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Bollettino U. M. 1.
(8) 1-B (1998), 369-390

DMF-Algebras: Representation
and Topological Characterization.

MAURIZIO NEGRI

Sunto. — Gli insiemi parziali sono coppie (A, B) di sottoinsiemi di X, dove AN B #0.
Gli insiemi parziali su X costituiscono una DMF-algebra, ossia un’algebra di De
Morgan in cui la negazione ha un solo punto fisso. Dimostriamo che ogni DMF-al-
gebra é isomorfa a un campo di insiemi parziali. Utilizzando gli insiemi parziali
su X come aperti, introduciamo il concetto di spazio topologico parziale su X. Infi-
ne associamo ad ogni DMF-algebra A uno spazio topologico parziale © cui clopen
compatti costituiscono un campo d’insiemi parvziali isomorfo ad A..

1. — Partial sets.

The classical conception of property (of individuals of a given domain X) is
characterized by the following aspects that we would underline: 1) from any
property P we can obtain the opposite property not-P by an operation called
negation, 2) for any property P and any individual a, if P does not hold for a,
then the property not-P holds for a. From an extensional point of view, classi-
cal properties can be identified with subsets of X and the usual operations of
conjunction, disjunction and negation can be represented by the operations of
intersection, union and complement. For any set X we denote with (X) the al-
gebra of signature £p4 = {A, V, =, 0,1} whose domain is the power set
P(X) and whose operations and constants A* VV# =% 0% 1% are respectively
N, U, —, ¢ and X. Any algebra @ ¢ #(X) is called a field of sets on X, whereas
P(X) is the field of all sets on X. The concept of a ring of sets on X is defined in
the same way for the signature { A\, \, 0, 1}, dropping the interpretation of
—. We denote with R(X) the ring of all sets on X.

The concept of partial property retains the first and rejects the second
point above: there are properties P and individuals « € X such that neither P
nor not-P holds for x. (A study of the concept of partial predicate is contained
in [3,7.7], where the locution 'inexact predicate’ is preferred.) From an exten-
sional point of view partial properties can be identified with partial sets. We
define a partial set on X as an ordered couple (A, B) of subsets of X such that
A N B = ¢. If we identify P with (A, B), we say that P holds for x iff x € A. The
first element A contains the elements of X definitely enjoying P and B con-
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tains the elements of X definitely not-enjoying P. So not-P, the negation of P,
is simply obtained by exchanging A with B. As we suppose that AN B =,
there is no x such that P and not-P simultaneously hold for x. However we do
not require A U B = X, so when A U B is strictly included in X, there is some
xeX — A U B such that neither P nor not-P holds for «: tertium non datur is
no longer a logical truth. When x € X — A U B we say that P is undefined for x.
Classical properties arise when A is exactly the complement of B and in this
case the information carried by the couple (A, B) is the same of the single A or
B. If P and @ are properties represented by partial sets (A, B) and (C, D),
then the conjunction «P and @» can be represented by (ANC, BUD). If P is
«red» and @ is «hot», then the partial predicate «P and @» has a positive part
containing individuals being simultaneously red and hot, the intersection A N
C of the positive parts of P and @), and a negative part containing individuals
failing to be red or failing to be hot or failing to be «red and hot», the union of
the negative parts of P and Q. So a logical operation «and» is interpreted by
two different operations on positive and negative parts that are reciprocally
dual. The same can be said about the operation «or».

As an analog to the classical notion of field of sets we introduce the concept
of partial field of sets on X. Firstly we define D(X) = {(4, B): 4, BcX,
AN B =0}, then for any set X we denote with @ (X) the algebra of signature
Comr={N, V, 7,0, n, 1} whose domain is D(X) and whose operations and
constants are defined as follows:

(A,B)AN®(A’",B')=(ANA',BUB’),
(A,B)V*(A',B")=(AUA',BNB’),

-4, B) = (B, A),

0°= (9, X),
1°= (X, 0),
n®= (0, 0).

One can easily see that D(X) is closed with respect to these operations We say
that an algebra @ of signature Lpyr is a field of partial sets on X if @ c @(X).
In particular, @ (X) is the field of all partial sets on X.

To simplify notation we shall write N instead of A®, being clear that in a con-
text like (4, B)N (A’, B’) the symbol N stands for A®, whereas in a context
like A N B it denotes the usual intersection. The same holds for the other opera-



DMF-ALGEBRAS: REPRESENTATION AND TOPOLOGICAL CHARACTERIZATION 371

tions. We introduce as usual a partial order relation on partial sets setting
(A,B)c(A",B") iff (A,B)N(A",B")=(4, B).

It can be easily verified that (A, B)c(A', B') iff AcB and B'cA".

When in a partial set (A, B) we have B = — A, then we say that it is a clas-
sic (bivalent) set. (We write —A instead of X — A when X is clear from the con-
text.) The set of all classical sets in M (X) is a Boolean algebra, but it is not a
field of partial sets because it is not closed with respect to the constant .

Partial sets on X can equally well be represented by another structure that
we call §(X). The domain of §(X) is the set of couples (A, B) of subsets of X
such that A U B = X. The operations /A, V/, — and constants 0, 1 are defined
as above, the only difference being n = (X, X). We can define an isomorphism
@ between M(X) and §(X) setting ¢ (A, B) =(—B, —A), where —A=X—-A
and —B =X — B, so these two ways of viewing partial sets are equivalent.

