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Bollettino U. M. 1.
(8) 1-B (1998), 677-689

On Special p-Groups.

RENZA CORTINI

Sunto. — In questo lavoro viene data una caratterizzazione di quei p-gruppt nilpotenti
di classe due ed esponente p che sono speciali. Vengono inoltre studiate alcune co-
struzioni, automorfismi e sottogruppi abeliani di p-gruppi speciali.

1. — Introduction.

Let p be a prime. A finite p-group G is called special if the center Z(G), the
commutator subgroup G' and the Frattini subgroup @(G) coincide. In this
case, one can immediately show that G’ and G/G' are elementary abelian
groups and so exp(G) =p or pZ.

Special p-groups are a relevant class of finite groups. First of all, in a paper
of 1973 Heineken and Liebeck [6] have shown that, for every odd prime, there
is an injective mapping from the class of finite groups to that of special p-
groups of exponent p2 A similar result, but concerning infinite groups, is
given by U. H. M. Webb in [14]. Then, (see [12]), Verardi has constructed a
mapping from the class of groups to that of special p-groups of exponent p. By
these mappings the knowledge of the associated special p-group allows us to
obtain specific informations about the structure of the initial group. Moreover
several papers and books present the study of particular subclasses, namely
extra-special p-groups (see [3], [7] and their references), semi-extraspecial p-
groups (see [1], [2], [5], [10]) and so on. In these books and papers, properties
of subgroups, automorphisms and centralizers are investigated and some clas-
sifications are given. In two papers by Visnevetskii ([13]) and Heineken ([5]),
the case of |G' | = p? is investigated. In particular they have shown that a spe-
cial p-group of this type is the product of two abelian subgroups, and a classifi-
cation is given as well.

Since every special p-group is nilpotent of class 2, it is natural to ask in
which case a group of nilpotency class 2 is special. Therefore in this paper,
firstly, a characterization of special p-groups of exponent p is given in terms of
a family of skew-symmetric matrices associated to the commutators of a mini-
mal generating set (see Proposition 2.1 and Theorem 2.3).

This characterization allows us to find a general construction of special p-
groups of exponent p and order p™** where p?= |G’ | < p™™~V/2 Particu-
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lar constructions are given in the cases of m =s with m <3 or m =s + 1. For
some values of m and s, these groups are not the product of two abelian sub-
groups (see Proposition 3.3). Moreover the maximum order of an abelian sub-
group is investigated as well (see Proposition 4.1). In particular it is studied
the case of the so-called ordinary special p-groups (see Remark 4.6 and
Proposition 4.7).

A characterization of automorphisms of a special p-groups is given in
Proposition 4.5.

Finally special p-groups are studied as quotients of the relatively free p-
group of nilpotency class two and exponent p. Indeed, such a group F is spe-
cial, and every special p-group of exponent p, with the same number of genera-
tors, is its omomorphic image. Some conditions are given on normal subgroups
of F, so that the quotient group turns out to be special (see Proposition
5.1).

2. — Some characterizations of special p-groups of exponent p with odd p.

In this section we want to characterize special p-groups of exponent p
through some properties of a family of skew-symmetric matrices associated to
the commutators of a minimal generating set. Firstly, we recall the presenta-
tion of a nilpotent group of class 2 and exponent p.

Let p be an odd prime and M, = [mk@.], Vk=1, ..., s skew-symmetric
matrices of order m; then:

G=(e1, ..., €y, C1,y ..., Cs Je] =c. =1,[e;, ¢, ] =[c;, ¢ ] =1,
lei, ej] =ci™icg™i...c]™i, 1,j=1,...,m; k,l=1,...,5)
is a nilpotent group of class 2 and exponent p, with:
G' ={c, ..., ¢;) SZ(G)

Conversely, let p >2 and G be a p-group of nilpotency class 2 and exponent
p; 80 @(G) =G’ and then G’ and G/G' are elementary abelian p-groups,
namely vector spaces on the field Z/pZ. Accordingly we can write them
additively and, hence, read the map

f: GIG' X GIG' =G,
(G, yG'] =[x, y],

as a Dbilinear alternating one between these vector spaces. Setting
{e,G’, ..., e,G'} and {c;, ..., ¢} as bases of these vector spaces, we
can find s skew-symmetric matrices M, ..., M, so that, if M, = [mkij], then
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lei, ;] = [T ¢/™s. On the other hand G' < Z(G) implies [e;, ¢;] = [c;, ¢,] = 1;
: k=1

hence G has the previous presentation.
Our aim is now to characterize special p-groups of exponent p through
properties of My, ..., M,.

