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Représentation of partialiy and simply ordered 
sets by terminating séquences 

I L E X A N D E R A B I A N and D A V I D D E E V E R (Columbus, Ohio, U.S.A.) 

Sunto. - Si dimostra un teorema générale sulïa rappresentasione degli 
insiemi parzialmente ordinatt per messo di sequense costituite da 0, 1 
e u terminanti con 0 e ciascuna con aîmeno un eîemento non nullo. 
Questo teorema conduce a una forma più forte dei noti teoi emi di rap
presentasione di Sierpinski e Poprusenko. 

I n t ins p a p e r w e prove a g ê n e r a i Theorem for r e p r é s e n t a t i o n 
of jpar t ia l ly o rdered sets by means of séquences m a d e u p of 0, 1, 
and w, t e r m i n a l i n g in 0?s, and each w i t h a last n o n - z e r o t e rm. A& 
shown below, th is Teorem yields both a s t r onge r form of S I E R 
P I N S K I ' s [1] and P O P R U Z E N K O ' S [2] r e p r é s e n t a t i o n theorems. t . 

D É F I N I T I O N 1. - Let (a,) and (6,-) be two séquences (of the same 
finite or tr ans finit e type) made up of the numbers 0, 1, and the 
letter u. We say that (ai) is less than or equal to (&,) according to 
the principle of first numerical différences, and we dénote this by: 

(1) (ai)^{bi) 

if (ai) is equal (identical) to (6*) or if there exists an index j such that 

(i) a,j — 0 and b5 = 1 

(ii) a,- = 1 implies h = 1 for i<j 

(iii) bi = 0 implies ai = 0 for i<j 

As usual , if (a,-) ^2(6,-) and (a,-)=|=|&t) t h e n w e w r i t e (a a ) -g (6(). 

L E M M A . - Let X be an ordinal and let T\ be the set of ail séquences 
of type X made up of 0, 1, and u. Then T\ is partialiy ordered by 
the principle of first numerical différences i.e., (T\, ^%) is a partialiy 
ordered set. 

P O O F . - Clear ly for every é l émen t (az)i<^ , of ï \ w e h â v e 
(«i)t<x H"3 (ai)i<i s ince (*) cannot hold in th i s case. T h u s -g is i r r e -
flexive. 
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Nex t w e show -§ is t r ans i t ive . Le t (a.)t<?.-3 (6i)i<x and |&,-)t<ji-3 
-8 (Ci)io • Then by («}. (U). and ( m | t he re exists a j such tha t 

•(2) «, = 0 and bj = 1 

•{3) af- = 1 impl ies b( = 1 for i <Zj 

(4) 6f. = 0 im plies at- = 0 for * <jf 

a n d t h e r e exis ts a k such tha t 

(5) 6/t. = 0 and ck = 1 

(6) 6, = 1 im plies c,- = 1 for i < /c 

-(7) c, = 0 impl ies b, — 0 for i < k 

Clear ly , in v i e w of (2) and (5) w e see that j=^=k. Thus it r e m a i n s 
to cons ider the fo l lowing two cases. 

C A S E 1. - If j <k then by (2) we hâve 

-(8) a, = 0 

Also s ince j < k, a n d &, — 1, by {6) we hâve 

<»> ^ = 1 

N o w since j < k, if * < j then i < k. Thus by (3) and (6) we h â v e 

(10) a, = 1 impl ies 6 , = 1 and ct = 1 for i < j 

a n d by (7) and (4) we h â v e 

{11) c,- = 0 impl ies b4 = 0 and a{ = 0 for * <,; ' 

F r o m (8), (9), (10), and (11) i t follows tha t (a,);<?. -3 (<*)«<*. 

C A S E 2. - If & < j t h e n by i5) w e h â v e 

<12) c, = 1 

a n d s ince k<j and 6A = 0 by (4) w e h â v e 

413) ak = 0 
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]STow since k < j , if i < k then i < j . Thus by (3) and (6) w e h â v e 

(14) a, = 1 impl ies 6,- = 1 and a = 1 for i < k 

a n d by (7) and (4) w e h â v e 

.(15) c, = 0 impl ies 6,- = 0 and a,- = 0 for i <k 

F r o m (12). (13), (14), and (15) again it follows tha t | a , ) « j t - 3 
- 3 (c*)*<) • Thus -§ is a t r ans i t ive re la t ion . 

W e hâve shown tha t -§ is au i r re f lex ive a n d t r ans i t i ve rela
t i on , w h i c h impl ies tha t (T)., ^%) is a pa r t i a l iy ordered set, as 
des i red . 

Le t us also observe tha t in case two séquences h â v e no t e r m 
-u, the o rde r ing ^ as in t roduced in (1) reduces to the u sua l orde-
r i n g by first différences. 

T H E O R E M . - Let (P, < ) 6 e a partialiy ordered set of power °^Sp.. 
Then (P, <:) is isomorphic to a subset S of Tw^ ordered by the 

principle of first numerical différences such that for every élément 
•{Si)»<oy of S there exists a X with s\ = l and st = Q for every * > A , 
<md for every ordinal T < w[A there exists an élément (£«)i<u of S 
with tT = 1 and tt — 0 for every è > x. 

