BOLLETTINO
UNIONE MATEMATICA ITALIANA

ALAIN JACQUEMARD

On the fiber of the compound of a real analytic
function by a projection

Bollettino dell’Unione Matematica Italiana, Serie 8, Vol. 2-B (1999),
n.2, p. 263-278.

Unione Matematica Italiana

<http://www.bdim.eu/item?id=BUMI_1999_8_2B_2_263_0>

L’utilizzo e la stampa di questo documento digitale ¢ consentito liberamente per
motivi di ricerca e studio. Non é consentito 'utilizzo dello stesso per motivi com-
merciali. Tutte le copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=BUMI_1999_8_2B_2_263_0
http://www.bdim.eu/

Bollettino dell’Unione Matematica Italiana, Unione Matematica Italiana, 1999.
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On the Fiber of the Compound
of a Real Analytic Function by a Projection (*).

ALAIN JACQUEMARD

In Memoriam Mario Raimondo

Sunto. — Sia f: R™—R* con m = k = 1 una funzione analitica. Se il luogo critico di f é
compatto, esiste una fibrazione C* localmente triviale associata ai livelli f. Suppo-
niamo k=2 e sia mwy la proiezione (xy, ..., & _y, ) = (¥, ..., T _ ). Sotto una
condizione sul luogo critico di f= o f esiste anche una fibrazione C* localmente
triviale associata ai lwvelli di f. Stano F e F le fibre rispettitive, e I Uintervallo unita

reale. Dimostriamo qui che F ¢ omeomorfa al prodotto F x I. Nel caso di polinomi
studiamo criteri effettivi. Diamo inoltre un’applicazione del risultato principale.

1. — Introduction and statements of the results.

In his book [M. p. 100] J.Milnor asks some questions in the context of real
polynomial functions with isolated singularity at the origin. The first one is a
question about the fiber of a polynomial mapping R™ — R* with isolated sin-
gularity at the origin and the fiber of its compound by the canonical projection
R* + R*~! which forgets the last coordinate: is the fiber of the latter homeo-
morphic to the product of the fiber of the former mapping by the unit interval?
We investigate this question in a larger context, allowing f to have a non isolat-
ed singularity.

Let us consider an analytic function f= (f;, fs, ..., fi): R"— R*, with
m=k=1.

We recall that x e R™ is a singular point of fif and only if the rank of the
Jacobian matrix of f at & is not maximal. We call singular locus of f the set of
the singular points of f.

In the following, we consider functions satisfying:

HYPOTHESIS © The singular locus X, is compact and X, C f ~1(0).

Moreover, we may assume that X, is given as the zero set of a positive ana-
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lytic function 6: R™ —R™* (for instance, one may take 6 defined by 6(x) =
e

> mP(x), where m;, 1 <i<wn, are the kX k minors of the Jacobian matrix of ).
i=0

NOTATIONS 1. — For all e>0, m=1, n=2, >0, let us denote:
B, ={xeR™/0(x) <&},
S,={xeR™/0(x) =¢},

l
S;/—l = {(%1, Uy oory UP) ER”//'Z1 %1'2=772}-

Since 2= 0 ~1(0) is compact, for all neighbourhood ¥, of X4, there exists
e >0 such that B,c v,.

We first prove (Lemma 2) that there exists ¢, > 0 such that for all ¢ < ¢,
B, is a compact manifold with smooth boundary. We then show:

THEOREM 1. — Let = (fi, fo, .-, f): R™"—=RE, with m =k =1 be an ana-
lytic function. Under Hypothesis C, there exists €,€]0, €] such that: for all
e€l0, e,] there exists n,.=0 such that for all n€l0, n,], the restriction of f

fisonssen Benf1 Sy H =871
18 @ C* locally trivial fibration onto S,f‘l.
Notice (cf. Remark 2) that this fibration can be pushed on S,\f 1(0).
When X, is not compact, but has at least one compact connected compo-
nent, one may prove the same kind of result, just replacing B, by its intersec-
tion with a suitable neighbourhood of the union of the connected compact com-

ponents of X (cf. Remark 2).
In the following, we assume k =2.

