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Sieves with generalized intervals

R. G. BuscEMAN and M.C. Wu~NDERLICH (Buffalo, N.Y., U.S.A.) (¥)

Summary. - The effects of allerxing the length of the sieving interval in
a modification of the lucky number sieve are investigaled. The asym.
ptotic behavior of the ntk term of such sieve gemerated sequences is con-
sidered for cases both with and without teedback.

In recent papers of W. E. Bricas [i] and M. C. WUNDERLICH
[2] sieve generated sequences are considered in which the sieving
interval is of length a,, the new element retained at the previous
sieving stage. We will consider sieves with intervals of length
¥, Where p., > 1. (If 1, << 1, the sequence terminates). To define
the sieve process let AV = la;c')l. a(kl) =k+1, and let A™*"Y be
derived from A" by deleting the r,,,— th element of the interval
IV = + (k — ), n + ku,] where 1<17,, ,<<w,. The ultimate
sequence A =|a,! is defined by a, = ax’. In particular, for certain
subclasses of these sequences, we will obtain a lower bound on
a, and then an asymptotic estimate for a,.

Let f,(x) denote the number of elements not exceeding « which
are sieved out of A" to produce A™+¥. Then f,(x) = R, (x) — R, ,.(x)
where R,(x) denotes the number of elements of A" which do not
exceed z. If x e Ii” we have two cases, depending upon whether
% + 7, + (k — 1), exceeds x or does not exceed x; that is

fley=k—1 or =k if n4+(k— 1), <Blx)<<n -+ ky,.
This yields the formula
fulx) = [(B.(x) — n) 1] + ¢,
where ¢, =0 or = 1. Following the methods of Briggs, if we now set
e = 1L (1= 1,
we have by analogous steps
Bpl@) = ol = ) + @), E,o= 3 E,@)
Wwhere
By, u(®) = (0,/0)( | By®) — E)is | 4 Kfwy — )

(*) The research conducted by the second author was supported in part
by N.S.F. contract GP-1823, University of Colorado.
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In order to estimate E (x), we note that ¢ /o, <<1 and since
—1 SE/‘, u(x) < 1 + k/y'l;!

after summing we obtain

-n<E, x)<mn +k£‘, kfw, .
=1

Since R, ,,(@, + 1) =n =00, + E (o, + 1)>0c,a, —n, we have
6,0, <2n. From 1/s, —1/s,_, = (o,»,)"" it follows that

1/611 =1 +k§l(cky'l.)_"

This can be estimated if there is a reasonable comnnection (feed-

back) between u, and a,. Let u, = },a, so that

. 1 n
Yo, =1+ 3 Quoe) > 145 5 (9,

If there is no connection (no feedback), then since
@, >(1+1/p)k we have (k))!'=a k) =1+ 1/ )k
Hence

1 "
You > 1450+ 1) Z 1,

and 1/c, can be estimated directly from the w,’s.
In order to obtain a lower estimate on «, we note that for all m

n<R,.(e,+1)=0c,a,+ E,la,+1)<o,a,+m —1 +k§ kfw,.
=1
This yields
@ > (e, )m+1 - m— 3 ki)
=1

For the lower estimate to be useful we make

AssumMPTION 1. - p /B =0> 0.

{For the feedback case this is realized if ., = },a, where A, =1>0
for then p, =>Xa, =1 4+ 1/u,)n). From Assumption 1 we have

4

a,, > (1/0',,.)(% + 1-— (l + 1/“)”‘)
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which is positive if % = (j 4 1)[1 + 1/2]m (j = «), since

74+ 1— (14 1/zm>(j+ 1)1/xjm — (1 4 1je)m = (j/o — 1)m.
This results in the estimate

> (o)l —1jm = cn s,,, With @=(j+ 1)1+ /o]~

Some special examples of interest are

Ly, =N, A2, < A), 0,>cnlogn;
2. w, = (logk)a,, a, > cnloglogn;

3. p,=ka,, a,>cn;

4, v, =Mrklogk, a,> cnloglogn;

b. w, = Ak, a,, > cn log n.

(In each of these examples we assume that p,, u,, ..., u, are sepa-
rately defined if necessary to insure that u,>1 for all k and
the given formulas are used only for large k).

Asymptotic estimates can next be generated analogous to Wun-
DERLICH |2|. We split the sum E,(a, + 1) into three parts (assuming
g(n) tends to infinity).