It is well known that fields of sets are representative of Boolean algebras
(BA) and ring of sets are representative of bounded distributive lattices
(DLy, 1). The aim of this work is to show that partial sets play with DMF-alge-
bras (DMF) the same role that classical sets play with Boolean algebras, DM-
algebras and distributive lattices. We can shortly describe DMF-algebras as
follows. De Morgan algebras (DM) are structures of signature £z, satisfying
the axioms of bounded distributive lattices plus De Morgan laws

—“(xNy)=—-axV -y and —-(xVy)=-axAy

and double negation law

T =0,
DMF-algebras are structures of signature Lpyr satisfying the axioms of DM-
algebras plus normality axiom

N\ ~xsyV -y

and the fixed point axiom

—n=n.
DMF-algebras can also be seen as DM-algebras with a single fixed point for
negation, because any DM-algebra satisfying 3le( —a = x) is normal (see [3.3]
[4]) and then can be expanded to a DMF-algebra. In paragraph 3 we shall
show that any DMF-algebra is isomorphic to a field of partial sets. If we drop
the interpretation of n, any DMF-algebra becomes a DM-algebra and can be
represented as a quasi field of sets following [1]. (They define in the ring of all
subsets R (X) an operation ~ A = X — g[A], for any Ac X, where g: X—Xis a
fixed involution on X, and call any subalgebra of R(X) expanded with ~ a
quasi-field of sets.) Our representation theorem is more specific because there
are DM-algebras that cannot be represented by fields of partial sets, because
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every field of partial sets has a single fixed point (@, @) for negation, whereas
DM-algebras can have more than one fixed point, or none at all: the following
four-element DM-algebra is an instance of the first case,

1

0

and any BA is an instance of the second.

In paragraph 4 we develop the concept of partial topological space in close
analogy with the classical concept of topological space: we only take as open
sets partial sets instead of classical sets. The resulting partial topologies pre-
serve some aspects of classical topologies, but the different nature of the com-
plement in the context of partial sets causes a different behaviour of closed
sets. For instance, a closed subset of a compact space is generally no longer
compact. In paragraph 5 we associate a partial topological space with every
DMF-algebra @ and prove that @ can be characterized as the set of compact
clopens of the associated topological space. We leave open the problem of
showing duality between DMF-algebras and some class of partial spaces.

2. — Construction of DMF-algebras.

If @ is a lattice, we define the dual of A as a structure B = (4, V9, AY),
ie. we set A?=V%and V*= A% We denote with A° the dual of @. If @ is a
bounded distributive lattice, then so is A°. We say that ¢: A— & is a dual iso-
morphism iff ¢: @— B° is an isomorphism.

The following theorem shows a general method to construct DMF-alge-
bras from bounded distributive lattices. If @ is a bounded distributive lattice,
then the product 8= A x A° is a bounded distributive lattice too. If we denote
with A the operation A% and with A° the operation A% (and adopt the same
convention with \/, 0, 1), then we have

(@, Y Nz, w) = (@ N\2),(y Nw)) = (x\z),(y Vw)),
(@, PV, w)=(xV2),yVw)=((xVz),yAw)),
0%=(0,0° =(0, 1),

17=(1,1°) =(1,0).
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For any bounded distributive lattice @ we define
7(A) =A xA°|{(a, b): a Nb=0}
and
0A)=AxA°|{(a,b):aVb=1}

We denote with 7(A) the structure with signature £y, defined as follows: the
domain of 7(A) is w(A), the lattice operations and constants are defined as in
axa°, ~(a, b) = (b, a) and n = (0, 0). We define in the same way o(d) on
0(A), the only difference being n = (1, 1). The next theorem shows that -
construction takes bounded distributive lattices in DMF-algebras

TEOREM 2.1. — If Qe DLy ; then m(QA) and o(A) are DMF-algebras.

Firstly we prove that w(A) is the domain of a substructure of @ x @°. If
(a, b) and (¢, d) are in (A), then (a, b) and (¢, d) are in A XA and a A\ b=
¢\ d=0. Then we have, setting @ x @°= & to simplify notation,

(@, )y N*(c, d) = (aNec, bV d)

where
(@AN)DANBVA)=(@NAcAb)V(aNcAd) =0,
and
(a, )V, d)=(aVe, bV d)
where

(aVAONDAD=OBAdNa)V (DBAdANc)=0.

So m(A) is closed with respect to A® and V. As m(A) is also closed with re-
spect to 0% = (0, 1) and 1% = (1, 0), we have 7(AQ)Cc @ X @°. As bounded dis-
tributive lattices have equational axioms, this proves that 7(A), forgetting n
and — is a bounded distributive lattice. (The same can be proved for
0(A)).

Now we show that 7(@) is a DMF-algebra: in fact, — is an involutive dual
automorphism, because

- =(a, b) =(a, b)
and
—~((a, ) AN"(c, d)) = ~(aNc, bV d)=(bVd, a/c) =
(b, d)V*(a, c) = =(a, b)V* ~(c, d).
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Of course we have —n = —(0,0) = (0, 0) =n. As for normality axiom x A
—x<y\V —y, we must show that

(@, b)) A*(b, a) < (¢, d)V*(d, ¢).

If we remember that a Ab=c /A d=0, we have
(@NAb, bV a)AN*(cVd,dNe)=(0,bVa)\*(cVd,0)=

(eVANO,(bVa)VO0)=(0,bVa)=(aAb, bV a).

(In the same way we can prove that o(@) is a DMF-algebra.) The following
theorem shows that m-construction preserves morphisms.

THEOREM 2.2. — Let A, Be DLy 1. If ¢: Q— B is a DL, ;-monomorphism
(isomorphism), then there 1is a DMF-monomorphism (isomorphism)
Y: (@) = a(B). If ¢ is idy then v s id;a).

We set y(x, y) = (p(x), ¢(y)). Firstly we verify that y(x, y) belongs to
n(B), i.e. p(x) AN®@(y) =0%. As (x, y) e w(A), we have x A%y = 0%, so ¢(x) A
Poly) = plx A%y) = @(09) = 0%, because ¢ is a morphism. y is injective be-
cause ¢ is injective. Let A"® and A”"# denote respectively meet in (@) and
7(B). yp preserves meets:

P, Y Nz, w) =@ A%, y Vi) = (plx A 2), oy Viw)) =
(@) N* @(2), (y) V* p(w)) = (p(x), p(y)) N (¢(2), p(w)) =

Y, y) Nz, w).

In the same way we can prove that v preserves the other operations and
constants.

In every DMF-algebra Q@ we can define two sublattices 4, and V. as
follows:

Agq={x N\ ~x:xeA} and Vg={axV -~x:xeA}.

From [4,3.3,3.4] we know that, for all ted q, x <n, and for all e Vq, n <.
So [0, n] =44 and [n, 1] =V, then 4 4 and V. are bounded distributive lat-
tices. However they are only sublattices of @, and not bounded sublattices, be-
cause 0¥ =7 and 19¢ = n. We observe that V, U 4 4 is a subalgebra of @ and
then a DMF-algebra.

