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Bollettino U. M. I.
(8) 1-B (1998), 187-215

Some Remarks on Almost-Positivity of ydo's.

CESARE PARENTI - ALBERTO PARMEGGIANI

Sunto. — Per una classe di operatori pseudodifferenziali a caratteristiche multiple vengo-
no date condizioni mnecessarie e sufficienti per la wvalidita di stime dal basso
«ottimali».

1. — Introduction.

The problem of understanding almost-positivity (i.e. lower bounds) of diffe-
rential and, more generally, of pseudodifferential operators (ydo’s), has been
started long time ago by the pioneering work of Girding [4], who established his
famous inequality for elliptic operators. Namely, let P = P* be a self-adjoint clas-
sical ydo of order m on some open set X c R". Then, the following two properties
are equivalent ():

@ Pue, £)>0,  V(x, §eT*X\0.
For any u<m/2 and any compact KcX there exist ¢, g, C, x>0 such

that

(2) (Pu’ u) = ﬂ,KHuH%nﬂ - C/A,K”“H/ZH V?/LECOOO (K)

The difficult problem is next to understand what happens when one relaxes the
ellipticity condition (1). Hérmander (see [7]) proved the equivalence of the
following:

@) Pn(x, 520, V(x, §eT*X\0.
For any compact Kc X there exists Cx >0 such that
4) (Pu, u) = = Cxlulf, -1,  VueCy (K)

(the so-called Sharp Garding Inequality).
Notice that the above inequalities depend only on the principal symbol of P. It
was Melin [9], who studied how almost-positivity is influenced by the lower order

(Y) Unexplained notation used throughout are standard, and can be found in Hérman-
der’s books [8], Vol. I and III.
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terms of the total symbol of P. Precisely, he proved the equivalence of the
following:

For any ¢ >0, for any u < (m —1)/2 and any compact Kc X there exists
C,, u, k>0 such that

(5) (P’LL, ’I/L) = — 8”“”(217271)/2 - Cs,/t, K”u”i» Yu e COOO (K)

(the so-called Melin inequality);

©) P, §) =0,  V(x, §eT*X\0,
pm(xy E) =0 = p;;,fl(x) §)+Tr+(E'v,§) BO,
where
. B i Fpu
pm—l(x5 S) _pm—l(x7 S) + E;; M('x, S)

is the subprincipal symbol of P, and Tr™" (F,, ;) is the positive trace of the funda-
mental matrix F, ; defined by

Qx,_&(v):<Qac,§v7v>:0(v7F:c,_Ev)a UET(x,E)T*Xy
Q. ¢ being the Hessian of p,,/2 at (x, §) and with o= El d&; N\ dx; the canonical

symplectic form on 7'* X. In explicit form, Tr* (F, ;) = >, u with 4u in the spec-
trum of F, .. =0

It is crucial to observe that in conditions (6) above, no assumption on the geo-
metry of the characteristic set

2= {(ac, 5) ET*X\O ; pm(xv ‘E) :0}

is made.
In fact, supposing that:

(@) X is a smooth sub-manifold of T*X\0,

(b) o has constant rank on the connected components of X (i.e. 30+
dim(T,2NT,X7) is locally constant, T, being the symplectic orthogonal of
T,>),

(©) pnlx, &) vanishes exactly to second order on X,
Hoérmander [7] proved the following result: (6) above is equivalent to
For any compact KcX there exists Cx >0 such that
(M (Pu, w) = — Cglulfp-1, VueCy(K).

We recall that inequalities (5) and (7) play a central role in a number of pro-
blems, such as the well-posedness of the Cauchy problem for weakly hyperbolic
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operators (see Hormander [7]), the Weyl-asymptotics for degenerate elliptic ope-
rators on compact manifolds (see Menikoff-Sjostrand [10], Mohamed [11]), just to
mention a few of them.

From a somewhat different viewpoint, Fefferman and Phong [3] proved the
following sharp result:

If m = 2 and the total symbol p(x, &) of P is non-negative on T* X, then for
any compact Kc X there exists Cx >0 such that

Re (Pu, u) = —Cklulf, YueCy (K).

Our point of view here will be focussed upon nvariant conditions. More precise-
ly, we are concerned with finding a suitable generalization of inequality (7) above,
when the principal symbol vanishes to order higher than second on X. To this
purpose, the main point will consist in finding the correct generalization of condi-
tions (6) above.

Some «experiments» in this direction can be found in [12], [13], [14], where
examples with p,, vanishing to fourth order are treated. Soon after, we found the
«kind-of-forgotten» Mohamed’s paper [11], where, among other results, he pro-
ves a generalization of Melin’s inequality (5) (see below for more details).

In this paper we shall deal with the geometric machinery required by the sta-
tement of our generalization of (7) (see Theorems 4.1 and 4.10 below). The geome-
tric setting will be developed by largely using the methods introduced by Boutet,
Grigis and Helffer in [2]. The proof of Theorems 4.1 and 4.10, which uses Moha-
med’s results, will appear elsewhere.

2. — Operators with multiple characteristics and related invariants.

Let X be an open subset of R" (or, more generally, a C * n-dimensional mani-
fold without boundary) and let ZcT*X\0 be a C* conic submanifold. With
meR andkeZ, ={0,1, 2, ...}, we denote by N™k(X, X) (see [16], [2]) the set
of all classical symbols of order m, p(x, &) ~ Z P (2, &), such that for any j =
0 one has =0

®) | D — (2, &) |$|§|m_jdistz(x, E)k=2+

where ¢, := max{¢, 0}, disty(x, &) denotes the distance of (x, &/|&|) to =, and
the relation f<< ¢ means that for any conic set I'c T * X \0 with compact base, there
exists a constant Cr> 0 for which

flw, &) <Crg(w, &), V(x, &el.

By OPN™*(X,X) we denote the corresponding class of (properly-supported)
wdo's.
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We will say that p (or the corresponding operator P = Op (p)) is transversally
elliptic (with respect to X) iff the principal symbol p,, vanishes exactly to kth-or-
der on 2, i.e.