NoTATION 2. — We denote by m, the projection
Rk N Rk—l
(xl"'-axk—lyxk) g (xh”-’xkfl)

and we set up the following

HYPOTHESIS J(,. — The singular locus X; of f=mpof is such that

Let us suppose now that k =2 and that f satisfies both Hypotheses ¢ and
9¢,. We can apply Theorem 1 to both f and 7, o f. We denote by F and F' the
corresponding fibers. The following result establishes the relationship be-
tween F and F:
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THEOREM 2. — Let f=(fi, fo, ..., fi): R"—>RE with m=k=2 be an analytic
Sfunction. Under Hypotheses C and G, there exist a >0, n,>0, such that:
Veel0, al, Vyel0, n,], VéeSy %, VeeS) 1,

the fiber f~1(€) N B, is homeomorphic to the product (f~*(¢) N B,) x [0, 1].

Notice that a similar result holds (cf. Remarks 2 and 3) if X', is not compact
but has at least one compact component.

In the case f has an isolated singularity, both Hypotheses € and 9¢;, hold, and
this answers the particular question of J. Milnor. We should mention that in the
isolated singularity case, the question has been first answered by H. C. King
[K. Prop. 2.8, unpublished]: it is even proven that the fibers are diffeomorphic
(with corners rounded off) as long as analytic functions are involved.

We then investigate (section 4) the problem of giving effective criteria
(that is to say to be verified by a computer) for Hypotheses € and I¢,. These
criteria are sufficient ones and rely upon the Theory of Grobner bases.

At the end is given an application of Theorem 2 in the context of an isolated
singularity at the origin. We investigate a subsidiary question of J. Milnor
about the construction of non-trivial examples of such fibrations. We mention
that there are answers to that question in E. Looijenga, P. T. Church and K.
Lamotke [Loo, CL] who gave different classes of non-trivial examples. In sec-
tion 5 we show as an application of Theorem 2 that it is impossible to construct
non-trivial examples of mappings R?" +— R? by starting from holomorphic
functions C" —R? and simply adding a new coordinate function.

2. — Fibrations for real analytic functions.
NoOTATION 3. — We will denote by { , ) the inner scalar product in R™.

We recall also the famous (see [Loj])

LEMMA 1 (curve selection lemma). — Let W a real semi-analytic set of R™
such that 0 € W. Then there exist Ec R and a real analytic curve r:[0, E]—
R™ such that v(0) =0 and r(t) e W for t > 0.

Let f=(fi, foy ---, fo): R"—>R"* k=1, m =k, be an analytic function sat-
isfying the Hypothesis ©. We fix ¢, such that, in B} \X;, f has no singular
point.

LEMMA 2. — There exists € > 0 such that for all & such that 0 < e < e, B, is
a compact manifold with smooth boundary S,.

Proor. — The fact that B, is compact provided ¢ is sufficiently small is an
obvious consequence of the compactness of ;. Assume that for all e sufficiently
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small there exists a point p, such that p, € S, and 6 is singular at p.. By compact-
ness, there exists an accumulation point p, such that 6(p,) = 0. Hence p,e .
Let us consider the following subset:

S={xeB,\X;/grad, 6=0}.