We can classify DMF-algebras in equivalence classes setting @ ~ & iff V4
and V, are isomorphic as bounded distributive lattices. In other words, DMF-
algebras sharing the same [7, 1] interval are equivalent. In every class |A_ |
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there is an «initial» element Vq, U A 4 that can be embedded in every other ele-
ment and there is a «final» element 77(V,) in which any other element can be
embedded. The first assertion is clear while the second assertion is proved by
the following two theorems.

THEOREM 2.3. — If A is a DMF-algebra, then there is a monomorphism
@: A—=>a (Vo).

We define ¢: A—x(Vy) setting ¢(x) = (x\V/n, =&/ n), where \/ and —
are taken in @. In general operations and constants without superscripts are
supposed to be in @. As V,c @ as lattices, we write A and \/ instead of AYe
and \/'e when no confusion is possible.

Firstly we show that ¢(x) e ©(Vy). Asn<axVn and n< —x\V n, we have
xVn, mx\VVneVy, so we have only to verify that

(@Vnr) A (= \Vn)=0",

remembering that 0% = ». In fact, dropping all superscripts because every op-
eration can be taken in @, we have

V)N (—zVr)=(xeVr)N-2)V(eVr)AR) =((eVr)A\ —x)Vn=

=@A-2)VnrA-x)Ven=(&A-x)\Vn.

By [4,3.3,3.4] we have x \ —x <n for every x so (x A ~&) Vn =n. We show
that ¢ is injective. If @(x) = ¢(y) then

(xVmn, —xVn)=(HyVn, ~yVna),
SO
1 rNVnun=yVn

and —xVn=—-yVn.Asn= —n,we have ¢V —n=—-yV -n,s0 ~ (& N\
n) = ~(yAn) and then = =~ (x An)=—-—-(y An), so

2) rAn=yAn.
Then we have
r=@An)Va
by (2)=wAn)Vae=HyVe)A\®nVe)
by ()=@Va)AyVn)=yV (@An)
by (2)=yV (yAn)=y.
We denote with A7, V™ and —7 the operations in (V) and show that ¢ pre-
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serves meets:
e Ay) =AYV, ~@APVn)=(xAy)Vn, eV -yVna)=
((VrINYVn), ~xVr\V -y\Vn)=
@Vn, ~eV) N (YNVn, ~yVn)=eg@) \N"¢gy).
In the same way we can prove that ¢ preserves joins. As for negation:
p(—x)=(—-2Vn, ~—x\Vn)=(-xVn,xVn)=
TV, ~eVn)=~"(p)).
Finally ¢ preserves 0, 1 and n:
@(0) = (n, 1) = (0%, 17%) =07,
@(1) = (1, n) = (1%, 0V) =17,
p(n) =(n,n) = (0", 0%) =n",

The following picture shows @ and 7(V,) in a simple case.

THEOREM 2.4. — If @ is a DMF-algebra, then n(Vy) e |A]-.

Let @ be as in the above theorem. We show that ¢ is an isomorphism be-
tween Vy and V,(v,). As ¢: A—n(Vy) is a monomorphism by the above theo-
rem, we have only to show that ¢ takes V4 onto V(v ). Let (a, a’) eV (v,
then 7V = (n, n) < (a, a') because 7(Vy) is a DMF-algebra and every ele-
ment of Vv, dominates ", So n < @ and a’ < n. From n < a we have a =
aVrnand o< —n=n,s0n=—aVn.As(a, a’)is an element of 7(V,), we

have a e Vg and a’ € V. As @ is a DMF-algebra we have n <a’, so froma’' <n
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we have a’ =n. Then we have
(a,a')=(a,n)=(aVn, ~aVn)=q¢la),

where aeVy. A theorem like 2.3 can be proved with o(4 ) setting ¢(x) =
(x An, —~a An). This is not, however, a new embedding, because we can show
that 7(Vy) and o(44) are isomorphic.

THEOREM 2.5. — If A is a DMF-algebra, then w(Vy) =0(Ag).

Firstly we observe that
(a,b)en(Vy) iff a,beV, and a Ab=0""=n,
iff —a, ~beAy and —aV —b=1%=n,
iff (—a, —=b) eo(Ay).

So we can define ¢: 7(Vy) —0(Ay) setting ¢(a, b) = (—b, —a). As — is a bi-
jection between V4 and A,, ¢ is a bijection too. ¢ preserves —7:

p(="(a, b)) = ¢, a) = (ma, =b) = ~¢(¢(a, b)).
@ preserves A":
(@, ) N7 (c, d)) =gplaNe, bV d)=(=(bVd), =(a/N¢c)) =
(=bA =d, maV —c)=((=b, ~a) \°(—d, —c¢)) = ¢(a, b) \®¢(c, d).

In the same way we show that ¢ preserves the others operations and
constants.

We have shown that every DMF-algebra @ can be embedded in z(%), for
some BeDL, 1, in particular @ can be embedded in 7(Vy), but we cannot
prove in general that any DMF-algebra @ is isomorphic to 7z (8), for some B e
DLy, ;. The following axiom

2.3) Veyw ANy =n—FeVn=x& -2V n=y))
characterizes those DMF-algebras which can be obtained from bounded dis-
tributive lattices by a m-construction, as the following theorem shows.
THEOREM 2.6. — If A is a DMF-algebra, the the following propositions are
equivalent:
1) a=n(R), for some Be DL, i,
2) Veyw Ay=n—3zeVn=x& -z2Vn=y)),
3) A=m(Vy).
1) implies 2). We show that 2) holds in 7(8), for any BeDL, ;. Let
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(b,b"),(c, c")en(B). We suppose (b, b')A(c,c’)=n=1(0,0), where 0 is
0%, sobAc=0and b'Vec¢' =0.As bAc=0, we have (b, ¢) e x(B). We show
that we can set z = (b, ¢). In fact,

(b, )Vn=(bV0,cN0)=(b,0) and —(b, c)Vn=(cV0,bAO)={(c, 0).