It is useful to recall the following algebra properties:

AeOPN™*(X, ), Be OPN"" ¥ (X, ) = ABe OPN" """k ¥ (X ),
(10) AeOPN™*(X,3) = A*e OPN" (X, ),
AeOPN™#(X,3) = Aec OPN"* LEt2(X 5y VieZ,.

Moreover, transversal ellipticity is obviously preserved by composition and by
taking adjoints.

We will also need the invariance of the above classes under canonical change
of variables (see [1] for a proof of this nontrivial fact).

Let X, YCR" be open sets and let
2: T*X\0—=T*Y\0

be a smooth homogeneous (of degree one in the fibers) canonical transformation.
Let A,c(T*Y\0) X (T*X\0) (resp. A,-1c (T*X\0) x (T*Y\0)) be the canoni-
cal relation associated with y (resp. x ') and finally denote by

Fel®(YxX,A,) (resp. F 'el®XxY,A,1))

an elliptic Fourier integral operator of order 0, associated with A, (resp. A,-1)
(see [6]), with FF ‘=1, F'F=1. Then

(11) Pe OPN™¥(X,>) = P:=FPF "'e OPN"™ (Y, y(2)).

It turns out that there are invariants naturally attached to operators in the class
considered above. Their definition relies on a crucial result of Helffer [5]. First of
all, we need to recall what the Weyl-symbol of a classical ydo is. Let
px, &) ~ >0pm _j(x, &) be a classical symbol. Then we define the Weyl-symbol

p’LU as =

jzo\l+r=j5 7!

. 1(1 !
(12) pw(-')C, E) = €<D”T’ D§>/21p(90a 5) -~ z ( 2 _(2_1<Dr7 DE)) pmfl('%a 5))

Notice that p,e N"™*(X, X) iff p does.
The aforementioned result may then be stated as follows.
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THEOREM 2.1. — Let pe N"™ *(X, X) and let y: T*X\0—T*Y\0 be as above.
Put

Op() =FOp(p) F e OPN™*(Y, 7).
Then
(13) i)w OX_pWEN/mykJrl(X’ 2)

We are now in a position to define the main invariant attached to an operator
Op (p) e OPN™ *(X, ). Write

pw(xa g) - 20%—;'(90, g)
e

For any oe X, and anyve T, T* X, let V be a smooth section of 7'7'* X, defined in
a neighborhood of @, with V(p) = v. Define

1 )
(k) — k—2j )
14 b (V) 0 sj% ke (k— 27)! Va0

It is easy to see that the above definition is independent of the extension V of v,
and that the map

®. 77X ,—C,
(15) {]0 |=

(0, v) = pP (o, v) :=p ),

is smooth.
The next proposition lists a number of important properties of p®.
PROPOSITION 2.2.

1) The map p® is a polynomial map of degree <k in the fibers of
IT*X|s.

2) Denote by A,(k)cT,T*X the lneality of the polynomial p{¥().
Then

T,ScA,(k), VoeX.

Equality holds for every o e X iff p is transversally elliptic.

3) If x: T*X\0—=T*Y\0 is a symplectomorphism as above, and Op (p) =
F Op(p) F 1, then

(16) Py (dyo) v) =pP(v), VoeZX, WweT,T*X.

The proof uses Theorem 2.1 and it is straightforward.
Having defined the polynomials pg’”(-), o€, we «quantize» them as follows.



192 CESARE PARENTI - ALBERTO PARMEGGIANI

For any fixed pe X, let
C:T*R"=Ry x (R"),—>T,T*X
be a linear symplectomorphism. Pulling back gives

17 P &y, m) =:p:(y, m),
and we can define
Op“(pe)(y, D,): S(R") — S(R")

as

a8 0p"po) f = [ ei@-wp;(%,n)f(y)dydn, fesRY).

The crucial observation is now that if ': T*R"— T, T* X is another linear sym-
plectic map, then

(19) P =peo(§7 a8,

whence, as it is well-known (see [8], Vol. I1I, Thm. 18.5.9), there exists a unitary
operator U: L%(R")— L?(R") (uniquely determined up to a complex constant
factor of modulus 1), which is also an automorphism of S(R") and S’ (R"), such
that

(20) Op“(p:) =U"10p”(po) U .

As a consequence, with every P = Op(p) e OPN™ *(X, X), we can associate, for
any fived o € X, a family P, of differential operators of order <k acting in S(R")
(and S'(R"™)) as

(21) Pg, g(?/, Dy) = Opw(p&)(?/, Dy),

where £: T*R"—T,T*X is any linear symplectic map. By (20), P, . are all
unitarily equivalent (and therefore their «spectral properties» are independent
of ¢. This point will be made clear later on).

We group together in the next proposition some useful properties of the fami-
ly P,, 0e2.

PRrOPOSITION 2.3.

1) Let Pe OPN"™*(X, 3) and P = FPF ~'e OPN"™ *(Y, x(2)) be obtained
as above through a homogeneous canonical transformation y:T*X\0—
T*Y\0. Then

(22) Px(g), dy(o) ot = PQ; 4

for any o€ and any linear symplectic map &: T*R"—T,T*X.
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2) If Pe OPN™¥(X, ), then
(23) (Py,)* = (P*)y, ¢
for any oeX and ¢ as above.
3) If Pe OPN™¥(X, X), Qe OPN"" ¥ (X, ), then
(24) (PQ)y, c =Py, cQy, ¢
for any o e X and ¢ as above.

4) Suppose P=0p(p)e OPN™k(X, ), XcR", with
p(‘%7 5) - ‘ZOPW ,]'(.’)(,', 5)7
)=

and, for a fived o€ X, let £ be the canonical indentification of Ry X (R"); with
T,T*X. Then

(25) P, :(x,D,) = > —(a“a Do — ,)(Q)oc“Dﬂ.
la] + 8] +2j =k alB!
Proor.

1) (22) is a trivial consequence of (16).