S is a semi-analytic subset of R™. Suppose there is a point pye S NX;. Then
there exists a path »:[0, £]—R"™ such that:

6(r(0)) =0,
| Vielo, &1, r@®)esS,
and by multiplication by »'(t) we get:

(grad,q, 6, r' (1)) =0'(r(t)) =0.
Hence for all te [0, &], 0(r(t)) = 0(r(0)) = 0. Contradiction. =

2.1. Proof of Theorem 1.

PrROOF. — We have to check that for &> 0 sufficiently small f~1(0) is
transversal to S,.
For xef 1(0) N S,, transversality means exactly linear independance be-

tween grad, 6, grad, fi, ..., grad, f,. Then, denote:

—_— k —_—
Z = {xef‘l(O)\Z’f/H(lo, Aty ooy Ap) €RFPIN{0} /2 grad, 6+ > /ligradmfi:O}.
=1

It is a semi-analytic subset of R™. Assume that for all ¢ >0 there exists
a point p,eZ NB,. By compactness of B,, there exists an accumulation
point pye XN Z. So, there would exist an analytic path: :[0, £] —R"™ such
that:

6(r(0)) =0,
| Vielo, &, r(heZ.

Then, for ¢t >0,

o k o
Ao(t) grad, 0 + 21 Ai(t)grad, f;=0.

By multiplication with »'(¢), and using { grad,q f;, r'(£) ) =[fi(r)]' () =0,
we obtain:

Vi>0 @) {grad,, 0, r' @) ) =0.
But 1,(t) #0, since grad, fi, ..., grad,, f;. are independent when 6(r(¢)) #0.
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Therefore: Vi >0 { grad, 0, »'(t) ) =0, so 0(r(t)) is constant, and 0(r(t)) =
O(r(0)) = 0. Contradiction. =

REMARK 1. — When X, is mot compact, but has at least one compact con-
nected component, the same kind of result holds.

Let us denote by C'c X the union of the compact connected components of
2. There exists a neighbourhood C* of C such that C* N X,= C. By the curve
selection lemma it is straightforward to prove that there exists ¢ sufficiently
small such that for all e€]0, ¢,], B, N C* is a compact manifold with smooth
boundary S, N C*. We then can repeat the same proof as in Theorem 1 just re-
placing B, by B, N C*.

REMARK 2. — The fibration on B,N ‘lefmf—l(S/?c*U can be pushed on

S\ fH0).

To achieve this, one proceeds in the same way as in some of the following
proofs (for instance the Proof of Proposition 1) first by constructing a vector
field w on B,\f'(0) such that, for all e B,\f 1(0):

1) (w(x), grad, 6) > 0.
2) (@), 2 fi@)grad, £ ) =0,
It suffices then to integrate this vector field.

2.2. Fibrations for f and m;, of.

Let f=(fi,fs .-, fi): R"—RY, with m =k =2 be an analytic function,
satisfying both Hypotheses © and 9¢,. Let us consider the mapping = of:

RrR™ N Rk_l,
v = (A@), ..., fioi(@),

fis an analytic function. We have 7= 3,c f~1(0)c f71(0). Hence Hypothe-
sis € holds for f. )
Applying then Theorem 1 to f:

COROLLARY 1. — There exists & €10, €] such that, for all € €]0, &1, there
exists n, such that for all n€l0, 7,]

f‘lBgﬂf—l(séc—Z): B, ﬂfﬁl(s,;cfz) —>S,;€72

is a C* locally trivial fibration.

Furthermore, we can substitute e} =inf{e, &} for e, and &, and n} =
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inf {ne %} for n, and 7,, to be sure that both the restrictions of f and
f are already fibrations with given €€]0, ¢¥] and 5 €]0, n¥*].
Let now (aq, ao, ..., af_1) eS,f’z, n<n¥ We can consider the fiber

in _ -1
F(al,az,,..,ak_1>_f ((a1;a2v "'akfl))mBe'
Furthermore, (a1, az, ..., a;y_1, 0) €SF~1, so we can also consider the fiber

— -1
F(al,uz, e, ak-1,0) _f ((ab Aoy ooy Af—1, O)) N Bs .

Notice the obvious inclusion F,, ,, ..‘,awl,O)CF(al,az, S ar -
We will now prove that there exists a close topological relationship be-
tween these two fibers.