Butfromb’'Ve' =0wehaved'=0=c¢',s0(b,c)Vn=(b,b’)and —(b, c)V
n=1_(,c).

2) implies 3). By Theorem 2.3 there is a monomorphism ¢: A—x(Vy),
where ¢(x) = (x\Vn, 2V n). We show that if 2) holds then ¢ is onto. If
(a,a')en(Vy)thena,a’eVgand a Aa’ = 0% = n. By 2) there is a z € A such
that zVn=a and -2Vn=">0"', so ¢(z) =(a,a’).

3) implies 1). We can set 8= V4 because Vqae DL, ;.

If @ is the DMF-algebra shown on the left side of the preceding figure,
then there is no 8 e DL, ; such that A =z (RB), because a A b= holds in d,
yet there is no z such that a=z2z\Vn e b= -2V n In particular, A #7x(Vy).

We conclude this paragraph with some remarks about fields of partial sets.
We can see that M(X), the field of all partial sets on X, arises from a particular
case of z-construction, because @ (X) = 7(R(X)), where R (X) is the ring of all
sets on X. From Theorem 2.2 we see that @ ¢ R (X) implies 7(AQ) c7(R(X)), so
7 (A) is a field of partial sets whenever @ is a ring of sets. We can ask if every
field of partial sets arises from a ring of sets by a z-construction, but we can
easily see that it happens iff (3) is satisfied. If @ is a field of partial sets on X
satisfying (3), then A =n(Vy) and V4 is isomorphic to the ring of set {Zc
X:(Z, 0) e Vq}. On the other side, if @ = 7 (B), for some ring of sets B, then @
satisfies (3).

3. — The representation theorem.

From Stone representation theorem we know that every A e DL, ; is iso-
morphic to a ring of sets. In particular Stone theorem gives an embedding
0: A—R(FP(A)), where FP(A) is the set of prime filters in @ and 6(a) =
{XeFP(A): aeX}.

THEOREM 3.1. — For any Qe DLy, 1, the DMF-algebra m(Q) is isomorphic
to a field of partial sets on FP(A).

If 0 is the Stone embedding, by Theorem 2.2 there is an embedding
y: w(Q) > a(R(FP(A))) where y(x,y) = (6(x), 0(y)). As a(R(FP(Q))) =
®(FP(A)), we have shown that x(A) is isomorphic to a subalgebra of
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D (FP(A)), the field of all partial sets on FP(A), so w(V4) is isomorphic to a
field of partial sets on FP(Q).

COROLLARY 3.2. — Every DMF-algebra A is isomorphic to a field of partial
sets on FP(V,.).

By Theorem 2.3 there is a monomorphism ¢: A—w(V4). By the preceding
theorem there is a monomorphism v: 7 (Vy) = ®(FP(AQ)).

We take a closer look at the images of DMF-algebras as fields of partial
sets, because they will play a role in what follows as bases of topological
spaces. For any DMF-algebra @, we denote with @* the isomorphic image of @
as a field of partial sets given by Corollary 3.2, so we have

@ a*=yoglal=yl{(aVn, ~aVn):acAl]=

{(0aV/ n), 0(—aVn)): acA}.
When @ is (V) we have simply
®) a(Vo)* =yla(Ve)l = {(0(x), 0(y)): xeVy, x Ny =n}

by Theorem 3.1. (We can obtain the same result by applying the above corol-
lary. In fact 7(Vq) = 7(V,(v,)) by (3) of Theorem 2.6 and in particular ¢ is an
isomorphism, so 7(V,,)) = ¢l7(Vy)]. By Corollary 3.2 we have m(Vy)* =
Yop[r(Vy)] = ywl[n(Vy)] because we can identifiy isomorphic structures.) As
@ 1is represented through a previous embedding in 7(V.), we have Q*c
a(Vg)*.

For any set A and Zc A X A, we denote with (Z), the set of all left compo-
nents, (Z),={aeA:(a, b) e Z, for some be A}, and with (Z), the set of all
right components, (Z);={aeA:(b,a)eZ, for some beA}. The following
theorem shows that left and right components of the representation of a
DMF-algebra @ coincide with the Stone representation 6[V,] of V.

THEOREM 3.3. — Let F be any field of partial sets on X, then
1) (F)=(F).
2) Both (F), and (F), are rings of sets on X.
3) (@(Va)*)o = @(Ve)* )1 = (A*)y = (%), = 0[V4], for any DMF-alge-
bra A.

1) If Ae (F), then there is Bc X such that (4, B)e J, so =(4, B) =
(B, A)eJ and A e (F);. In the same way we prove that (F); is included in
(Fo-
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2) As (X, 9) and (@, X) belong to &, X and @ belong to (F),. If A, Be
(F)y then, for some A’, B'cX, (A,A') and (B, B') belong to & so (AN
B,A'"UB’')and AUB, A’ NB’) belong to Fand then (AN B) and (A U B)
belong to (F)y. As (F)y= (F); by 1), (F); is a ring of sets too.

3) By 1) we have (w(Vy)*), = (@ (Vq)*); and (A*), = (A*),. Firstly we
prove ((Vg)* )y = 0[Vql. Obviously (;(Vg)* )y 0[Val by (5) above. The inclu-
sion O[Vq]c (@(Vq)*), follows by observing that, for all x e Vo, we have x A
n=mn, so (B(x), 0(n))ex(Vy)* by (5) above. Finally we prove (A*), = 0[Vq].
On one side we have (A*),c0[V4], because A*cw(Vy)*, so (A*)yC (@(Vq)* )o
and by the first part of the proof (z(Vq)*),=0[V4]. On the other side, let
6(a) € [V4], then 6(a) = 6(a\V/ n) because aeVy and a=a\V n. But 6(aV
n) € (%), by (4), so [Vq]c(a*),.

4. — Partial topologies.

In Stone representation theory, for any @eDL, ; a topological space
(X, ©) is constructed, where X = FP(AQ) and G is the topology generated by
taking the Stone representation 6[@] as a base. Next Stone showed that @ can
be characterized as the set of all compact open sets in (X, G). In this para-
graph we develop partial topology, i.e. topology based on partial sets, to prove
a similar result.