2) To prove (23), we recall that if P=Op(p) then P*=O0p(p*),
~ X 8¢DIp/a!, and hence (see [8])
a=0

(P = Dro-
Thus
P B ) =pPv), VoeX=, WweTl,T*X.
As a consequence,
(Op“(pg" = £))* = 0p“(p™ < 0),
for any o, ¢, which is (23).
3) We recall (see [8]) that if P =Op(p), @ =O0p(q), PQ = Op(r), then

w(m E) = eW(D Dt DU b )/2 (pw(m ‘i:) Qw(?/ 77))|1 Yy = (pw#%u)(x E)
E=1

with o(D,, D¢; D,, D,) =(D,, D) — (D,, D,). Thus
L= (o) # (g 0 D),
and (24) follows by Weyl-quantization.
4) (25) is an immediate consequence of the following identity:

(PP o E)w, &) = e e DEW( > Ly, p(e)xasﬂ). "

la| + B[ +2i=k alf!
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Using (25), we can explicitly compute P,. Some meaningful examples are
given below.

Case k=1.

Case k=2.

pP(x, &) = 1 Hess ]0m(9)|:x:| : [x] +ps 100,
2 N

where p,,_1 =Dy -1+ ¥3,, 9:)p,/2. Equivalently,

PP, ) =0 [”] F(@)H +pi1(0),
£ £

F(o) lJH (0) J 0 L
== €ss Pi, ’ = ’
)= Pulo P

where

is the fundamental matrixz of p,, /2 at o.
Observe that transverse ellipticity means

Ker F(o) = Ker Hessp,,(0) =T,%2, VoeX.

A SOURCE OF EXAMPLES. — Let P; e OPN™*(X,>),j=1,2,..., N, N=1. For
a=(ay, ..., ay)eZy, define
P*= PP, Pgy
(then P*e OPN™lel-#lel (X 5)). For a as above, with |a| <u, ueN, let A, be a
classical ydo of order 0, with principal symbol a,. Define

R= > A,P“eOPN"™ M (X 5).

la] su

By Proposition 2.3,
B,= ‘2 a,(0) P, o0eX,
al su

where Pg = P{',, P32, ... PyY,. In case all the Pj’s are transversally elliptic, a suffi-
cient condition in order for R to be transversally elliptic may be given as
follows.

For y =0 define
A,={zeC;Rez=0, |[Imz| <y Rez}.
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Suppose that for some y =0, we have
(26) P, i@, & eA,, j=1,...,N, Y(x, &) eT*X\0.

Moreover, suppose that for any conic set with compact base I'c T*X\0, there
exists Cr>0 and BeZY, with |B| =u, for which

N
@mn | | lz a,(x, &)t | > CFAHI |Tj |ﬁj’
al =p =

for every (x, &) eI' and for every t= (14, ...,7y), 1;€4,,j=1,2, ..., N. We
leave it to the reader to check that conditions (26), (27) and the transversal ellip-
ticity of the P’s indeed imply the transversal ellipticity of E. We note in passing
that the cases studied in [12], [13], [14] fall in this latter setup.

3. — Setting of the problem and necessary conditions.

The natural generalization of inequality (7) of the Introduction to the present
framework may be stated as follows.
Suppose P = P*e OPN™ *(X, X). When is it true that

For any compact KcX there exists Cx >0 such that
(28) (Pu, u) = — Cglulfe - gv2yn,  YueCy™ (K)?

The reason why the Sobolev exponent m/2 — (k + 2)/4 is chosen in (28), is that we
look for a lower bound which depends only on the first k/2 terms of the total sym-
bol of P, precisely the terms which, due to conditions (8), vanish on . Notice that
when k=2, (28) reduces to (7) (see also [12], [13], [14], when k =4).

One could also ask for a generalization of Melin’s inequality (5) of the Intro-
duction. Namely, supposing P = P*e OPN™ *(X, X), when is it true that

For any ¢>0, any u<m/2—-k/4 and any compact KcX there exists
C, u, k>0 such that

(29) (Pu, w) = — elulfe 1 — Ce,u llulfs,  VueCy (K)?

Obviously inequality (29) is a consequence of (28), the converse being in gene-
ral false.

The following proof of a necessary condition for (29) to hold relies on comple-
tely standard arguments that we recall for the sake of completeness.

THEOREM 3.1. — Let P=P*e OPN"™ *(X, X) satisfy inequality (29). Denote
by P,(x, D,), xeR", 0€X, the operator attached as above to P. Then

30) (Pof, /)20, VfesR").
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ProoF. — Take o = (x°, £") e X, |£°| =1, and fix any compact neighborhood
K of #°. Let K'cX be a compact such that supp (Pu)cK' if u e C;” (K). Take
x€Cy” (X)with y =1 near KU K', so that Pu = yP(yu) = Op (p) u, for u e Cy* (K)
and pe N™ *(X, X), with p coinciding with the total symbol of P over K. Let now
veCy°(R") and t =1. Put

(31 wy () = e D p(t(x — 20)) .

For t large, u;e Cy* (K) and one computes

32) {%(&) = ¢ P - 5 — 1),

2 = ¢4 " (ol + o(1))  as t— + oo,

for any seR.
On the other hand,

Puy(@) =™ g, (4x — ")
with
¢ (x) = (2:1)’”fei<“’ Mo+ a/t, ty +t2E90(n) dy .
Taylor expanding then yields
p(a +w/t, ty +t2E°) =

1

la| + 18] +2i=k alB!

_ t4(m/2fk/4) (ag a/gpmfj)(Q) mar]ﬁ + O(t4(7n/27(k+1)/4)).

Hence,

(Put, ut) — t4(m/27k/4)7n(P0(y’ Dy) v, 1)) + O(t4(m/27(k+1)/4)7n) >

= — et " (off + 0(1)) = G, wt ™ (Pl + (1))

)y My
as t— + o . Dividing by t*™2 %= and letting t— + o, ¢ —>0 +, gives
(P,v,v) =20, YveC(R"). =
Some remarks are in order.
1) It follows from the proof that (29) implies
P, ) =0 on T*X\0.
Thus, k is an even integer (as we shall suppose from now on).

2) It is also clear that the above proof is purely pointwise-microlocal. One
could define P,(x, D,) directly by (25) and get the same consequence (30).
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To prove sufficiency, it seems that one is forced to require the invariant
setting developed earlier.
In [11], Mohamed proves the following sharp lower bound.