3. — Fibers of f and 7}, of.
First, let us set up the following notations.

NOTATIONS 4. — Let €€]0, ¢¥] and n<]0, n¥].
Fe=f"10)NB,, Fi=f"n,0,..,0,0)NB,,
Fe=f"10)NB,, Fi=f"n,0,..,0,0)NB,,
Fs* ={weF§ [fi(x) >0}, Fi*={weF;/fi(x)>0}.

In a first step, we will be interested in the study of the singular fiber F¢, which
is transversal to S, provided that 0 <e <e' <ef.
In fact, we deal only with the half fiber Fi§* and we claim:

PRrOPOSITION 1. — There exists €,€]0, e¥] such that Yeel0, €51, Y(n, n')
such that 0 <y’ <np<n¥*,

Fe+ \{zeR™ /fi(x) <n'} is homeomorphic to (f1((0,0, ...,7)NB,)x [0, 1]
At first, we construct a vector field on Fj*.

3.1. A vector field on F¢*.

PROPOSITION 2. — There em'sts~ £5€]0, e¥] such that, for all €10, €5]: there
exists a C* wvector field w, on §*, such that:
1) Vee F§*, (o (x), grad, 0) =1,
2) Yee Fi*, (o (x), grad, fi ) > 0.

PROOF. — In order to be a vector field on 7§, 51 has to satisfy the addition-
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al conditions: Vx e F§™",

(@1(@), grad, f; ) = (w1(2), grad, fy ) = ... = {1 (@), grad, fi—1 ) =0
because the tangent space to F§* at « is {grad, f;, grad, f;, ..., grad, f; _,}*.

Let us denote by ﬁ(ac) and 5)(90) the orthogonal projections of grad, 6 and
grad, f;, on

{gradwfly gradfo; ceey gradﬂcﬁcfl}l .

We claim:

LEMMA 3. — There exists e, €10, 5] such that for all x € B}, u(x) and v (x)
are not linearly dependent with opposite directions.

We postpone the proof of this lemma to the end of the section.
Now, we construct the vector field. Locally, in a point xye F'§* it is possible
to find a vector w,, such that:

Viel[l,k—11: (w,, grad, f;) =0,
(1w, grad,, fi ) >0,

(w,,, grad, 6) >0.

On a small neighbourhood of x,, the projection 17)0(90) of @T)xo on the space
{grad, fi, grad, f5, ..., grad, f, _;}* has the same properties. We finish the

construction of @, on the thole half-fiber, by using a ¢ partition of unity, get-
ting first a vector field w satisfying

Viell,k—1]: (w, grad, £, ) =0,

(w, grad, i) >0,

(w, grad, ) >0.
Then, we get w; by division by { w, gai)x 0). m

3.2. Proof of Proposition 1.

PRrOOF. — Let %y f1((0, 0, ..., 7)) N B,, and denote by ¢, the trajectory
of 51 such that ¢, (0) = x,.

By the properties of w;, the functions t— fi(g,, (1)) are always 0, for all
1el[l,k—11.

So, ¢, (t) stays in Fi*. Furthermore, the function ¢+ f; (¢ 5 () s
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strictly increasing. And:
(g, (1)) =1+ 60(x,)

The result follows. =
3.3. Proof of Lemma 3.
Proor. — Consider the following set:

T={xeB,/f(x)=0, f(x) >0, o< 0/v(x) = o u(x)}.