Firstly we introduce infinitary joins and meets in DMF-algebras. If @ is a
complete lattice, we introduce the operation /\” in m(V,) setting, for all
Zcm(A),

AZ) = (/\«zm, v«zm).

The set Z can also be given as an indexed set {(a;, b;): 1€ }: in this case we
write

a a

/ﬂ\({(ai, bi)Z lEI}): (/\{Cbii iEI}, V{b, 161})

Infinitary joins can be introduced in the same way. When no confusion can
arise, we simplify notation, dropping exponents and omitting any explicit men-
tion of the index set I, and simply write {a;} instead of {a;: iel}.
Infinitary intersection and union can be treated as particular cases
arising when @ is a complete set lattice. In any complete field of partial



DMF-ALGEBRAS: REPRESENTATION AND TOPOLOGICAL CHARACTERIZATION 381

sets on X we have in particular

No=(Ng,Up) =(x,0) and Ug=(Ug, No)=(0,X)

in analogy with classical infinitary operations.

Now we can define a partial topology on X as a class Tc M(X) such that: 1)
G is closed under finitary intersections, 2) T is closed under infinitary unions
and 3) ne T (ie. (0, ¥) €B). Observe that we have (X, 0) € G as the result of
an empty intersection and (@, X) € G as the result of an empty union. A partial
topological space on X is a couple (X, G) where T is a partial topology on X.
The elements of G are called open sets. A closed set is a (partial) set (A, B)
such that (B, A) € G. As usual a clopen set is a simultaneously open and closed
set: (X, 0), (9, X) and (9, ) are always clopen. It can be easily seen that the
clopens of a topological space on X are a field of partial sets on X.

A base for a partial topology G on X is a B¢ G such that every open set in G
is U®’, for some B’ ¢ B. For any class of sets B we set G(B) = {U BB CB}.
(The notation G($B) will denote a class of partial or classical sets when the ele-
ments of B are respectively partial or classical sets.) The following theorem
gives a sufficient condition on B for G(HB) being a partial topology.

THEOREM 4.1. — For any Bc®(X), if B has the fip (finite intersection
property) and ne B, then B is a base of G(R).

We only observe that (¢, X) = (10 and (X, 6) = Ug belong to G(B). The
proof is similar to the classical case.

We can easily obtain partial topological spaces from classical ones as fol-
lows. Let G, and G; be classical topologies on X, we define

[Gy, G11={(A,B):AeGy, —BeTG;,ANB =0},
the set of all disjoint couples (Gy-open, G;-closed).

THEOREM 4.2. — [Gy, 1] is a partial topology on X.

Obviously (X, 0), (8, X), (8, #) € [Gy, G;]. Closure under finite intersec-
tions: if (A, B), (A',B') e[G,, G;] then A, A' €6, and —B, —B'e€G;, so
ANA’'e6, and —-BN-B'=-(BUB')eG,. So ANA',BUB')=
(A, B)N(A’, B") e [©, G,]. Closure under infinite unions: let {(A, A!)} be
a sequence where (A, A}) e [B,, G ], for all iel, then {A} is a sequence
where A e G, for all i e I, and {A}'} is a sequence where —A! € Gy, for all i e
I. Then U{A?} Gy and —N{A}!} =U{-A4!1eB,. So (U{AL}, N{Al}) =
U{(Aioy Ail)} € [BOa 2\31]-

In the other direction, we can associate two classical topologies on X to every
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partial topology G on X. We define the left topology ' = (B),, whose open sets
are the left components of G, and the right topology = — (), ={X—Z:
Z e (B), }, whose open sets are the complements (in X) of the right components
of G.

THEOREM 4.3. — If G is a partial topology on X, then G* and G are classi-
cal topologies on X.

From (X, #) € G we have Xe G and from (6, X) € G we have 6 G". Clo-
sure under finite intersections: if Z,, Z, € 6", then (Z,, W), (Z;, W;) € G, for
some W,, W;cX, and

(Zo, Wo) N (Zy, Wy) = (Zy N Zy, WoU W) eG

80 ZyNZ;eT" . Closure under infinite unions: let {Z;: ie I} be a family of
open sets in G', then {(Z;, W;): iel} is a family of open sets in G, for some
{W;:iel} with W;cX, then

Uiz, wo = (U{z;}, N{iw}) e s

and U{Z,;} € ©". This proves that ' is a classical topology on X.

As (X, 0) G, 0e (B), so —0 =XeT by definition of G*. From (#, X) € G
we have Xe (B); so —X=0eT". Closure under finite intersections: if W,
W,eB%, then (Z,, —W,), (Z;, —W,) G, for some Z,, Z,cX, and

(Zy, =Wy N (Zy, =Wy) =ZyNZy, —(WyNW;))eT

so Wy N W, e B*. Closure under infinite unions: let {W;: iel} be a family of
open sets in G*, then {(Z;, —W;): iel} is a family of open sets in G and

Uz, -wn} =(U{z;}, -U{w;}) e
so U{W;} e B~. This proves that G* is a classical topology on X.

The following theorem shows that we can extract classical bases for the
classical topologies G(B)" and G(B)* from the partial base B of the partial
topology G(RB).

THEOREM 4.4. — If G(B) is a partial topology on X having B as a base, then
B(B)" =TB((B)y) and G(B)* =TB(— (B)).

If Z e 6(B)Y, then (Z, W) e G(R), for some Wc X. As B is a base, (Z, W) =
U{(B?, B} where (B, B}) e ® for all iel. Then Z= U{B}, where B e
(z@)o, SO ZETD,((:(B)O).

If ZeB(B)y), then Z=U{B?}, where Be(B), for all iel. Then
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there are B}cX such that (B, B}) e for all iel. So U{(B?, B})} e G(B)
and U{B?} = Z belongs to G(8)".

If WeB(B)%, then (Z, —W) e G(B), for some ZcX. Then (Z, —W) =
U{(B?, B})} where (B?, B})e ® for allieI. Then —W = [1{B}}, where Bl e
(B)1, so W=U{-B}!} and WeG(— (B),).