2.1. PROPOSITION. — Let G be a nilpotent group of class 2 and exponent p.
Then G is a special p-group if and only if the following conditions
hold:

a) krjlkeer: {0},
b) G has no direct abelian factors.

PrOOF. — Suppose that a) and b) hold. We already know that G'<
(e1, .-, €5y < Z(G); now our first aim is to prove that {cy, ..., ¢;) = Z(G). Writ-
ing additively the elementary abelian groups G' and G/G' and setting
{e,G", ..., e,,G"} and {cy, ..., ¢,} as bases of them, we can consider

X= Zﬂciei+ Eac]C]=X'+ Eac]c].
i=1 i=1 i=1
Then X e Z(G) if and only if
VY= Syie+ Dy=Y"+ 2y
1=1 j=1 j=1
it results:
0=[X,Y]=[X,Y']= X X"MY)e
k=1

(recalling that we are writing the groups additively). That is X € Z(G) if and
only if:

(X rt Ml‘
XIth
i =0, m -

XrtMs

Consequently X’ekf:llKeer={0}, i. e. X'=0 and therefore Z(G) =

(¢, ..., ¢;). To prove that G is a special p-group we must still verify that G’ =
(e, ..., ¢s). By way of contradiction, let us suppose G' <Z(G) = (cy, ..., ;).
Then there exists i€ {1, ..., s} such that ¢;¢ G'. Since expG = p and ¢(G) =
G', it follows c; ¢ @(G). Therefore there exists a maximal subgroup M of G
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such that ¢;¢ M. Then G = M X {c;), that is a contradiction. Hence G' = Z(G)
and the group under consideration is special.

Vice versa, suppose that G is a special p-group of exponent p. First we will
prove that G cannot have any direct abelian factor. Suppose G = P X A , with A
abelian. Then G’ = P’, but Z(G) = A, and then A =1.

Moreover, as already said, G has a representation by matrices My, ..., M,

and, setting X = 2Z(G) = X, x;¢,Z(G), we have xeZ(G) if and only if

i=1

X'M,=0, Vk=1,..,s
that is Xeker]gwk Yk=1, ..., s. Since Z(G) =G' ={cy, -.., ¢;) we must have
X = 0; hence kr_]lkeer = {0}, q.e.d.

2.2. REMARK. — A sufficient condition to a) is that 344, ..., 1,€Z/pZ such
that

det (élszk) =0.
We call such a special p-group an ordinary special p-group.
In fact, in this case, X'M, =0, Vk =1, ..., s implies Xt<k§:llkMk> =0, xm
and, sinceq this linear combination is non-singular, we have X =0 and conse-
quently krjlkeer ={0}.

The following theorem gives another characterization of those nilpotent p-
groups of class 2 and exponent p which are special.

2.3. THEOREM. — With the notations of Proposition 2.1, G is a special p-
group of exponent p if and only if the following conditions hold.:

a) krjlkeer ={0},

b) the vectors

V1= (mllz’ m2127 sy m512)5 Vo= (m1139 m213’ (RN msl3)7 sy
Vp—-1= (m117n7 M21yy5 +evs msl»z)’ Uy = (mlzg’ Mgy 1) mézs)’ ctt
Vop—3 = (M, , Moy 5 ooy My, )y ooy Vonm-1))2 = (mlmq,m’ My 1 =9 msmﬂ,m)

consist in a system of generators for the vector space Z/pZ X ... X Z |pZ.

~~

s

PROOF. — As already seen in Proposition 2.1, kOIKer M, = {0} if and only if
{¢1y ..., C;) = Z(@); therefore to prove that the nilpotent group G is special it
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suffices to prove that (c, ..., c¢,) =G’, that is ¢y, ..., c,e G'. Conversely
i, ..., c,eG' if and only if the following relation holds:

s
Cl;---ycse<[ei7 e]]’iyj:]-,~~7m>:<knlckmkﬁyi:jzly--~7 m>
and since
— 1,0 0 — ,0,.1.0 0 — 0.0 0 1
Ci=CCy...C4, Cya=CCCg...C5y ..., C4=C1Co...C{_1Cg

then {(my,, my,, ..., my), 1 <j}

must be a set of generators of Z/pZ X ... X Z/pZ.