For f ~1(0) is transversal to S, provided that ¢ is sufficiently small, the vector
u (x) is never zero, and:

o k-1 o
u(x):gTadm0+ E Aigradxfi,
i=1

- k-1 -
v (90) = gradxﬁc + E Hi gradxﬁ )
i=1

with:
(/11, 12, ceey lk_l)ERkil\{(o, 0, ceey 0)},
(#17 oy oony ‘ukfl) ERk_l\{(()? 07 [EE) 0)}-
Using:
Vie[l,k—1]1 (u@), grad,f;) = (v (@), grad, f; ) =0
the coefficients (11, 14, ..., 4;,_) satisfy the following linear system:

k-1 . o
21 A;{grad, f;, grad, f; ) = — ( grad, 0, grad, f, ),

k-1
2 Zi{erad. fi, grad. fi 1) = —{grad, 0, grad. fy 1 ),

and then, each A, is expressed as a quotient of two determinants involving the

products { gai)xfi, gﬂi)rﬁ ) or { g;)dx 0, gai)x]j ). As a result, each 1;is a
meromorphic function. The same occurrs for the u/’s, hence T is a real semi-
analytic set.

Suppose a point p, e X, belongs to its adherence T. Then there would exist
an analytic path »:[0, £] —R™ such that:

%[9(?"(0))20,
| Vtel0, &1, r(t)eT.
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So, for all t]0, &I

v (r(t) = o(t) u (r(t))

with
o) <0.
Then:
(0 @), ')y =o@) (ub®), r'®)) .
But, for all £€]0, &1, 1 (r(t)) =L£0r®@)) =...=f,_1(r(®)) =0, so,

Vie[l,k—11, {gradf, r'(H)) =0.

Finally, we obtain:

(grad, fi, (D)) = o(t) { grad,q 0, (1))
that is:

d d
E(ﬁc(r))—aa(f)(r))-

Developping in power series,

[ @) =Lt™+ ..., Le(RT\{0}), meN,

0(r(t)) =0, t" +..., with J0,e(R*\{0}), ke,

o) =0o,t" 4+ ..., o1e(R\{0}), U .
We find:

mllltml_l‘f‘...:OlQltkl+Ml_l+...
and so:
01=7n1l1 >0
01

which contradicts o(#(¢)) <0 for all t<]0, &].
In conclusion, p, is not adherent to 7, and there exists €, €10, £§] such that
on By, u(x) and v (x) are never dependent with opposite directions. m

3.4. The half-fibers F’;* and F5*.

Now, we compare the parts {f, =#"} of the singular fiber of fand of a regu-
lar fiber of f. Our aim is:
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PRrROPOSITION 3. — Vee]0, €5, Y(i7,n', n")/0 <np'<n<n"<n* with n'<
77;}:2_77112
Fitn {xeR" [fi(x) =7n'} is diffeomorphic to F’;* N{xeR" [fi(x) =n'}.

The way is the same as previously, constructing first a vector field. We
have to distinguish the cases k>2 and k = 2.

PROPOSITION 4. — Let k>2. Veel0, e;], Vi, 7" /0 <n<n"<nf, there
exists a C* vector field wy on:

(xeB N2 /fi(x) <n", folw) =0, ..., fi_1(x) =0, fi(x) =0}
such that:

1) Vee {weB, /folw)=...=f,_1(x) =0}, ( ws (i), ﬁfl ) >0;
2) Vue {weB, /fz(x) L =fio1@) =0, filw) SV —n"),
(@), grad, fi ) = o
3) Ve {xeSS/fg(oc) =...=fi_1(x) =0}, {ws(x), grad, 6) =0
ProoF. — Let x;e B, such that fi(x,) <n", folxy) = ... =f._1(x;) =0. We

will examinate three cases:
1) If 2yeB,\S,\X;. We know that the vectors {grad, f;, 1€ [1, k]} are
independent in a neighbourhood ¥, c B,\S,\X. Therefore {grad, f;}* is not

included in {grad, f;, ..., grad, .} *, and it is possible to find wo () satisfying
the conditions in V.

2) If xyeS, and f,(x) > \Vn** —5". Since E f2(x) <n*2, the fiber

FU(f(xy)) is transversal to S,. So the vectors gradxo 0, gl"adxO fs oees gr—zui)xo Ji-1
are independent. We can find a vector w, in {g?mijo 0, ggilUO foy oeny g?ad:O oot
such that { wy, gﬁo /i) >0. In a small neighbourhood V,, of x,, the projection
() of w, on {gTad: 0, gTad:fZ, ceeh gr*adek_l}L has the requested properties.