THEOREM 3.2. — Let P=P*e OPN™*(X, X), and suppose:
1) P s transversally elliptic.
2) For any o€, (P,f, f) =0, Vfe S(R").
3) For any oe X, P,: S(R") — S(R") is injective.

4) m > k/2.
Then, for any compact Kc X there exists Cx >0 such that

(33) (Pu, uw) = — Cglulff, VueCi(K).

It is now an easy matter to obtain Melin inequality (29) from Mohamed’s re-
sult. Precisely, we have the

THEOREM 3.3. — Let P=P*e OPN"™ *(X, X), and suppose:
1) P 1s transversally elliptic.
2) For any o€ X, (P, f, f) =0, ¥fe S(R").
Then inequality (29) holds.
Proor. — We can suppose m > k/2, for otherwise we write
Pu, u)=A""PA°A°u, A°u),
with o <m/2 — k/4, and observe that
A7°PA e OPN" 29 k(X 3),
it is transversally elliptic, and for any o = («x, &) € 2,
(A~°PA~°), = |E| 2P,.
To prove (29), define
P,=P+eA™ "2 £>0.

It is immediate to check that conditions (1) to (4) in Theorem 3.3 are satisfied by
P,. Hence, from (33), we obtain that for any ¢ > 0, any compact K c X, there exists
C. x>0, such that

(Pow, u) = (Pu, u) + e(A™ "y, u) = - C, glulff, VYueCy(K),
which yields (29) with u=0. =

We stress upon the fact that in the double-characteristic case (i.e. k =2),
Theorem 3.3 does not recover Melin’s result in its full strength, for in the latter ¥
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need not be smooth and, most importantly, P is not required to be transversally
ellipticc. We do not know to what extent condition (1) in Theorem 3.3 can be
relaxed.

We now turn to Hérmander’s counterpart, that is inequality (28).

As a matter of fact, it is impossible to get (28) from (29) by perturbation
arguments.

Our approach will be the content of the next section.

4. — Geometrical assumptions and precised invariants.

From now on we suppose that Xc 7* X\0 satisfies the following assumption
(H) (assumptions (H1) to (H3) below):
(H1) X has fixed codimension.
(H2) The symplectic form o has constant rank on X, i.e. dim(T,XN
T,2°) =constant, for any oeX.
(H3) The canonical 1-form 21 &;dw; does mot vanish identically on T,X,
oel. =

When X is involutive, ie. T,2°cT,Z, for any o€, we have the following
result.

THEOREM 4.1. — Let P=P*e OPN"™*(X, X), and suppose:

1) P is transversally elliptic.
2) For any o€ X, (P,f, ) =0, ¥fe S(R").
3) X satisfies (H) and s involutive.

Then inequality (28) holds.

We now turn to the more difficult case in which X is non-involutive, that is
when

T,2’¢T,>, VoeX.
By virtue of condition (H2), we have only two possibilities:
either
T,2NT,2"=(0), VoeX.

(the symplectic case), or
T,2°(T,Z2NT,2%) = (0),
) VoeZ,

r,2NnT,x?=(0),
(the non-involutive and non-symplectic case).

We will only deal with the second case, leaving to the reader the required ad-
justments needed when X is symplectic.
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Let 2v = dim (T, 2°AT,X N T,X°)), and | =dim(T,XNT,X7).
It is important to notice that the integers v and [ above are independent of ¢ €
2, by virtue of condition (H). In fact,

(2v + 1= codim X,

(34)
2(n— (w+1)=rko|s.

In the sequel a special role will be played by a particular class of local sym-
plectic coordinates near ¥, whose existence is guaranteed by Thm. 21.2.4 of [8],
Vol. IIL.

Precisely: Given any 0,€ 2, there exist
(i) a conic neighborhood I'c T*X\0 of 0,
(i) an open conic set I'cT*R’x T*R'x (T*R"~“*+D\0),

(iii) a smooth symplectomorphism (homogeneous of degree 1 in the fibers)
x: I'— T, for which

(35)C(F02) — {(y’ 7]) — (yr, 77/’ yn’ 77”) ?/W, nm)e'fv; ?/’ 277/ =0’ nnzo}.

Such a map will be called a canonical flattening of X (near o).
Remark that in condition (iii) above, «symplectic> means yx*(0) =0,
where

n—w+1)

v l
0= 2 dpj Ndy/ + 2 dpfAdyf + 2 dnf Adyj.
= = i

Denote by NX =TT*X/TX the normal bundle to X (dimN,>=2v +1, o).
Any canonical flattening y: I'— T of = induces a local trivialization of the vector-
bundle NX.

Precisely, if we identify, by means of (35), ¥(I" N X) with an open conic set of R x
(T*R"~“*D\0), we can define the map

’CX:X(FOZ)XR%HJQNZ'I’HZ’
. .z,..
CV
(36) 0
<C;{(x(g);(Z’,C’,C"))= o, [ dx " (x(0)) e |||
0
IOI

\

oel'NX, (z',&")eR?, "R, where [v] denotes the residue class in N,% of
vel, T*X.

The following lemma shows the nature of the structure-group associated with
the trivializations C,.
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LEMMA 4.2. — Let y: [—1T, x': I'' — I" be two canonical flattenings of = with
I'nr'nx=g. Then the map

CZ_’IOCXZ x(I'Nlr'nzx) XRZVH%X’(]“Q I'N3) xR+l
takes the form

2’ 2’
@ Ao
GD (& o8| xo) [c] B o [@] ,
0 v

¢ g"
where
acC*(I'NI"nx,Sp2v,R)),
(38) yeC*('nI"nx,GL{, R)),
peC*(I'NI"' N, Mat(2v xI,R)).

The proof relies on standard symplectic linear algebra (see [8], Vol. 111, paragra-
ph 21.2) and will be given in Appendix 1.

From now on, we will consider N2 as a vector-bundle over X with respect
to the structure given by (36), (37).

Notice that to any canonical flattening y: I'— I of X, there corresponds, for
every oe I'NX, a symplectic basis of 7,7*X, given by the linear symplectic
map

(0,: T*R"=T*R"XT*R'xT*R"~ """ =T, T*X,

= =

z
C/
(39) n

<0@(Z,; C,7 Z”, C//, ZII/, C///) :dx_l(X(Q)) z” .