Eu(a’u + 1) = :0 + 2;1 + "'_:2’

where %, extends over all gin)<k<<#n with fi(a,) =0, 3, over
gn) <<k<m with fi(a,)=1, and X, over 1<k <gqgn) Since
E,, Jda,+ 1) <14 1/x by Assumption 1, =, = O(g(n)). If f,(a,) equals
0 or 1 then from the formula for f(a.,) we can simplify the
E,, (@, + 1) terms -obtaining, respectively,

By (0, +1) = (o /o M Byla, + 1))/y)-

and

= (/o (Byl@, + 1))/ — 1)
Since for fi(a,) =0, B,(a, + 1) <2x and for fi{a,)=1, R)(a, + 1)< 3n;
2, < nO(S(n)), I, <98n)— I, (/0 )s
k>q(n)
where

S(n) = % 1.
k>q(n)

Next we consider the sum involving ¢,/s,,

1 = cn/qk =k>1]é )(1 - 1/(“'1:)
q(n
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= [I ((I—I/yuk)e‘/i*,,-)exp(— z 1/5*/.-)'
k>q(n) k>q(n)

The first factor is a partial prodnct of a convergent product,
hence tends to 1. so that -

I (1 — Lw)ety) = exp( 2 tog(l —1ju,) + 1,’9,))
k>q(n) k>q(r)

"

= exp( = @(I/P-L-"))
k>q(n)
= exp (O(1/g\n))

= L+ O(1/g(n)).

The second factor can also be.estimated since

exp (— z l/puk) = exp (— Sin))=>1 — Sn).
k>q(n)

Putting these together we obtain

1= ¢,/a, = L.— OSn)) + O(1/q(n)
so that

5= X, ¢,/5,=2, (1) + nO8n) + O(n/g(n)).
k>q(n)

We now let [(n) denote the number of k such that f,(a,) =1, so that

n

— X o,jo, = — Un) 4 Ogn)) + nO(S(n)) + On/gn)).
k>q(n)

This yields finally
E,(a, + 1) = — l(n) + O(g(n)) + nO(S(n)) + O(n/qn)).
We note that if g(n) = o(n), n/gin) = o(n), S(n) = o(1), then
E.(a, + 1) = — {(n) + o(n).

From this the case of feedback, w, = X, a,, results in

n-"ns

6-nau ocon + l(’"’) or Gny'u o )‘n(n + l(”))'
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If we set k/(k 4 l(k)) = d(k). then

1/e, 01 +kéld(lc) (kM)
Also, however,
/s, o a,/in + ln) = a,d(n)/n,
so that
a, <~ (n/d(n)(1 + éld(k)/m -

This would lead to formulas analogous to WUNDERLICH [2] in that
. n
a,,mnlogniff(l + 3 d(k)/(k)\k))wd(n) log
k=1
or in a more symmetric form
a, oo (mlog n)/A, itf (1 + 3 d(k)(k),)) oo (d(n) log n)/A,.
k=1

If we now consider the subclass of sequences which satisfy

ASSUMPTION 2. - u, > cnL(n), where L'n) is an m-fold iterated
logarithm (m = 2).

(This assumption is satisfied in the feedback case if wu,=\.a
where A, =X >0 and @, > cnL(n)). From Assumption 2

S(n) = g] 1w, < ;.‘4 {cnL(n))~!
k>q(n) k>q(n)

However, g(n) is the largest g(n) such that gu)-4 u,,, <cn so
that c,»/L(n) < g(r) < ¢;n/L(n) and

S <0 [(@L@)dz) = Otlog n/Ln) — 10g g Ligtm)
g(m

Since log g(n) = log n — log L(n) 4 o(log L(n)) and L(g(n)) c> L(n),
S(n) < O(log n/L(n) — (log n/L(n))(1 — log L(n)/log n))
= O(log L(n)/L{n)) = o(1).

Thus g(n) = o(n), n/g(n) = o(n), S(») = o(1) so that the results hold.
‘We summarize this into the
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THEOREM. — If a,> cnl(n), where L(n) is an m-fold iterated
logarithm m =2, and p, = \,a,, A\, =X >0, then

a, ~ n log n itf (L +k§‘, a(R)/(),)) ~ d(n) log .
=1

Also, this can be written in the form
”
a, oo (nlog n)/), iff (1 + 32 d(k)/(k),) o (d{n) log n)/A,,.
k=1

The special examples 1 and 2 satisfy the assumption. We note
in particular that if X, =X then from example 1

a, oo (1 log )\ iff 1 + umkﬁ‘. d(R)/k o (d(m) log w)h.

Since %Sd(%)_{l, in example 2 we have

1 ”
A, + 5 loglogn < A.+k2_d(k)/(k>\,‘) < A4, + loglogmn,
=j

1 . .
but c:,s(d(n)log n)/A,, <1, which yields the conclusion that a,con

and @, conlogn do not hold.

For the cases in which u, is explicitely given (no feedback)
1/s,, can be computed directly so that for examples 4 and 5 we
have, repectively,

1/o,cocllog )it and 1/s, oo cnt
Hence from a, o> (1/s,)(n + {(»)) we have, respectively,
a, o cn(log n)PM1 + l(n)/n) and @, oo cnwt+iM1 + Un)/n).

It is interesting to note the different role pia.yed here by the
scalar multiplier A from that in the case of feedback.
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