S

2.4. REMARK. — The previous theorem gives a restriction to the order of G ':
a nilpotent group of class 2 and exponent p # 2, with m generators and with
the commutator subgroup of order p°®, can be special only if s <m(m —1) /2,
as we want to stress.

3. — Some constructions of special p-groups of exponent p with m genera-
tors and commutator subgroup of order p°, with s <m(m —1) /2.

Let p be an odd prime, m and s integers with s <m(m — 1) /2; firstly, in
this section, we will show that it is always possible to construct, up to isomor-
phism, a special p-group of exponent p with m generators and commutator
subgroup of order p°. In fact, let G be such a group, then s matrices
M, ..., M, with the conditions of Theorem 2.3, are associated to G; in
fact:

Lei, ;] = 2{™izg™i ... 2"

where M, = [Mkéj], Vk = 1,~..., S.

We construct a group G which results to be isomorphie to G.

Consider the product of m+s copies of the field Z/pZ, ie.
Z[pZ X ... x Z/pZ, with the following operation:

m+s

(9017 trt x’}’ﬂ’ Cl’ cty CS) *(yl? trty y’mr dl’ cty dé) =

m—1 m m—1 m
(x1+y17"‘7 xm"—yww Cl+d1+z Z mlmxkyb ...,Cs+d8+2 z mskixkyk>'
A=1 k=1+1 A=1 k=1+1

3.1. PROPOSITION. — (G, *) is a group isomorphic to G.

PROOF. — It is easy to verify that (G, =) is a group. In order to show that it
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is isomorphic to G, define ¢: G— G by the rule:

m
j— xX; a a
x= Hlei’% L RS > (R, oy Xypyy Cgy onvy Obg)
ic

Vi, y as before; we have:

m—1 m
m s 2 myg Yyt ap+ B
Xy = l_[ ei¢i+yi H zl/lzlk:1+1
i=1 l=1

Then
m—1 m
€0(90?/) = 901‘*’?/1, sy xm,—’_yma a1+ﬂ1+ /1}_:1 k_§+1mlk2xkyla EEE] as+ﬂs+

m—1 m

Z msklxkyl) = (901, ooy Ly Agy eeey as) *(yh [AAE) ym?ﬁh -~~)ﬁs) =
A=1k=1+1

@) = @(y).
This mapping is an isomorphism; in fact it results:

kergp={reG/p(x)=(0,...,0,0,...,0)} =
{x= I efizfr..28eGly, ..., mpy @y, ooy ) = (0, ..., 0,0, ..., 0)} =1.
i=1

The inequality s<m(m —1)/2 is weak, as we will show from the last
results.

3.2. REMARK. — Let G be a special p-group satisfying the conditions of The-
orem 23. If (my,my, ..., my)#0 for some particular ¢ and j and
My, Ms,, ..., My,) =0, VI# 1 and Vi # j, then G is the product of two abelian
subgroups. In fact, consider:

A =(Z(G),
,...,0,1,0,...,0,1,0,...,0,...,0),(0,...,0,— 1,0,...,0,— 1,0,...,0,...,0))
J —— 1 J —

and
B={(Z(%),(1,0,...,0),(0,1,...,0),...,(0,...,0, 1 ,O,...,O),(O,...,O,‘ll,O,...,O),...
L 1+
.,(0,...,0, 1,0,...,0),(0,...,0, 1,0, ...,0)).
j+1

Then it is easy to prove that |A| =p**% |B| =p*"" % and A and B are
abelian with G = AB.
In 1977 Bert Beisiegel [1] has constructed special p-groups of order p3",
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with commutator subgroup of order p”, in the following way: let G = F'3, where
F=GF(p"); consider G with this multiplication law:

(a1, ag, ag) * (by, by, b3) = (ay + by, ag + by, az + by + f(by, az)) .

It is possible to generalize such a construction in several ways. One of them
is the following. Let G =Z/pZ X ... X Z /pZ be the cartesian product of 27 + 1
copies of the ciclic group Z/pZ. Let then f: Z /pZ X Z /pZ — Z /pZ be a bilinear
mapping on Z/pZ, different from the zero one. Consider G with the following
operation:

(ah vy Oy A1y oy a2n+1) >x<(bl’ (RN bn) bn-%—h AR b2n+1) =

(a’l + bl) ceylprl + bn+1’a/n+2 + bn+2 +f(b15a/2)’ ceeyll2p 41 + b2n+1 +f(b1va’n+1)) .