"

z

CW

Supposing that P e OPN™ *(X, X) (I as above), we can write down the opera-
tor P, 5,, 0 € I'N X (see (21)). Precisely, consider the polynomial map p* defined
in (15). It induces naturally, by virtue of Proposition 2.2, a smooth mapping, still
denoted by p®,

p®: NX—C,
which is a polynomial of degree <¥k in the fibers.
Now consider

(40) (p(k) OC;{)(X(Q); Z’, C’7 C") )
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as a polynomial in ((z', '), &")eR* x R!, and observe that it is elliptic
if P is transversally elliptic.
We claim that for every pe I'N %X,

(41) Pg,(ig(z,’ Dz’a 2”7 Dz”r zm, Dz’") = Opw(p(k) OCX)(X(Q)r Z,’ Dz’a Dz”)®:[dz’”-

The proof is obvious.

From (41) it follows that P, 4, may be thought of as an unbounded operator in
L*(R"*"). The problem with this is that even if P is transversally elliptic, P, ,
does not have discrete spectrum in L2(R*'). However, if we Weyl-quantize the
polynomial (40) with respect to the variables (z', ') only, thus thinking of " as a
parameter together with o, the resulting «k-th order oscillator» has in fact di-
screte spectrum in L2(R"), when P is transversally elliptic. The related «eigen-
values» are henceforth functions of the parameters o, {”. Since our generaliza-
tion of Hormander’s inequality is completely based upon spectral properties of
P,, the crux of the matter consists of giving them invariance.

We now make a digression to develop some abstract setting required to achie-
ve the aforementioned invariance.

DEFINITION 4.3. — Let E, F be smooth manifolds, and let

r: E—F
be a surjective submersion. We say that the triple (E, F', r) is a smooth symplec-
tic fibration of rank 2v (v =1) if: For some atlas {(n, V,)} of F, with VWCRN ,
N=dimF, »n:V,—nV,)cF smooth diffeomorphisms, there exist smooth
diffeomorphisms

P, V, xR —r~1(n(V,))

2/ 2/
rly, || =n(), VxeV,, V| |eR¥,
g g
piloy,:(V,NV,) x R¥—(V,NV,)x R,

(42) . z' . z'
(1/)17’ Ow1]) X, C’ = 77’ (7](90)),@;7';7(90) C' +b1]’17(90) ’

where

with

such that

) a,,eC*(V,NV,,Sp2v,R), a,@ =, VeeV,
by, eC>(V,N\V,, R¥), b, x)=0, YeeV,,
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and with the following cocycle conditions satisfied:

Jaw”n(‘%‘) =,y (®) @, (2),

(44)
lbr]”;y(x) = an”ﬂ'(%) b;]'n(x) + br]”;y’(x)y

VeeV,NV, NV,.

DEFINITION 4.4. — Suppose (E, F, r) is a symplectic fibration of rank 2v, and
let q: E— C be a smooth function. We say that q eS’r“eg(E'), keR, if for any tri-
vialization vy ,: V, X R¥ —r~1(n(V,)) as above, we have

’

2’ . ! ’ o k RZV
(45) (qoy )|, : =:q,(x;2',5')eC*(V,, Sre(R?")) .
Recall that S*(R") denotes the space of all smooth functions f such that for every
aelZ’ :

sup(1+ |yl =F|8sf(y) | < + .
yeR"

By Sk, (R") we denote the elements fe S*(R") which admit an asymptotic expan-
sion f(y) ~ .2 fi—i(y), where f;._; is (positively) homogeneous of degree k —j,
j=0. =0

DEFINITION 4.5. — We say that qeSi,(E) is elliptic iff for any v, as
above

q,(x;2',8") ~ Zqu_j,n(x; 2", ¢,
]z
with
(46) @, (52,820,  Y(x;2',5) eV, x (R \{0}).

REMARK 4.6. — Definitions 4.4-4.5 do not depend on the particular {y,} cho-
sen, as it will be shown in Appendix 2.

It makes now sense to Weyl-quantize each g,(x; ) by setting

47 Op“(g,)(x; 2", D,): S(R") —>S(R"), wxeV,.

By (42) and [8], Vol. III, Thm. 18.5.9, we have the following relation between
Op”“(q,) and Op“(g,) on V, NV,.:

48)  Op“(g,)((n' Tom)@); -) = Ulx) ' Op"“(g,)(x; ) Ulx), VeeV,NV,,

where ¢+ U(x) is a smooth family of unitary operators in L?(R"), which are also
automorphisms of S(R”) and S’ (R").
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Suppose now that q e Sk, (E) has the following properties:

(49) q 1s elliptic and k>0,

for every n as above

J(Op@“(qn)(x; ¢, ) = (¢, 0p”(g,)(@; ) ¥),
|(Op”(g,)(x; ) ¢, $) =0,

Then it is well-known (see, e.g., [15]) that every such Op“(g,)(x; -) admits a
unique self-adjoint realization as an unbounded operator in LZ(R"), whose
spectrum

(50) VieV,, Vo, ypesR).

Spec Op“(gq,)(x; ) c [0, + o)

is discrete, made of eigenvalues (with finite multiplicity) tending to + oo.
As a consequence, we can define

(51) A, () = min (Spec Op”(g,)(x; ), reV,.

Observe that 4,: V, —[0, + %) is a-priori only a continuous function. Further-
more, by (48) we have

(52) ln'(ﬂril(ﬂ(%)))zin(ﬁﬁ), VmEVnﬁVq'-
(52) yields the existence of a well-defined continuous function
(53) AiF—[0, + )  (An®)=1,), xeV,),

which will be called the ground energy of q.

DEFINITION 4.7. — We say that q eS’r‘eg(E), satisfying (49), (50), is tame-dege-
nerate iff

(54) Ap(x")) =0 = dim Ker (Op” (g, )(x; -) — A(5(x))) = constant ,

for any x in a switable neighborhood of x° contained in V-

It is important to observe that (54) is a condition on the ground energy of q
and it yields (see Appendix 3) that 1 is actually smooth in a neighborhood of its
zero-set.