If WeB(—(B),), then W= U{—-B}}, where B} e (®), for all ieI. Then
there are B’cX such that (B, B})e®, for all iel, and U{(B?, B})} =
(U{B"Y, N{B!}) e B(RB). So we have W=U{-B}} = — {B!} e B(8)".

If we try to obtain a partial topology G from its left and right topologies G¥
and G*, we find that [G', G*] is generally finer than G.

THEOREM 4.5. — For any partial topology G, Gc[T', B 1.

If (A,B)eG, then AeTG' and —Be T2, so (4, B) e[T', G*1.

In some cases we have Gc[G', B*]. An example is given by G = {(4, 0):
AcX}U{(0, A): AcX}, that can easily seen to be a partial topology on X dif-
ferent from the set of all partial set on X, the discrete partial topology on X.
Then both B' and G* are the discrete classical topology on X and [G', B] =
M (X), the discrete partial topology. At the end of this paragraph we shall give
a sufficient condition for [GY, B*] =6, but this requires a study of compact-
ness in partial spaces.

We can define compactness in partial topology in the same way as in classi-
cal topology. Let (X, ©) be a partial space, we say that a class {(G?, G!)} of
partial sets is an open cover of a partial set (4, B) if (G?, G}) e G for all i e[
and (4, B) c U{(G?, G})}. A partial set (4, B) is said to be a compact partial
set if every open cover of (A, B) includes a finite subcover. The whole space is
a compact space if (X, ¢§) is a compact partial set.

THEOREM 4.6. — If A is compact in (X, Gy), —B is compact in (X, G;) and
ANB=4¢g, then (A, B) is compact i (X,[G,, G;]).

Let (A, B)cU{(G?, G})}, where (G?, G})e[By, G;] for all iel, then
GYeGyand —G}l e foralliel. Then Ac U{G?} and N{G!} ¢ B that implies
—Bc U{ —Gil}. As A is compact in (X, ;) and — B is compact in (X, G,), we
have

AcGYU, ..., UG} and -Bc-GiU,..,U-G,

n

for some {4y, ..., %,} ¢/, and some {j, ..., jy } /. From the second inclusion
we obtain G} N, ..., NGl.cB, so we have

(G, GHU, ..., UG, G UG, G U, ..., UG, G

1’ Je? Ik

))2(4A, B).
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COROLLARY 4.7. — If (X, G,) and (X, G;) are classic compact spaces then
(X,[By, B11) is a partial compact space.

X is compact in (X, G,) and —@ is compact in (X, G;), so by the theorem
(X, 0) is compact in (X,[T,, G;]).

THEOREM 4.8. — For any partial topology G on X, (X, G) is compact iff
(X, 6") is compact.

Let X=U{A?}, where A’eG" for all iel. There are A}!cX such that
(A, A e, for all iel, and

Ul A = (Ugan, Ngaty) = (x, N{aiy).

As (X, N{A}}) is a partial set, N1{A}} must be ¢ so {(A?, A})} is an open cov-
ering of (X, 0) and by compactness there are {i, ..., 7,}cl such that
(AL, AHU, ..., U, A}) = (X, 0), so A’U, ..., UA? =X.

Let U{(A?, AD)} = (X, 0), where (A0, Al)eGforalliel, so X=U{A}.
As (X, B") is compact, we have X =AU, ..., UA for some 1, ..., i, €1, so
(AL, ADHU, ..., U(AL, A}) = (X, Z), where Z=AlN, ..., NA}. As (X, Z)

is a partial set, Z must be 0, so (X, ) is compact.

THEOREM 4.9. — For any partial topology G on X, n is compact in (X, G) iff
(X, B%) is compact.

Let X = U{A}!}, where A!e G for all iel, then 6 = N{—A}}. For every
i there is a subset A? of X such that (40, —A!)eT, so (A?, —A)Nn=
(@, —Al)€G because 7 belongs to every partial topology. Then U{(g, —A})} =
@, N{-A}}) = (0, 0). As n is compact in (X, G) by hypothesis, there are
{1, ..., 1, } cI such that

(0; @) = (@7 _AL{)U7 (KRR} U(ﬂ, _Azln)a
then 0 = — (Al U, ..., UA}!) and X = (A} N, ..., NA}).
1 n 1

Let (9, 0) c U{(A?, A}, where (AL, A!) e G for all ie . Then c U{A?}
and ¢ = 1{A}}. As all A} are closed sets of (X, B*) and (X, ) is compact,
there are iy, ..., i, el such that Al N, ..., NAl=9¢. So (4, ©)c(4?, AH U
y .y U(AY, Al) and (0, 0) is compact in (X, G).

Now we can exhibit an important point of difference with respect to classi-
cal spaces: we cannot any longer prove that closed subsets of compact spaces
are compact. Let G, and G, be classical topologies on an infinite set X such that
(X, Gy) is compact and (X, G;) is not compact. (We can suppose, to fix our

ideas, that G, is the cofinite and T, is the discrete topology on X.) Then
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(X,[Gy, G;]) is compact by Theorem 4.8, but the closed set » is not compact in
it. If n were compact then (X, [G,, G,1*) would be a compact space by Theorem
4.9, but [B, G, 1> =G;.

As we have seen above, given any partial topology G we can generate a fin-
er partial topology [G', G,] from its left and right classical topologies. What
are the fixed points of this process? When [G', G,] = G? We give a partial sol-
ution when G is generated by a field of partial sets. Firstly we introduce the
concept of full field of partial sets. If Fis a field of partial sets on X, we say
that a subset A of X is a component of Fif A is a left or a right component of &,
ie. Ae (F)yU (F),. As Fis a field (F), = (F);, so A is a component of Fiff A €
(F) (or Ae (F),). We say that Fis full if (A, B) € & whenever A and B are
components of & such that AN B = 0.

THEOREM 4.10. — A field of partial sets F on X is full iff (3),
Vay(w Ny =n—F(zVn=uc&-2zVn=y)),

holds i F.