3) If xyeS, and f,(x) <\/W then Ek: f2(xy) <n*. Hence the
fiber f1(f (oco)) is transversal to S,, arllal the vectors gmo 0,
g’radxo fis ey gTade f. are 1ndependent We can choose a vector w, in
{grad% ] grad% Jor ovns gradxc fe}* such that

(o, grad,, £, ) > 0.

The projection w,(x) of w0, on {grad, 0, grad, f;, ..., grad, f;, } * has the re-
quested properties on V.
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We end the construction of ws, starting from the local fields w,(x) and
using a C* partition of unity.

PROPOSITION 5. — Let k=2. Vee€]0, e,], Vi, n" /0 <y <n"<n¥, there
exists a C* wvector field Wy ON:

{xeB N\ /filx) <n", fo(x) =0}
such that:
1) VeeB,, (@), grad, f, ) > 0;

2) Ve {zeB, /filx) < Vi —n"}, (o (x), grad, f, ) = 0;
3) VaeS,, (wy(x), grad, 0) =0.

ProOF. — The proof is similar to the previous one.
Let x,e B, such that f;(x,) <#n".

1) If xye B, \S,\X}, use the fact that grad, f; and grad, f; are indepen-
dent in a neighbourhood ¥, cB,\S,\X\.

2) If 2yeS, and fy(x) > \/n**—n". Since fZ(x,) <n*?, the fiber
F71(f(w,)) is transversal to S,, so the vectors grad,, 6, grad, f; are independent.
3) If xye S, and fy(x) < V52 — " then fE(x) + f£(xy) < n*2, and so,

the fiber f!'(f(x)) is transversal to S,, so the vectors

grad,, 0, grad, fi, grad, f; are independent. We conclude as in Proposition 4. =

We prove now Proposition 3.

ProOF. — Let us integrate wy. We fix n, n', n" with the conditions:

0<p'<y<n"<y®* and n'<\yp¥Z-n".
Let xpe F§y* N {xeR™ [fe(®) = 7'} and ¢, the trajectory defined by w, such
that ¢, (0) = . R
The properties of w, induce the following for ¢, :

® the function ¢+ f, (¢, (t)) is strictly increasing;
e if k> 2, for all i e [2, k — 1], the functions ¢+ f; (¢, (1)) are always zero;
® file,®))=n';
® ¢, () eb,.
The consequence is that there exists 7e R* such that
® filg.,()=n;
o if k>2, o(p,(D)=...=fi_1(p,(1)=0;
® filgp.,(D)=n';
® ¢, (1)eb,.
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This mapping x, — ¢, () constructs the diffeomorphism. m

3.5. Proof of Theorem 2.

We are now able to show the main result: Ve e]0, €51, V5 €10, n¥],

the fiber F‘; is homeomorphic to Fy X [—1, +1].

PRrOOF. — For all 0 <z'<ny<n"<ny* with n'<\n**—n", we have:

[(Fin{xeR"/|f(@)] <n'},
U

Fin{xeR™[fi(x)=7n'},
U

o0 {weR" ffio) < —n').

But F‘f, N {xeR™ /fi(x) =75} is homeomorphic to f~((0, 0, ..., 7)) x [0, 1],
which is the same as f~'((0, 0, ..., 7)) x [1/2, 1].

On the other hand, F‘; N{xeR" /fi(x) < —n'} is homeomorphic to
fH0,0, ..., ) x[~1, —1/2]. 3

To end this proof, we claim that there exists #; such that Va €]0, 5.1, F;, N
{xeR™/|fi(x)]| <a} is homeomorphic to f~'((0, 0, ..., 7)) x]—1/2,1/2[.
This is clear, since the fiber {xe F /f,(x) =0} is transversal to F.