We now show how, in case X is non-involutive and non-symplectic, the family
P, of Section 2 fits in the abstract setting just developed.

Weput £ =NZX and F = (T2 N TX°)", the dual bundle of the vector-bundle on
Y (of rank ) TXNTX°. As regards the map r: E—F, we define it by

(55) r(o,[v]) = (0, 0,(v, ), oeX, vel,T*X.

It is straightforward to check that r is a surjective morphism between the vec-
tor-bundles £ and F' (whose kernel can be canonically identified with the vector-
bundle T>?/(TX N TX?). We next define the atlas {(y, V})} of F.



204 CESARE PARENTI - ALBERTO PARMEGGIANI
Any canonical flattening y: I'— I of X induces a trivialization of F by the
map

(77;(1 x(I'Nx) XRZHF|rmE,

(56) < B
1, (o), £")=7r|o,|dy " (x(0))

Yo o ©

oS O

Hence, we choose
n=n, and V,=x(I'NX)XR,

with y ranging in the set of the canonical flattenings of X. The corresponding v,
are defined as follows:

’

[1/);7((%(9), C)[Z]) =C,(0)2",8',C"),

Y, N XR) xR —r1(n,((rN2)xR"),
(57)

where £, is defined in (36).
From (37) we get

2’ 2’

(68 (yp,! OW)((X(Q), g", [C]) = ((X’(Q), y(@) £"), a(@)lg,l + plo) C”),
whence, upon calling & = (y(0), "),

J(x’(g), y(©) &) =n,'(n, (@),

larl’r/(x) = OL(Q), br]'n(x) :ﬁ(@) C”'

We leave it to the reader to check that conditions (43), (44) are satisfied.
Suppose now that Pe OPN"™*(X, ), ¥ as above, satisfies the following
conditions:

(59)

1) P=P*.
(60) 2) P is transversally elliptic .
3) For any oe %, (P, f, ) =0, Yfes(R").
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The preceding discussion allows us to define the ground energy of P as
follows.

We take as ¢ in Definition 4.4 the polynomial map p®: N¥— R, and check
that p¥ e Sk, (E) satisfies (49) and (50). Observe that

mk)((x(g), g"); [2]) =(p® 01/)77)((%(@), C");lz,]) =

=" L)), &', 5" = > Capy (@) 257",

lal + 18]+ |v] <k

for some smooth coefficients c,4,(0), 0oe I'N .
It is then obvious that p\¥eC* (y(I'N X)X R!, Sk (R*)), with principal

symbol
pé’”((x(@), ¢ = 0)[2])

which does not vanish when (z', ') e R* \{0}, because of the transversal ellip-
ticity of P.
From (41) we get the fundamental relation

(61) PQ,HQ(Z,’ Dz’a Z”, Dz”r zm, Dz’”) ¢(2’,, ZH, zm) =
(Opw(p(k> OC/)(X(Q), 2”, Dz” Dz”)®1dz”’)¢(z” 2”5 ") =
(Zﬂ)flfexz”’ D0p” (py) ((xle), ") 2", D) (2", &7, 2") dE,
for every ¢ e S(R* ' ~v=D) <where

a(zr’ gn’ zm) — fe —i(z", C">¢(Zr, Z", zm) dz".

Condition (50) is now an immediate consequence of (61) and P, = P/".
Hence, it makes sense to give the following definition.

DEFINITION 4.8. — If P e OPN™ ¥(X, X) satisfies conditions (60), we define the
ground energy A of P to be the ground energy A of p*', and say that P is tame-de-
generate exactly when p® is.

REMARK 4.9. — Note that 1 is a function on (T2 NTX°) with values n
[0, + ).

Remark that in all the preceding discussion we have supposed X to be non-in-
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volutive (i.e. v=1) and non-symplectic (i.e. [=1). When X is symplectic, i.e.
when

T,5NT,2°=(0), VoeX,

all the arguments above greatly simplify. In fact, N¥ is canonically identified
with the bundle 727 (of rank 2v), while (72 N TX?)" reduces to a rank 0 vector-
bundle over X, thus canonically identified with X itself. As before, we can define
the ground energy A of Pe OPN™ (X, X) satisfying (60). In this case, A is natu-
rally a function on X with values in [0, + o), and, accordingly, the fact that P is
tame-degenerate makes sense.

We are finally in a position to state the non-involutive counterpart of Theorem
4.1.

THEOREM 4.10. — Let P=P*e OPN™*(X, X), and suppose:

1) P s transversally elliptic.
2) For any o€ X, (P,f, f) =0, ¥fe S(R").
3) 2 satisfies (H) and is non-involutive.

4) P is tame-degenerate.

Then inequality (28) holds.

The proofs of Theorems 4.1 and 4.10 are too long to be given here. They will
appear elsewhere.

EXAMPLES AND REMARKS.

1) The case k=2. Let P =P*e OPN"™ %(X, X), X satisfying condition (H),
be transversally elliptic. Recall from the Introduction that by F(p), 0 € 2, we de-
note the fundamental matrix of p,,/2, ie.

1
o(v, F(p)v) = §<Hess pu(@) v, v), vel,T*X,

and by p,,—1(0) = pn—1(0) + %3, 3) pu(0)/2 the subprincipal symbol of P at
oel.

Supposing that p,,(x, &) =0 on T*X\0, let us check the equivalence of the
following properties:

(@) (P, f, f)=0, VYoeX, VYfeS(R"),
) Py 1(@)+Tr* F(o) =0, VoeX,

where Tr* F(p) := > u(o), with iu(o) e Spec F'(0). By [8], Vol. III, Thm. 21.5.3,
Iu>0
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there exists a linear symplectic map ¢: T*R"—T,T*X such that

v l
(62) o(ij [x] F(o) Clx]) = Eﬂj(@)(m‘j’z +EP) + 25}2,
3 3 i=1 i=1

where 2v = dim (7,2/(T,XNT,2°)) and | = dim (T, N T,XZ°).
If p/? denotes the polynomial map associated with P, then

v l
63)  Op“(p® &), D,) = ‘El,uj(Q)(xj’z +D2) + EID,?; +ps_1(0).
)= ’ J= ’

It follows that condition (@) is equivalent to

(64) Op"“(pg? &), D,) [, )20,  VfeS(R").

