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The Sum of Periodic Functions

STEFANO MORTOLA - ROBERTO PEIRONE

Sunto. – Si prova che ogni polinomio in una variabile reale di grado n è somma di n11
funzioni periodiche, ovviamente non tutte continue, e che ci sono funzioni di una va-
riabile reale che non sono somma di un numero finito di funzioni periodiche.

The periodic functions play a very important role in Mathematical Analysis.
A natural problem regarding them is to write, if possible, a given function from
R to R as a sum of periodic functions. It is clear that a function that is the sum of
finitely many continuous periodic functions is bounded, thus a nonconstant po-
lynomial cannot be written in this form, but in this paper we prove that if the
functions are not required to be continuous, then the previous statement is no
longer valid. Namely, we prove the following result: every polynomial of degree
nD0 in one real variable is the sum of n11, but not of n, periodic functions
from R to R; and also, some functions from R to R, for example, f (x) 4e x, are
not the sum of finitely many periodic functions. It is not difficult to see that, if
fi : RKR, i41, 2, are periodic of period xi , then the function f4 f1 1 f2 sati-
sfies: f (a1x1 1x2 )2 f (a1x1 )2 f (a1x2 )1 f (a) 40, (a�R (cf. Theorem 1),
thus some functions (for example f (x) 4x 2 ), are not the sum of two periodic
functions. On the other hand, by writing a real number x in the form x4

!
a�A

xa Ta , where ]Ta : a�A(, (TacTb if acb), is a Hamel basis of R over Q

and xa�Q, (a�A, it is easy to see that the function f (x) 4x is the sum of two
periodic functions, for, given a 1 , a 2 �A, with a 1 ca 2 , the function f1 (x) 4

xa 1
Ta 1

is periodic of period Ta 2
(for example), and the function f2 (x) 4

!
a�A0]a1(

xa Ta is periodic of period Ta 1
. In order to get the more general above-

stated result, we will characterize the functions f : RKR which are the sum of
finitely many periodic functions. The idea of the proof is again that of conside-
ring R as a vectorial space over Q, but in a more sophisticated way.

We start by fixing some notation. If K is a set we denote by NKN the cardina-
lity of K. Given a function f : RKR and xi �R, i41, R , n, nD0, we define a
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function D(x1 , R , xn ) f : RKR by

D(x1 , R , xn ) f (a) 4 !
K’ ]1, R , n(

(21)n2NKN f(a1 !
i�K

xi ) .

The following properties are easily verified and will be used in the follo-
wing:

i) D(x) f (a) 4 f (a1x)2 f (a).

ii) f is periodic of period x if and only if D(x) f40.

iii) D(x1 , R , xn) f4D(xs 1
, R , xs n

) f for every permutation s of ]1, R , n(.

iv) D(x1 , R , xn ) is linear from RR to RR, RR denoting the set of functions
from R to R.

v) D(x1 , R , xn , xn11 ) f4D(x1 , R , xn )(D(xn11 ) f).

We now generalize ii) in this way:

THEOREM 1. – If a function f : RKR is the sum of n functions fi : RKR,
i41, R , n, nD0, periodic of period xi , then D(x1 , R , xn ) f40.

The converse is true provided x1 , R , xn satisfy the following additional
condition

xi D0 (i41, R , n ,
xi

xj

�Q if ic j .(1)

We must require a condition like this because, for example, the function f(x)4x
satisfies D(1 , 2 ) f40, but it is not the sum of two periodic functions, of periods
1 and 2.

PROOF OF THEOREM 1. – For every i41, R , n we have D(xi ) fi40, and thus

D(x1 , R , xn) fi40. Therefore, D(x1 , R , xn) f4 !
i41

n

D(x1 , R , xn) fi40. r

To reverse Theorem 1, we need a lemma.

LEMMA. – Suppose x , y�R0]0(, xOy�Q, and g : RKR is periodic of pe-
riod x. Then there exists f : RKR, periodic of period x, such that D(y) f4g.

PROOF. – Let B be a basis of R over Q, containing ]x , y(. Now, for every
a�R there exist unique p(a) �R, n(a) �Z such that a4p(a)1n(a) y, p(a) of
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the form p(a) 4b1qy, with q� [0 , 1[OQ and b linear combination with coeffi-
cients in Q of elements of B0]y(. It follows:

p(a1y)4p(a) , n(a1y)4n(a)11 , p(a1x)4p(a)1x , n(a1x)4n(a) .

It is easy to see that the function f defined by

f (a) 4

.
`
/
`
´

!
k40

n(a)21

g(p(a)1ky)

0

2 !
k4n(a)

21

g(p(a)1ky)

if n(a) D0 ,

if n(a) 40 ,

if n(a) E0

satisfies our requirements. r

THEOREM 2. – Suppose x1 , R , xn , nD0, satisfy (1), and f : RKR satisfies
D(x1 , R , xn ) f40. Then there exist fi : RKR, periodic of period xi , such that

f4 !
i41

n

fi .

PROOF. – The theorem is clearly true if n41. Suppose it is true for nF1
and prove that it is true for n11. Let x1 , R , xn11 satisfy (1) and suppose
D(x1 , R , xn11 ) f40. Then D(x1 , R , xn ) (D(xn11 ) f )40, thus by the inductive
hypothesis, there exist gi : RKR periodic of period xi such that D(xn11 ) f4

!
i41

n

gi . By the lemma there exist fi , periodic of period xi such that D(xn11 ) fi4gi ,

for i41, R , n. Let g4 !
i41

n

fi . Then, D(xn11 )g4 !
i41

n

D(xn11 ) fi 4D(xn11 ) f,

and D(xn11 )(f2g) 40. Thus, f4 !
i41

n11

fi , where fn11 4 f2g is periodic of period

xn11 . Hence the theorem is true for n11. r

Now, if fi : RKR, i41, R , n, nD0, are periodic of period xi D0, and

xi Oxj �Q for all i , j, then !
i41

n

fi is periodic, with period any real number c0

which is an integer multiple of all xi . Thus

THEOREM 3. – A function f : RKR is the sum of finitely many periodic
functions if and only if there exist x1 , R , xn , nD0, satisfying (1) such that
D(x1 , R , xn ) f40. r

In order to see whether a given function from R to R is the sum of n peri-
odic functions, we express D(x1 , R , xn ) f in terms of the nth derivative f (n) of f.
By repeated applications of the mean value theorem we get
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THEOREM 4. – Suppose f�C Q (R). Then, for every a , x1 , R , xn �R, with
xi D0 for i41, R , n, nD0, there exists j�]a , a1 !

i41

n

xi [, such that

D(x1 , R , xn ) f (a) 4 f (n) (j) »
i41

n

xi . r

COROLLARY. – Let P be a polynomial in one real variable of degree nD0.
Then P can be written as the sum of n11 periodic functions, and the periods
of these functions can be chosen arbitrary n11 real numbers, satisfying (1).
On the other hand, P is not the sum of n periodic functions. The function
f(x) 4e x, f : RKR, is not the sum of finitely many periodic functions. r

REMARK. – The question whether every function f : RKR is the sum of two
periodic functions was proposed in an Italian mathematical competition, Cor-
tona, Italy, May 1988.
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