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On a Characterization of Ultraspherical Polynomials 

A R T H U R E. D A N E S E (Buffalo, N . Y . , U. S. A) 

Suiiiiii;iry. - lt ts shoion that the only polynomials \pnfa)\ icith a gênera* 
tin g function of the for m 

ev* 9 {s VI — œ2) = %pn (x) sn/n', y even 

are essentially the ultraspherical polynomials. 

A w e J l - k n o w g e n e r a t i n g funct ion for the norraal ized ul t ra­
spher i ca l polynomials Fn(x) = P{^\x)lP{^\\) is 

2 Fn[x)s*/n/ = 2*-i r(x H-plc*»[il— as*)*»]*"* 

- 1 t 
' * - * 9 ' 

w h e r e J a is the B E S S E L . funct ion of the first k ind of o rde r a. [3; 
for déf in i t ions see 5]. This g e n e r a t i n g function is of pa r t i cu la r 
i n t e r e s t s ince i ts zéros are r e a l ; th i s fact enabled SZEGO to esta-
b l i sh T U R A N ' S i nequa l i t y for u l t r a spher ica l polynomials [6]. 

W e cons ider t he g e n e r a t i n g function for the po lynomia ls \pn{x)\: 

(1) e»<p(3 V I — x2) = - Pn{x)sn/n ! . 

w h e r e &(u) is even and expand ib le in a T A Y L O R séries about the 
o r ig in <p i n e v e n and o(0» =4= 0. Di f fe ren t i a t ing both sides of (1) 
f i rs t w i t h r e s p e c t . t o x and then w i t h respect to % y ie lds 

2Cexs'J/r{2\/1 x1 °° 
(2) e**»(sV 1 — x") . \ t = - p'nWë*-1!* ! 

1 x n=x 

(3) xe*3v(z\/l —a;2) + e " V l — a c V ^ V l — » ' = 2 pn+x(x)znln! 
« = o 

E l i m i n a t i n g 9' i n (2) and (3), we obta in 

e™v(z\/l — x*) — (1 — x1) 2 p'„(a!)0«-i/n ! = 2 xpn+Jtà&ln ! 
n=i w=o 

and w i t h (1) 

00 oc 00 
2 pn(x)znjn\ — (1 —xz) 2 ^(x)^"- 1 /»*! = 2 xpn+i{x)znjn\ 

M—0 « = 1 n = o 
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Equating coefficients of like powers of z y ields 

<4) (t — X%)p'n+i(x) = (U + l)[pn(x) — xpn+^X)]. » = 0, 1. 2, . . 

The normalized ultraspherical polynomials Fnlx) satisfy fô] 

(5) (1 — x*)F'n+i-[x) = (n + l) \Fn{x) - xFn+i(x)] . 

We now show that if |_p„(a;)| is auy séquence of polynomials 
satisfying (4), then pn(x) = CnFnix), n = 0, 1. 2 where C« is a 
constant. We proceed by induction. Assume that pk(x) = CkFkix), 
k = 0, 1, 2 , . . . , v. Then we obtain from (4j 

(l - x*)p'n+i(x) = (n + i)[CnFn[x) — xp„+l(x)] ) 

which together with (5) yields 

(t — x^lp'n+ilx) — CjFVhila:)] = ~ (n + l)-r[Pn+i\x) - CnFn+iix)]. 

Letting un+L(x) = pn+^x) — CnFn-\-i(x), we obtain the first order dif-
ferential équation 

(6) (1 — X'^U'n+Lix) = — (il + i)xiln+i(x). 

The gênerai solution of (6) is un+iix) = C'M+^1 — as2) ;"-. Heuce 

Pn+i(x)=Cn+iFn+l(x)+C\l+l(l-X-2)n-±}. NOW ^ — # ) = ( - 1|«F„(#) 
and since © is even il follows from (l) that pn(—x) = ( — l)npn(x). 
Hence, necessarily C «+i = 0. 

We hâve proved the 

THEOREH: If \pn(x)\ is a séquence of polynomials with gene­
rating function 

. oo 

ex^{z V 1 — x2) = 2 pn(x)znln !, 
W = 0 

<&(w) even and expandible in TAYLOR séries about u = 0, cp(it)4=0, then 
Pn(x) = CnFn{x), n = 0, 1, 2 , . . . , C« a constant, where Fn(x) is the 
normalized ultraspherical polynomial of degree n and order X. 

It would be i i iteresting to characterize the polynomials wi th 
generating function ef(X3^{zyi — x2), where f(u) is expandible in 
a TAYLOR séries about the origin. 

It is known that 

2 Gn(x)znln\ = T(a + l)esla*)-tf*/a[2(a*)~], 
« = 0 

a > — 1, G„{X) = LnW(x)ILnM(0). 
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Ln
{at)(x) t he L A G U E R R E polynomial of degree n and o rde r a [3] , 

I t is also k n o w n tha t if \pn{x)\ is a séquence of o r thogona l poly­
nomia l s such tha t %pn(x)ln/n ! = eeo[xz), t hen the pn(x) a r e essen t ia l ly 
the L A G U E R R E po lynomia l s [4,2]. F u r t h e r m o r e , if | fn(x) \ is a set 
of o r thogona l po lynomia l s such tha t ^fn(x)tnjn\ = <&{2xt + t*), t hen 
fn{x) is e ssen t ia l ly e i t he r the u l t r a spher ica l or H E R M I T E p o l y n o m i a l [1]. 
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