By easy but tedious calculation one can see that (G, * ) is a non-abelian group

with (0, ...,0) as identity element and (—ay, ..., —Qy11, —Opiz+
f(al, ag), ceey
— 09y 11 +f(aq, a, 1)) as inverse of (ay, ..., Gg,,1). Furthermore the follow-

ing condition holds:
¢(G) =G’ :Z(G) = {(09 ) 07 Ly 25 <05 x277,+1) with L2y <05 x2n+1€Z/pZ}

so that (G, =) is a special p-group of exponent p, for odd p, and of exponent 4
for p=2.

Observe that by such a construction we can only have special p-groups
which are product of two abelian subgroups: it will be sufficient to consider the
subgroups:

A=(Z(G),(1,0,...,0)),
B=(2(),(0,1,0,...,0),(0,0,1, ..., 0), ...,(0,0,0,...,0, 1,0, ...,0).

Now consider G =Z/pZ X ... X Z/pZ the product of 27 copies of Z/pZ with
n = 3. Let again f: Z /pZ X Z /pZ — Z [pZ be a bilinear mapping on Z/pZ, dif-
ferent from the zero one. Consider in this set the following operation:

(a/h ceey Ay A1y -oey a2n) *(bl’ ceey bn7 bn+19 RN b2n) =

(ay+by, ..,y 1+ by 1+ (a2, b3), €y 2+ by 2+ (D1, 02), ..., O, + by, + (b1, ) .

Then (G, #* ) is a non-abelian group with (0, ..., 0) as identity element and ( —
A1y ooey —Qyy —Qyyq +f((lz, Ctg), Oy 42 +f((l1, CLg), N +f(CL1, an)) as
inverse of (a, ..., dg,). In this case the following condition holds as well:

DG)=G"=Z(G)={0, ..., 0, @41, ..., X)) With @, . 1, ..., X3, €Z/pZ}, 50
that also this group is a special one. Moreover, (G, = ) has exponent p for odd
p, and exponent 4 for p = 2.



684 RENZA CORTINI

3.3. PROPOSITION. — Not all these special p-groups are the product of
abelian subgroups.

Proor. — Consider in the last construction the case p = 2. We want to inves-
tigate the abelian subgroups of G. It is easy to verify that

H= {(O, 0, 0, Lgy Ly oony xgn), Xgy Ly oony 9027,,€Z/2Z}

and all its subgroups are abelian.
Then an abelian subgroup K of G, K/c H, must contain an element a =
(1, %2, , %3, X4, ..., Xo,,) in Wich at least one among x;, x5, x5 is not zero.
We now proceed to rule out each possible case:

if
a=(1,0,0, a4, as, ..., 0oy),
then Cg(a) = (Z(G), a) ie. |Cq(a)| =p"*h
if
a=(0,1,0, a4, as, ..., 0oy,),

then the only elements which commute with this one and commute with each
other are of this type: (0, xz, 0, x4, s, ..., 5,), then |K|=p>""%

if
a= (07 07 ]-a Qyy Az, .oy a271)7

then the only elements which commute with this one and commute with each
other are of this type: (0, 0, x5, x4, s, ..., ¥5,), then |K| =p*" "%

if
a=(1,1,0, a4, s, ..., G2,),
then Cg(a) = (Z(G), a) ie. |Cg(a)| =p"*}
if
a=(0,1,1, a4, as, ..., Gz,),

then the only elements which commute with this one and commute with each
other are of this type: (0, ay, 3, 24, @5, ..., €2,), then |K| =p*" "%

if
a= (1) O’ 1’ Ay, A5y .oy a2n)7

then Cy(a) = (Z(G), a) ie. |Cola)| =p"*Y
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if
a= (17 ]-7 ]-7 gy gy ..y a’2n)9
then Cg(a) = (Z(G), a) i.e. |Cola)| =p"*.

In all this cases |A||B|/|ANB| <p?", for all abelian subgroups A and B
of G; so G cannot be the product of two abelian subgroups, q.e.d.

4. — Abelian subgroups and automorphisms.

Let G be a special p-group of exponent p with |G| =p™**and |G’ | =p*.
What can we say about a natural number r if A is an abelian subgroup of G of
order p**"?