Firstly we assume that & is full and prove 3). f x =(A4, B),y=(A"', B")
and (A, B)N(A’, B')=(@, 0), then ANA’'=0 and BUB’' =0 so B=B'=9.
As Fis full and A, A’ are components of F satisfying ANA’' =0, we have
(A, A")eT. If weset z=(A, A’) then (3) holds in & because x = (4, @) and
y=(A', 0). In the other direction, we suppose that (3) holds and that A and B
are components of &, with AN B =¢. If A is a component of F then there is
A'cX such that (A, A" )e T, so (A, A")Un= (A4, 0) e F. For the same rea-
son we have (B, §) e 5. As (A, 0) N (B, 0) =n, by (3) there is a z in Fsuch that
zUn=(A,0) and —zUn=(B, 0). Let 2= (C, D), then (C, D)U (9, 0) =
(A,0)so C=A, and (D, C)U (@, ¥) = (B, @) so D = B. This proves that z =
(A, B), so (A, B) e .

THEOREM 4.11. — Let F be a field of partial sets on X. If Fis full and n is
compact in (X, G(F)) then G(F) = [B(F), G(F) 1.

By Theorem 4.5, G(F) c [G(F)Y, G(F)*]. Next we prove [G(F)Y, G(F)*]c
B(F). If (4, B) e [B(F)Y, B(F)*], then A e G(F)¥ and —B e G(F)?, with A N
B=¢. So by Theorem 4.4, AcG(JF),) and —BeBG(—(F);). So A=
U{F{]: iel} where Fle(F), for all iel. If B=¢ then (A4,B)=
U{(F?, 0):iel}. As F? and ¢ are components of & and & is full, we have
(F?,0)eTforalliel, so (A, B) e G(F). So from now on we assume B # (. As
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—BeB(— (F),) we have —B=U{—F}': jeJ}, where F}' e (F), for all jeJ,
and

(6) B=M{F}:jeJ}.

We can suppose that {F}: jeJ} is closed with respect to finite intersec-
tions. (Otherwise we extend it to the class

W={FiN,...,NF:j, ..., j.el,new}l

JIn

W is still a class of elements of (F);, because F is closed under finite unions
and intersections, and we still have [1wW=B.) We prove that

@) for all F there is a F such that F{ NF}'=g.
Let’s suppose, on the contrary, that
8) there is a F such that, for all jeJ, F'NF}=0.

We know that Fj1 is closed in (X, B(F)*), for all j e J. The same holds for F?:
firstly we observe that G(F)* = G( — (F);), by Theorem 4.4, then we note that
F?e (F)y and (F)y = (F);, by 1) of Theorem 3.3, so —F?e —(F),, then F is
closed in B((F)). So Z={F)}U{F:jeJ} is a class of closed in
(X, B(F)*). We prove that Z has the fip. Let Z' be a finite subset of Z, we dis-
tinguish two cases. Case 1: F?e Z'. Then

Nz =F)NF.n, .., NF' =F)nF},

for some j € J, because we have supposed {Fjlz jeJ} closed under finite inter-
sections, and F OF}I # ¢ by (8). Case 2), F?¢ Z'. Then

Nz =F'n,.., NF!2B

and then (12’ # 0, because we have supposed B # ¢. From our hypothesis we
know that n is compact in (X, G(F)) so, by Theorem 4.9, (X, G(F)*) is a com-
pact space in which [1Z # ¢, because Z is a class of closed sets enjoying the fip.
So we have

0=Nz=F'NnM{F!}=F'NB

by (6). This is absurd, however, because F?c A and by hypothesis A N B = ¢.
As we have shown that (8) implies a contradiction, we have proved (7).

Now we can define, for all i e I a f(i) e J such that F’ N Ff1<1;) =0, by (7). As
F is a full partial field, we have (F?, Fj;)) e 5. Then

ULFS, Flapy = (U(FL), N{FLY) = (A, N{FL}) e B
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On the other side we have (0, F}') € &, for all j e J, because ¢ and Fj1 are com-
ponents of F and & is full, so

U, FH} = (0, N{F}) = (0, B) e B().

As N{F};)} c B, we have (A, N{F};}) U (6, B) = (A, B) and then (4, B) be-
longs to G(F).

THEOREM 4.12. — Let F be a field of partial sets on X. If (X, B(F)) is com-
pact and G(F) = [G(F)Y, G(F)2], then Fis full.

If A and B are components of &, then A, Be (F), = (F);. By Theorem 4.4,
B(F)' =TB((F)) so AeB(F)". By Theorem 4.4, G(F)* =B(— (F);)s0o —Be
B(F)™. Then (A, B) e [G(F)Y, B(F) ] = B(F). So there is a basic open cover
U{(F?, FH)} = (A, B), where (F?, F}) e 5, and by compactness (4, B) is a fi-
nite union of elements of . As Fis a field of partial sets, it is closed under fi-
nite unions, so (A4, B) e J.

So «Fis full» is a sufficient condition for G(F) = [G(F)Y, B(F)*], if n is
compact in the space, and a necessary condition, if the whole space is
compact.

5. — Partial Stone spaces.

Now we are in a good position to prove a topological characterization theo-
rem for DMF-algebras. For any DMF-algebra @ e |@| - we define a topologi-
cal space (X, G(a*)), where X = FP(Vy) and A* (see (4)) is the field of partial
sets on X representing @. G(A*) is indeed a topology on X because every field
of partial sets on X is a base for a topology on X, by Theorem 4.1. We say that
(X, B(a*)) is the partial Stone space associated to @. We shall show that
every DMF-algebra @ can be characterized as the set of all compact clopens of
its partial Stone space.

We shall derive the topological properties of GT(A*) from topological prop-
erties of the classical topologies G(A*)" and G(@*)” through the results of the
preceding paragraph. Firstly we show that G(a*)' and G(A*)* are well
known classical topologies, but to gain some insight in them we must recall
some basic facts about the classical Stone topology associated to a bounded
distributive lattice $3. We follow the neat exposition in [2,2.1], but the original
work is obviously due to [5].