P R O O F . - Let (Pj);<u
 D e a w e l l - o r d e r i n g of P . Cons ider a map-

p i n g f from P into To^ defined as fol lows: 

f[p}) = (aJ),<U[A for every é lément p5 of P 

w h e r e 

/ 1 if pt<Zpj and * < , / 

(16) a{ = 0 it p,>pj or * > j 

\ te o the rwi se (i.e. if p{ and p,- a re i ncomparab l e a n d i<j) 

W e shall show tha t f is the des i red isomorphism. 
F r o m (16) il fol lows tha t for eve ry j < o^ w e h â v e 

(17) aj = 1 and a{ = 0 for every i > j . 

T a k i n g j = A on the one hand , and j = T on the o ther , w e see tha t 
t he r a n g e S of f satisfies the condi t ions of the Theorem. 

N e x t w e s h o w tha t f i s a o n e - t o - o n e m a p p i n g . 

L e t t(Pj) = tlpk). i-e., (a$Ji<Up = (<*%)i<^. Then in v i e w of (16) 

26 
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we hâve 

(18) a\ = 1 implies a* = 1 and Pj<pk 

(19) ak — 1 implies ak = 1 and p A < p : v 

Thus we see that p3 — pk and therefore f is one-to-one. 
To prove that f préserves order in both directions we consider 

the following two cases. 

CASE 1. - Let Pj<pk, where f(pJ) = (ai)i<:^ and f(pk) = {a%)i<tj3^ 
Then since pâ <.ph in view of (16) we hâve 

(20) al = 1 and 4 = 0 

If a ? = l then p^Pj and since ps<pk we hâve Pt<pk. Thus-
from (16) it follows that 

(21) « 1 = 1 implies af = 1 for « < k 

On the other hand, if a£ = 0 and * < k then by (16) we must 
hâve pt>pk, since * 3> fc, and since p3<pk we hâve p f > J V Thus-
from (16) it follows that 

(22) a? = 0 implies a/ = 0 for i < k. 

In view of (20), (21), and (22) we see that (a{U<Kù^ -g (of )Î<W[JL and 
thus P j < p 4 implies that / ^ ) - 3 / ( ^ . ) . 

CASE 2. - Let f(pj) = (ai)i<^^(af)i<^ = f(p^ Then there existe 
an index h such that in view of (*) and (U) . 

(23) a'h = 0 and a\ = 1 

(24) a* = 1 im plies af = 1 for i < /¾. 

From (16) and (23) it follows that 

(25) ph <_pk and h < k 

If h<j then since by (23) we hâve 4 = 0 we see by (16) that 
Ph>Pj- But then by (25) it follows that Pj<pk> 

If j < h then since by (16) we hâve aj = 1 we see by (24) 
that a* = 1 which implies Pj<pk. But since /(.2^)4=/^) it follows 
that Pj=\=pk and hence Pj<pk> 
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Thus f[Pj)-%f{pk) implies Pj<ipk- Hence f i s an isomorphism 
as desired. 

DÉFINITION 2 . - ^ 4 partialiy ordered set (P, < ) is said to be 
quasi-isomorphic to a partialiy ordered set (Q, <*) if there exists 
a one-to-one mapping f from P onto Q such that for every two 
éléments x and y of P we hâve x<Ly implies f(x) < * f(y). 

It is obvious that if (P, < ) is a simply ordered set then the 
above quasi-isomorphism reduces to an isomorphism. 

A slight modification of the proof of the above theorem yields 
the following stronger version of the resuit of J. POPRUZENKO, [2]. 

COROLLARY 1. - Let (P, < ) be a partialiy ordered set of power 
%p. Then (P, < ) is quasi-isomorphic to a set H of séquences of 0 
and 1 of type w^ ordered by first différences, such that for every 
élément (7Mt<u of H there exists a X with h\ = 1 and h{ — 0 for 
every i > A. and for every 1 < w^ there exists an élément (flk)*<u of 
H with gT — 1 and g( = 0 for every i > T. 

PROOF. - In the dei 

(16) replace u by 0, i.e, 
PROOF. - In the définition of the séquences (a\)i<u given by 

| 1 if pt<pj and i<j 

\ 0 otherwise 

Then (17) through (21) remain valid. On the other hand, (22) beco-
mes the contrapositive of (21) and hence is valid. Clearly (17) through 
(22) imply that f i s a quasi-isomorphism, as desired. 

An obvious conséquence of Corollary 1 is the following. 

COROLLARY 2. Every partial order in a set P can be extended 
to a simple order in the same set P preserving the original order 
among the éléments of P . 

Since for a simply ordered set (P, <T) the quasi-isomorphism 
mentioned in Corollary 1 is an isomorphism, we hâve as an im
médiate conséquence of Corollary 1 the following resuit of W. 
SIERPINSKI, [1]. 

COROLLARY 3. - Let (P, < ) be a simply ordered set of power 
£f>r Then (P, <T) is isomorphic to a set H of séquences ofO and 1 
of type ŵ  ordered by first différences such that for every élément 
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(^i)i<u of H there exists a À with h\ = l and ht—0 for every i > \ 
and for every T < w^ there exists an élément (g^Ku °t & with 
gr = l and gt = 0 for every i > T. 
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