A standard density argument shows that in turn (64) amounts to

v l
(65) (_Zluj(g)(x/Z +D2) ¢, ¢) + -21 EF+ph_1(0) =0,
J= J=
for any ¢(x') e SIR"), ¢l =1, and every £"eR'.
Let
p k
(66) Ty (t) = 711/4(2’%1)1/2(E —t) e 2 k=0,1, ..

be the k-th Hermite function, and define
(67) ppx') = thﬁj(m/), B=B1, s B eZ.
=

It is well-known that
(68) ‘il,uj(Q)(xjrz + D,@) pplx’) = ('il,uj(Q)(2ﬂj + 1)) pplx’),
J= J=

whence, because of the density in S of the Hermite functions, (65) is equivalent
to

v l
(69) 'ZIﬂj(g)(zﬁjﬂ)Jr'21§g2+p;l_1(g)>0, VBeZ'., VE"eR!,
)= )=

which is in turn equivalent to condition (b).
When X' is non-involutive, we can explicitly compute the ground energy of P.
Namely,

(70) Mo, v) =Tr" F(o) + a(v, F(o) v) + p,,-1(0),
veKer (F(0)?)/Ker F(o) = (T,ZNT,=°)".
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In fact, (69) gives all the eigenvalues of
Op“(pg? o O)', D5 E).

Since for every (o, v) the multiplicity of the eigenvalue A(g, v) is 1, P is automa-
tically tame-degenerate.
Theorems 4.1 and 4.10 therefore recover Héormander inequality.

2) For k larger than 2, the explicit knowledge of A(g, v) is clearly out of
reach in general. In the next example, which is a variation of the ones treated in
[12], [13], [14], the function A may be explicitly computed.

Consider, for j=1, 2, ..., N, N operators P;=P*e OPN™2(X, X) (2 sati-
sfying condition (H)) such that:

(A) All the P;’s are transversally elliptic with
pm,j(x,g)a(), V(ﬁﬂ, E)ET*X\O

B) [F;(0), Fi(0)] = F;(0) F).(0) — F},(0) F;(0) =0, for any 0 € X, and any
Jyk=1,2,..., N, F; being the fundamental matrix of p,, ;/2.

As a consequence, the operators P; ,, j=1,2, ..., N, commute with each

other. In fact, it follows from the aforementioned Thm. 21.5.3 of Héormander ([8],
Vol. I1I), that for any ¢ € ¥ we can find a symplectic map {: T*R"— T, T* X such
that

v l
@ ole|T Fo g || = Dunexa@z e+ 2 a0 Er,
g g h=1 h=1

J=1,2,..., N, where u; (o), a;(e) >0, for any j, k.
Hence, for j=1, ..., N,

v l
(72) P; ,= }zlﬂjh(é))(%hfz +DZ)+ }Elajh(Q) D% +pi-1.(0),

which yields immediately the commutativity.

Note that, because of conditions (4) and (B),
Ker Fj(9) =Ker F(0)=T,2 and Ker (F;(0)*)=Ker (F;(0)*), VoeX, Vj, k.
Consider now the operator

(73) R:= 3 A,P®, P“=P{".. Pg,

|a| su

where A, =A; are classical ydo’s of order 0, with principal symbol a,.
Suppose that for any conic set I'c T*X\0 with compact base there exist
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Cr>0 and yeZ, |y| =u, for which

N
(74) > a,@, Hre=Crlley,
Jj=1

la| =u
for every (x, E)el and 1[0, + o)V,
It is then obvious that R e OPN™* 24(X, X) is transversally elliptic. Further-
more,

(75) R,= 2 a,0) Py, P{=P,..P§,, o0eX,

© lal <u

is self-adjoint, because the P; /s are self-adjoint and commute. Remark that to
obtain the lower bound for Re(Ru, u), we have to look at

1
E(R+R*)Q=RQ.
Let us define, for j=1,2, ..., N,

@) 10, v B = S up@)2By+ 1)+ 0w, Filo)v) + i1, 0),

oeX, veKer(F;(o))/KerF;(o), BeZ’,.
We claim that

(R, f, /)=0, YfeS(R")
iff
N
@) Qo v pi= 2 ae) Il zite, v; B0,
alsu j=

for every v as above, and every feZ” .

The proof uses Hermite functions as in the case k = 2 above. As a consequen-
ce, the ground energy (in the non-involutive case, of course) of R (more precisely
of (R+R*)/2) is

(78) i(g,v)=ﬁrgi£Q(Q,v;ﬁ).

Furthermore, the dimension of the eigenspace corresponding to A(o, v) is
(719) #J(o, v),

where

(80) J(o,v):={BeZ; Qlo,v; B) =Alo, v)},

so that the tame-degeneracy of R amounts to requiring

#J(0, v) = constant

in some neighborhood of every (o, vy) for which A(0,, v9) = 0.
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3) The foregoing example, though very special, already shows how difficult
it can be to check whether tame-degeneracy holds (see, for instance, [12]).

However, we are mot able to avoid in our proof the tame-degeneracy
condition.

Appendix 1.

Let us consider the following geometric setting.

Suppose S is a real vector space of dimension 2% with a symplectic form o, and
let Vc S be a subspace satisfying
EmuVmVﬂ:lzL

(81) .
[dlm Ve vnve))=2v=2
(so that 2v + 1 =dim(S/V) and 2(n — (v +1)) = rko|y). Put

[r: SIV—>(VNV),

[/U] '—>O'(7), ')7

(82)

[-] denoting the residue class in S/V. Consider on V?/(V N V?) the symplectic
form

(83) o([ul’,[v]") = o(u, v),

[-] denoting the residue class in V°/(VN V7). We have the canonical map

(i: VoAVNVo)—S/V,

[w] —[u].

(84)

It is trivial to check that we have the exact sequence

Ve i
—

EL(Vn Vo) 0.
vave VvV

(85) 0—

Given two linear maps

(36) {y :T*R"—=V°/(VNV?), u symplectic,

L:R'—-VNnV’, L isomorphism ,
let

8D C,u,L:T*RVXT*RZXT*RW*(VJJ)_)S
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be a linear symplectic map satisfying

(Cu2(y',m'50,050,0]=i(uy’,n")),

(83)
[C,u,L(Oa 0;%",0;0,0)=Ly".

