + oof,
I[O, +°C[(t) =+ oo if tE] — 0, 0[.

COROLLARY 4.2. — Let ¢, m be as in (0.3), (0.4) verifying (0.9) or (0.10), and
let ¢pom be given by (0.13), then ¢l turns out to be convex, lower semicontin-
uous and for every convex bounded open set Q, feL*(2), 2> Bl =) the
values {j2(2, B, M) }e=o tn (0.11) converge as € tends to 0 to b, (2, B, 1) in
(0.12).
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Moreover, if (0.10) holds, dom ¢, turns out to be bounded and

L (R, B, A) =min Lf¢ﬁom(Du) da + fﬂudm+/lf |u|de: we W “(9)}.
Q o

Finally, if {e,,} is a sequence of positive numbers converging to 0 and, for
every heN, w, is a solution of jt (2, B, A) then {u,} is compact in LP(£2)

and its converging subsequences converge to minimizers of ji. (2, f, A).

ProoF. — If ¢ and m are given as in (0.3) and (0.4), by setting f(x, z) =
o, 2) + 1o, 4 (m(x) — |2|) it turns out that f verifies (1.11), that ¢ ,in (1.15)
agrees with m and that fi,, in (1.14) is equal to ¢?,,, moreover by (0.9) or
(0.10) it soon follows that (1.16) or (1.17) are fulfilled.

By virtue of this we obtain that the assumptions of Theorem 4.1 are ful-
filled, and the thesis follows by Theorem 4.1. =
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