4.1. PROPOSITION. — Let G be a special p-group of exponent p with |G| =
p™ e If A is an abelian subgroup of G with |A| =p**" then r(r—1)/2 <
m(m—1)/2 —s.

PRrOOF. — Let {e, ..., e, } be a base of G with ey, ..., e, €A, then the matri-
ces associated to G' are of this type:

0 My :
MJ:[ ‘], vj=1,...,s.
—My; My
By Theorem 2.3, {(my;, my, ..., my), 1<j} is a system of generators of

Z[pZ X ... xZ/pZ; on the other hand we have: (my, my, ..., my) =

0,...,0) Vi,t=1,...,r, I<t. Consequently by Theorem 2.3: m(m —
D/2-—rr—1)/2=s,ie. r(r—1)/2<m(m—1)/2—s.

4.2. PROPOSITION. — Every special p-group of exponent p, |G| =p™*"
with s =m(m — 1) /2, has abelian subgroups of order at most p**' and then,
if it is mot an extraspecial p-group of order p® it cannot be the product of two
abelian subgroups containing the center.

ProOOF. — The proof is almost immediate. In fact, since r(r—1)/2 <
m(m—1)/2—s=0, then r=1 and |A|=p°*"".

4.3. COROLLARY. — Every vector space of dimension m on Z/pZ, with s bi-
linear alternating forms, s =m(m —1) /2, has isotropic subspaces of dimen-
sion at most 1.

4.4. PROPOSITION. — Let G be a special p-group of exponent p with |G| =
p™ i If it is ordinary, then m =2n and every abelian subgroup of G con-
taining the center has order at most p™**.
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PrOOF. — By our hypothesis on G there exists a non singular matrix
S

M = >, 1;M;. Let f be the bilinear form associated to M: then (G/G', f)is a
i=1

non-degenerate simplectic space on Z/pZ and dimG/G'=m =2n (see [7]).
Let

A=Z(G) =G’ be an abelian subgroup of G. Then A/G' is an isotropic sub-
space of G/G'; hence dimA/G' <n, i. e. |[A| <p*""

Let now o be an automorphism of G. Since G’ is characteristic, it holds
o(G') =G’ and then, since G’ is a s-dimensional vector space on Z/pZ, o in-
duces an automorphism ¢': G'— G ' which can be represented by a non singu-
lar matrix 7" of order s on Z/pZ, i. e. T e (Z/pZ, s X s). Similarly o induces on
G/G' an automorphism of vector space which can be represented by a non sin-
gular matrix N € (Z/pZ, m X m). Moreover, T and N satisfy the following con-
ditions: Vi, y € G it holds [x“, ¥ °] = [, y]°, then, if X and Y are the column
matrices of coordinates of ®G' and yG' with respect to a given base, we
have:

[NX, NY]=Tlx,y], VX,Y.

Consequently:

(%) N'M;N= X t;M,, Vj=1,..,s.
k=1

Vice versa, let 7' and N be non singular matrices satisfying condition ( * ). They
give rise to p*" different automorphisms of G by the following expres-
sions:

(e =el"es® .. epmy;, with y,eG’,

cf = cliegr. . el

where N = (n;), T = (¢;). It follows:

4.5. PROPOSITION. — Let T and N be two non singular matrices of order m
and s respectively on the field Z /pZ. Then there exists o € Aut(G), such that T
and N are its associated matrices, if and only if they satisfy (= ). In this case
there are precisely p*™" of such automorphisms.

Now suppose that G is the product of two abelian subgroups A and B. In
this case one can choose a base {ej, ..., e,} of G with e, ..., e,e A and
€11y -, 6 €B, so that:

M—( 0 M”) V=1
j_ t ) j_ ,-.o,SO
M0
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4.6. REMARK. — If G is the product of two abelian subgroups and it is ordi-
nary, then each M,; is a square matrix of order n. Indeed, in this case,
m = 2n.

Suppose that |A| =p*"" with »>n, i. e. My;e (Z/pZ, r X 2n — 1), Vj=
1, ...,s. Then also M = 2, A,M, is of the following type:
k=1

( 1)
M

with My e (Z/pZ, r X 2n — r). Since » > n, we have r > 2n — r and rank M; <,
that is rank M; <2n. Obviously this is an absurd, so »=% and M;, M;;e
(Z/pZ,nxn),¥j=1,...,s.