The existence of {, ; is guaranteed by the linear Darboux Theorem. Observe
that

(89) Cutysmn5y" sy, eV ey =n"=0,7"=0,

whence we have an induced isomorphism
Co1: T*R" < (R = 8/V,
(90) { o

o' m'sn) =18, .y, n';0,7"50,0)].

Let now u', L' be linear maps having the same properties of u, L, respectively,
and let £, - be a corresponding linear symplectic map satisfying the correspon-
ding (88). We have the following proposition.

ProPOSITION 4.11. — There exists a unique linear map a:(RY = T*R" such
that

O Cpop @', E5E) =08 ((uou )@, E)+al"; " (L' L) E") .

Proor. — Since
o (@', 5 0) =i (@', §"),
we immediately have
(92) G, E50) =80 1 ((u o ', §');0).
For any we VNV, we have
w= C,M,L(O’ 0’ .7/", 07 07 0) = C/A’,L’(()’ O; TZ/”, 0; 07 0)7

for a unique " eR', with T:=L'"'cL. As
<T(Z/A',L’(O7 0; g/,))r w>:U(€‘u',L'(01 0; 0’ g//; 07 0)7 C/A',L’(O7 0; T?/”, 0; 07 0)):

<§n’ Tyn> — <tT§”, yu> —

O'(g,u,L(O’ Oa OatTgﬂ; 07 0)7 é,u,L(Oy Oa ?/”’ Oa Oa 0)) = <T(Ey,L(Oa O;tTg”))’ ’M)),
we conclude that

93) G 10,05 €)= &, (0, 0;'TE") eKer r=Tm i
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It follows that
(94) Galr oG 10, 05 &) = (0, 0;'TE") + (yg, n6; M),
for some (yq, 17¢; 170), for which

G, £ 163 M) =80, 1.(ys, M3 0, 155 0, 0)] eIm i,
On the other hand, one has

Cuz'sm'5y" s m" Yy, eVl e n"=0, y"=y#"=0,

so that [E%L(yo’, 70; No)] € Im ¢ iff there exist %', %’ for which
(95) Cu Mo, m050,75; 0,00 =8, 2.",7%'50,0;0,0)0 eV,

ie.

Hence

(96) ol oG 1)(0, 05 ) = (0, 05'TE") = (a1 (E"), a2(E"); 0)
for a well-defined linear map

97) (R 3&" > (a ("), az(E") =:0"eT*R".
Finally, (96) and (92) give (91). m

Lemma 4.2 is now a trivial consequence of the above Proposition.

Appendix 2.

Showing that Definitions 4.4 and 4.5 do not depend on the particular triviali-
zations ,, amounts to proving the following result.

Let Q,cR" be an open set, and suppose we are given
fy; ) eC”(Q,, Sie(RY)) ,
fly; &) ~ ,Eofk_]-(y; 8).
Jj=

Let ¢: Q.cR"—Q, be a smooth diffeomorphism, and A(x)eC*(L,,
GL(N, R)), b(x) eC~ (R, RY) be given. Define

(98) f; ©) = flga); A@)E + blx)) .
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We claam that

fla; ©) eC™ (R}, S, (RY))

(99) . .
f@; 0~ 2 fu @ 0),

with

. b(x)*

Jr—r(w; 8) = o (B¢fi-))(p(x); A(@)E), r=0.

al +j=r

In particular,
(100) Fe(@; © =fi(pla); A@) ),

hence f is elliptic iff f is.
The proof is almost obvious. In fact, by remarking that

fla; £ eC™(Qy, SYRY)),
(101)
(82f)(p(x); A(x) O e C (R, SF~14I(RY)), VaeZ¥,

Taylor’s formula easily yields

. b a
(102) fas 0~ 2 " @y A0 0.
Since
(103) (3f) (@p(); Ax) &) ~ 'Zo(agﬁcfj)(qi(x); A2) D),
iz

we immediately obtain (99) and (100). =

Appendix 3.

The smoothness of the lowest eigenvalue 1, supposed to have constant multi-
plicity, is a consequence of a general, and well-known, argument that we repro-
duce here for the sake of completeness.

Let B and H be two (complex) Hilbert spaces such that B < H with compact
mmmersion and dense image.

Let ©— A(x) be a smooth family of linear continuous operators from B to H,
for x in some open set UcR" (say).

For every « e U, consider A(x) as an unbounded operator in H, with domain
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B, and suppose

[A(x) = A(2)*,

(104)
A(@)u,u)=0, VxeU, YueB.

Since
(A(x) - V)" ':H—>B<sH

is a compact operator, it follows that the spectrum of A(x), Spec A(x) c [0, + o),
consists of eigenvalues with finite multiplicity. In particular, it makes sense to
define

(105) A(x) = min (Spec A(x)) , xeU,
which a-priori is a continuous function of x with values in [0, + ). Put
(106) V,=Ker(A(x) — A(x)), «xeU.

We claim that if V, has constant dimension in a neighborhood of some x°e U,
then A(x) is smooth in the same neighborhood.

To prove the claim, fix a compact neighborhood wc U of 2°, and &> 0 such
that, for x e w, we have

|A(®) —Ax") | <e, SpecA@)N{¢eC; |- AUx")| <2¢} = {Ax)},
and
dim V,, = constant .
Then, for x e w, define
(107) (x) = L $  (E-Aw@)dg.
T - 2| =e

It turns out that z(x) is a smooth self-adjoint projection onto V,, which makes
Uueo Ve into a smooth Hermitian vector-bundle on w. Since the restriction of
A(x) to V, is just A(x) Idy,, we get the required smoothness of 4 in w.

To identify the above abstract setting to the one considered in Section 4, sup-
pose we have a(x;(z',))eC” (U, Sie(R?)), k>0, and put A(x)=
Op“(a)x; z', D, ), with H=L?*(R") and

B={ueL®R"); 1+ |z' |*+ |D, |D"?ucL2(R")}. =
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