Let’s denote with I($) the complete lattice of ideals in B, we define
h: I(B) = R(FP(R)) setting W(Z) = {Ye FP($): ZNY # ¢}, for all ideal Z of
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B. One can show (see, for instance, [2,2.1]) that
i) W(B) =FP(B), h({0}) =0,
i) ZyC Zy iff W Zy) CIUZy),
iii) W(Zy N Zy) = W(Zy) N (Zy),
iv) (N {Z:iel})=U{Z): iel},
where Z; e I(B) for all iel. Finally we define 6: 83— R (FP(B)) setting 6 =

hot, where 1: $— I(B) is the lattice monomorphism i(b) = (b] (the principal
ideal generated by b) So we have, for all be B,

0(b) ={YeFP(B):(bINY=0} ={YeFP(R):beY}.
Always following [2] one can show, from i)-iv) above and from well known results

about filters separating x =y in distributive lattices, the following theorem.

THEOREM 5.1.
1) G = {(Z): ZeI(B)} is a topology on X = FP(B), the classical Stone
topology associated to B,
2) (X, G3) is a compact T, space,
3) 0[B] = {6(b): be B} is the set of all compact open sets, is a ring of
sets isomorphic to B and a base for Gy, so Gy = G(O[B]).

Now we return to DMF-algebras and consider, for any DMF-algebra d,
the classical Stone topology associated to the bounded distributive lattice V.
The following theorem shows that this classical Stone topology is the left
topology of G(A*).

THEOREM 5.2. — G(A*)" =G(O[V4]) = T5e.

We have 6(a*)" = 6((A*),) by Theorem 4.4 and (A*),=6[V4] by 3) of
Theorem 3.3, so G(A*)" =By by 3) of Theorem 5.1.

If we denote with F($) the complete lattice of all filters of a bounded
distributive lattice B, we can define k: F(B) — KR(FP(B)) setting k(Z) =
{YeFP(®): Zd Y}, for all filter Z in B. One can show, as above, that

i) k(B) = FP(3B), k({1}) =0,
i) ZycZy iff k(Zy) ck(Zy),
iii") k(ZyNZy) = k(Zy) N k(Zy),
iv) k(\V{Z:iel}) = U{k(Z): iel},
where Z; e F($) for all i € I. Then we define i: $— F(3B) setting i(b) = [b), the
principal filter generated by b, and finally we define : $— R (FP(B)) setting
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n=koi. So we have, for all beB,
) n(b) = {Ye FP(B):[b) ¢ Y} = {Ye FP($): be Y} = — 6(b).

As above we can derive from i')-iv’) above the following theorem.

THEOREM 5.3.

1) Gf = {k(Z): Ze F(B)} is a classical topology on X = FP(R), the dual
Stone topology associated to B,

2) (X, GF) is a compact T, space,

3) n[B] = {n(b): be B} is the set of all compact open sets, a ring of sets
antisomorphic to B and a base for Gf, so G = G(lB]).

Going back to DMF-algebras we consider, for any DMF-algebra @, the du-
al Stone topology associated to the bounded distributive lattice V. The follow-
ing theorem shows that this dual Stone topology is the right topology of
G(a*).

THEOREM 5.4. — B(A*)* =B(n[V4]) = T7°.

We have G(A*)* =6(— (A*),) by Theorem 4.4 and —(A*); = — (A*), =
{—=0@x): xeVq} = {nx): xeVy} by 3) of Theorem 3.3 and (9), so G(A* ¥ =
G1¢ by 3) of Theorem 5.3.

Now we can prove the topological characterization theorem.

THEOREM 5.5. — For any DMF-algebra @A, the partial Stone space
(X, B(a*)) is a compact partial space where A* is the set of all compact
clopen sets.

By Theorem 5.2 and 5.4, we know that G(@a*)" and G(A*)* are respectively
the classical and the dual Stone topology, so (X, (a*)") and (X, G(A*)*) are
respectively the classical and the dual Stone space and they are compact
spaces by 2) of Theorems 5.1 and 5.3. By Corollary 4.7, (X,[6(a*)", G(a*)*])
is a compact partial space and by Theorem 4.5, G(a*) c[BG(a* W, B(a*)*] so
(X, B(a*)) is a compact space.

We show that every element of @* is compact clopen. As @* is a field of par-
tial sets, every element of @* is clopen. By (3.4) the elements of @* are of kind
(0(a\/m), (= a\/ n)), where a varies in A. As a \V n belongs to V., 0(a \/ 1) is
compact in the classical Stone space (X, 5(A*)") by 3) of Theorem 5.1. As
—a\/n belongs to Vo, —0(—~a\V/n) is compact in the dual Stone space
(X, B(a*)*), because —0(—a \V/n) =n(—a\V n) by (9) and 5( —a \/ ) is com-
pact by 3) of Theorem 5.3. So (6(aVn), (—a\/ n)) is compact in
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X,[sa*)’, 6(a*)*]) by Theorem 4.6. But 5(a*)c[B(a*)", 5(a*)*] by
Theorem 4.5, so (8(a\V/ n), 8(—~a\/ n)) is also compact in (X, G(A*))

We show that if (4, B) is a compact clopen set in (X, 6(A*)), then
(A, B)ea*. As (A, B) is an open set, we have (A, B) = U{(C?, C})}, where
(CP, Clye @ for all iel. By compactness there is a finite subset K¢ such
that (4, B) = U{(C?, C}): ie K}. But a* is field of partial sets, so is closed
under finite unions, then (A, B) e A*.

This result can be used to obtain a topological characterization of those
DMF-algebras which arise with s-constructions i.e. DMF-algebras in which
(2.3) holds, by Theorem 2.6.

THEOREM 5.6. — Lat A be a DMF-algebra, then (2.3) holds in Q iff
B(a*) = [6(a*)", s(a*)"1.

We know that (X, B(a*)) is a compact partial space, by Theorem 5.5, and
A* is a field of partial sets by the representation theorem for DMF-algebras.
So by Theorem 4.12, if G(a*) = [G(A*)", B(A*)*] then @* is full. By Theorem
4.10, (2.3) holds in @* and then in @.

Let’s suppose that (2.3) holds in @, then it holds also in @* and then A* is
full, by Theorem 4.10. Now we observe that n is compact in (X, G(a*)), be-
cause A* is made of compact clopens, by Theorem 5.5, and n € A*, because @*
is a field of partial sets. So we can apply Theorem 4.11 and conclude that
B(A*¥) = [B(a*)", B(a*)"1.
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