We take n' such that ' <#, and this concludes the proof. =

=

SE)
Il
N

REMARK 3. — When X, is mot compact, but has at least one compact con-
nected component, the same result holds for the fibers that arise in Remark 1.

(The statements of the previous Propositions are similar, and their proofs
are performed in the same way.)

4. — Some effective sufficient criteria.

We consider here the case of polynomial functions. Our aim is to give some
sufficient effective criteria for the Hypotheses € and J¢,, via the Grobner
bases Theory. We mention that these criteria are only sufficient, because they
deal with the complex structure of the algebraic varieties they involve. We
suggest the reader to consult [E, CLO] for the exposition of the Grobner basis
construction algorithm and of the associated division process. We only recall
the following facts about Grobner bases. Assume that a monomial ordering
(compatible with the multiplication) is put on R[xy, @, ..., ,]. Let
feR[xy, x, ..., x,], f# 0. We define the initial part of f, denoted by in(f), as
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the highest monomial of f. Then, for any given ideal I of R[x;, #y, ..., x,], there
exists a finite set of polynomials {g, gz, ..., ¢, } (& Grobner basis) such that

D I={g1, 92 s gu)s

2) for all fel, in(f) e {(in(g,), in(gs), ..., in(g,));

3) {91, g2, ---, gu} can be constructed by an algorithm;

4) for all fe R[acl, X9, ..., 4, ], one can perform an algorithmic division,

that is to write: f= 2 h;g; + hy with h; e R[a, 2, ..., 2,1, 0 <i<mn, and h,

such that if 2y, #= 0 then mhy) & (in(g,), in(gs), ..., in(g,)). Moreover, k, does
not depend upon the particular construction of the basis {91, 92, ---, 9} and is
called the rest of the division of f by I. We shall denote h,= R(f, I).

We first recall how to test the inclusion of one algebraic variety into another.
Let V=_fi, f, ..., )" 2(0)and V' =(f, fy, ..., [)"1(0) two algebraic varieties
of R™. Let us denote I ={fi, fs, ..., f;) and I'=(f, f5, ..., f;'). We have the
classical (see for instance [CLO]) effective sufficient criterion for the inclusion:

SUFFICIENT CRITERION 0. — If for all ie[1, r'], R(f/,I) =0, then VcV'.

Notice that this criterion involves in fact the complex structure of the
varieties.

We then investigate how to test Hypothesis ¢. 2 is defined as the vanish-
ing set in R™ of the k X k minors of the Jacobian matrix of f. These minors are
polynomials, they belong to R[x;, a4, ..., ,], and generate an ideal M( f). We
assume that a monomial ordering is fixed, and that G is a Grobner basis for
M(f). Hence, we can perform algorithmically the division of any polynomial
by M(f), just dividing it by G. Applying the sufficient criterion 0 gives:

SUFFICIENT CRITERION 1. — If for all ie[1, k], R(f;, M(f)) =0, then
Z.cf10).

The second problem is to determine if X' is compact. The strategy consists in
considering the homogeneous part of highest homogeneous degree of every poly-
nomial of a set of generators of M(f) (for instance (), and to consider the ideal
M, generated by these polynomials. Then, compute a Grobner basis. At this
point, we may examine if the complex locus at infinity is void or not: it depends
upon the fact that the Grobner basis for M., is reduced to 1 or not.

SUFFICIENT CRITERION 2. — If M, =Rl[xy, s, ..., ®,], then X, is compact.

In the case there are complex roots, the Grobner basis for M., is not re-
duced to 1 and one has to test the possibility of real roots. In order to prove
that they are no real root at infinity, one may try other algorithmic methods
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such as Cylindrical Algebraic Decomposition. However we should stress that
this method is of great complexity, and strongly depend upon the number of
variables, the degree, as well as the singularities at infinity. We suggest the
reader to refer to [JKM] for the difficulties that may arise in practical Cylin-
drical Algebraic Decomposition. This kind of method also holds for testing the
inclusion of algebraic real varieties.