4.7. PROPOSITION. — If G is an ordinary special p-group product of two
abelian subgroups, then G admits p'-automorphisms.

Proof. — Consider N = kI, and T = h2I,, with he (Z /pZ)*, then the follow-
ing is an automorphism of G:

[6f=eih, Vi=l,...,2n,

2
c=ct, Vk=1,..s.

Since i” = h(mod p), then ¢” = and so o? ' =1Idg, i.e. o] [(p—1).

4.8. COROLLARY. — If G is the product of two abelian subgroups, then G has
normal subgroups which are not characteristic.

Proof. - Let |A| =p**"and |B| =p*"" ", with G = AB.If h, ke (Z/pZ)*,
h # k, we consider:

(hIT 0
N =

), T = hkI, .
0 klm—r

Since T and N satisfy (), then from Proposition 4.5 there exists an automor-
phism ¢ of G associated to them. Let then x =e;e,, ;. Consider H = (x)G":
then H is normal in G and, since & # k, we have: x° = e{' e}, ; ¢ H. Therefore H
is not characteristic in G.

4.9. REMARK. — There are some special p-groups such that each normal
subgroup is characteristic (see [4], [11]).
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5. — Relatively free special p-groups and their quotients.

In this section we discuss about relatively free special p-groups. Firstly
we will show that every special group having m generators is a quotient of
the free group F on m generators. Let p > 2 be a prime, K3 (F') = [F'', F'] and
F?=(x?/xeF). The quotient G = F//F? K3(F) is the relatively free group in
the class of nilpotent groups of class 2 and exponent p. It is well known that

G={(a, ..., a,/a =[la, a], ;1 =1, Vi,r,s=1,...,m).

G is a special group. In fact, by contradiction, if x =a*'...a5"eZ(G) -G’
then xa; = a;x, Vi =1, ..., m, that is, a*!...a%"a; = a;a{" ...a5". These are re-
lations different both from those of the presentation and any of their linear
combinations. This fact violates the freedom of F' on generators. Moreover,
G'={la,, a,],¥r,s=1, ..., m), so that it has order p™™~V/2, Necessarily G
has a smaller order than p™ ~P/2_ Otherwise the commutators [a;, a;], i <j
would not be indipendent and then there would exist 4; for some ¢, j so that
H'[aj, aj]lif =1, contrary to the assumption of the relative freedom of G.
1<

! If H is a special p-group of exponent p, using Von Dyck’s theorem (see [8]),
H is an omomorphic image of G, that is, there exists an epimorphism ¢: G—H
with H = G /ker (¢).

Now we want to characterize those quotients of G which are special groups.

Let then H be special, with H'=Z(H)=®(H) and |H/H'|=p™. It
holds

ker (¢) <G’ = &(G).

Conversely 3x e ker (¢) — @(G), so that & could be an element of a basis of G,
{@y, ..., @, }. In this case H = G /ker (¢) would have less than m generators,
what is a contradiction. If ker(¢) =G’ = @&(G) then G/H is elementary
abelian. If it is non abelian, then ker (¢) < G'. It holds ¢(Z(G)) < Z(H). More-
over, since [G: Z(G)] =[H: Z(H)] =p™, we have, ¢(Z(G)) =Z(H).

Finally in Proposition 5.1 we will show that not every subgroup of Z(G) can
be the kernel of an epimorphism from G into a non-abelian special group.

5.1. PROPOSITION. — K < Z(@G) is the kernel of the above morphism if and
only if K does not contain any of l[a;, Gl = {{la;, 9l/geG}), Va,eG—
Z(@G).

Proof. — Since K< G’ = &(G), we have

(G/K)' =G' /K,
P(G/K) = d(G) /K .

In order to verify whether the quotient is special it is necessary to study the
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properties of Z(G). Surely
Z(G) /K< Z(G/K),
therefore we must investigate when this inclusion becomes an equality.

It holds aK € Z(G/K) if and only if abK = baK, VbK € G/K, in other words
if and only if @ "'b "'ab e K, Vb € G. The last condition is equivalent to have ei-
ther [a, b] =1, Vbe @G, namely aeZ(G), either [a, b]le K, Ybe G, that is
[a, Gl < K.

Then it results Z(G) /K = Z(G/K) if and only if [a, b]¢K, Vae G—Z(G).
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