It remains to give a test for the Hypothesis 9¢,. Let us define M(f) as the
ideal generated by the (k — 1) x (k — 1) minors of the Jacobian matrix of f=
(fi, f2, --» fe—1). Of course X;is the zero set in R™ of M(f), and we have M;jc
M;. Hypothesis 3¢, is nothing but the converse inclusion, and for that we can
use Sufficient criterion 0. Let us denote by m,, my, ...m; the k X k minors of
the Jacobian matrix of f involving the derivatives of f.

SUFFICIENT CRITERION 3. — If for all ie[1, k], R(m;, M(f)) = 0, then Hy-
pothesis G, holds.

(This criterion implies that M,c M;, and so X;=2.)

5. — An application of Theorem 2.

In [M. p. 100], J. Milnor asks for non-trivial examples of such fibrations. By
trivial examples he means fibrations with fiber homeomorphic to a disk. One
could think of constructing such examples starting from the well known exam-
ples of fibrations associated to holomorphic functions C*—R?, and then in-
crease the dimension of the target space, completing them to get functions
R?"—R3, We show here, using our previous result, that this is infortunately
impossible to do so.

THEOREM 3. — Let 7, be the projection C X R—C:(z, x) —=z.
Let f: C"— C be an analytic function with isolated singularity at the ori-
gin, u its Milnor number.

® Ifu=0oru=1,there could exist f: C"— C X R with isolated singu-
larity at the origin, such that f=um,of.

® Jfu#=0 and u#=1 this construction is tmpossible.

Proor.

® First, let us consider the case u =0: one example is

fiCcr—=cC and we can construct fiC"—=CxR

(21, ..., 2,) P2 (215 -ovy 2y) = (21, Re(zy)) .
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® For u=1, let f: C"—C
(215 2y oovy 2) = (21, 2o+ 28 + ...+ 27)

and we can take f: C"—=C xR

(R1y ooy 2) > (R, 2225+ .+ 22, |2 |2 — |2 D).

o If u#=0 and u =1, we will prove the theorem by reductio ad absur-
dum. Suppose f completed in f: C"— C x R with isolated singularity, and de-
note by F and F the fibers f~1(¢) N B2" and f~'(¢) N B2" for ¢, ¢, ¢ chosen con-
veniently with respect to Theorem 1 and Corollary 2 (BZ" denotes the euclidi-
an ball of radius ¢ centered at 0 e R2"). It is well known that the fibration (for
e, n sufficiently small)

Fisposes F7HSH N B2 S}

is equivalent to the Milnor fibration:
sk st
|1
where K, denotes f~'(0)N 82"~ 1.
Let us consider the closed fiber

G=K,U (fl(i) nSf”l)
4
G and F are diffeomorphic, so G is homeomorphic to F x [0, 1]. Let
hi i H,_1(G)—H,_{(G) be the monodromy. The boundary of G is homeo-
morphic to that of F, so to:

H=Fx{0}UFx {1}UdF x[0,1]
In order to simplify, identify oG with H.
It is well known that the restriction of the monodromy to H, _;(3G) is the
identity, so it is the same for the restriction of 2} | to H, ;(Fx {0}).
But H, (G)=H,_ (Fx[0,1])=H,_;(Fx{0}) and we have the fol-
lowing commutative diagram:

Taif—1

H, _(G) — H, _(G)

:l l:

id

Hn—l(FX{O}) I n—l(FX{O})-

We deduce from this: &, =idy, (¢)-
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But, from [A’C] we know (u # 0) that:

S0:

n—1

'20 (—=1)" trace (h*) =0

(=D+(=1)""'u=0

and this is impossible in the case we consider. ®
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