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On tlie Ritt order of an etitire Dirichlet séries 

T. V. L A K S B M I N A R A S I M H A N (Madras, India) 

Sununary. - The theorem on Rrtt order of an entire Birichlet senes i$ sui-
tably extended to the case of funétions of infinité order. 

Let f(s) = S aneKs, s — c + it and | XM | be a stricty increasing 
séquence of posit ive numbers. If this séries is assumed to be abso-
lute ly convergent for ail values of s, then f(s) is bounded in any 
left half and defines an entire function. 

Let M(<T) = l*u*b\f(o + it)\. The E I T T order p of f(s), 0 < p < oo, 
—00<*<OO 

is defined as 

, . log log M(<r) 
h m sup —s—s—IJ. — p. 

a—-oo ff 

Improving upon a theorem of E I T T ([5], p. 78) and his own 
resuit A Z P E I T I A ([1], p. 722) has proved recently ([2], p. 275) the 
fo l lowing theorem. 

THEOREM A. - If p. and 8 are g iven by 

i. X„logX„ „ logw-

n—+œ log | a» I"1 «_^oo K log A„ 

then 

(*) 0 < t«. < p < oo, 

and if Su. < 1, 

(ii) 0 < p < f/.(l — SJJL)-1, 0 < 8 < C N D Î 0 < ^ . < O O . 

Our aim in this note is to extend thèse results for fun étions-
of infinité order i.e. functions for which 

, . loglogM(ff) ,. log log log Mla) ^ . 
h m sup — s — E — U = oo, hm sup — s — » — » — U < oo etc. 

Accordingly w e define pq, \*.q and 8g by 

P = p9 = h m sup -î—!-', g > 2,. 



ON THE EITT ORDER OF AN ENTIRE DIRICHLET SERIES 3 5 9 

^ ; ^ = l i m s u p ^ ^ , 

8 = 85 = lim sup . — S — 

where 

« »-00 *nlq— i A n 

Z50») = log [ ïç .^1 , ^as = log X. 

I t may be remarked hère that an analogous resuit was recently 
proved by D. SATO ([3], Theorem 1) for entire functions f[z) defined 
by their TAYLOR' S séries. 

THEOREM B. - With p, \i and 8 defined as above, we hâve (i) 
0 < [ * < p < o o and if Sf/. < 1 (ii) 0 < p < (*(1 — Sjx)"1, 0 < 8 < o o , 
0 <T [x < oo. 

In particular when o = 0, p = ^. 

PROOF. - We shall assume that p < o o and p>-0, for otherwise 
the resuit is trivial. By the définition of JA, we hâve for s > 0, 

(i) | O . I > [ W J - M H - O 

where \v\ is a monotonie increasing séquence of positive integers. 
Since for ail a and ail n = 1, 2, 3, . . . we know that ([4], p. 170) 

M(<r) ^ | an | exp (crX„) 

it foliows that if we taire v such that 

exp [<rv(f/. — e)] = alg_2lv, a > 1, 

then, using (1) 

Jf(<r) > (ï,_tXv)-Mi*-«> X (oïf_tXw)Mï*-«) 

= a^v/^-E) 

where 

exp x = exp (ep_ix\ e, = exp x. 

Thus 

ï^âfK)/*» ^ y- — «, v —*• oo 
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being arbitrary we get p ;> a which proves (1) of Theorem B. 
On the otherhand w e hâve. 

n, oo 
(2) M(a) < S | an ] exp (aXn) + S \an\ exp (<rXn). 

n=o «=«o+i 

Consider 

G(x) = ax — (u. + 6|"IacZ9_1a;. 

The maximum of this function is obtained for a value of x = X*, 
such that 

qlq-^X < exp i ff((i. + S) î <̂  plq-tX, ¢ ( = 1 - 6 , , ^ = 1 + £ , . 

Then for an index m such that 

Xm = max | X./^-.X, < (l - fc)-1 log (pîq-^) i, 

w e hâve 

(3) *<£(!* + e ) - M o g ( p Z ? _ 2 X * ) < ( l - ^ + 6 ) - ^ , . ^ , for ail w > w , 

where 
% + • ) < / * < % + £) + S < 1. 

Thus from (2) and (3) w e obtain on account of the définition of m 

M{a) <Ç S I an | exp (<rXH) + m exp [0(<rek^tigrll^))] 

+ S exp [-h(* + 8)-^, ,1 ,^ , ] 
n = m + i 

where c' = <7(u. + e). 
N o w fe>(îx+e)o implies the convergence of the last séries to a s u m 

£(s). The first term is a polynomial in ea. Therefore it follows that 

log M(c) < log m + 0[cek-%(q-le°')]. 

For ail large m, 

log m = log m (Xmï^-lXM)-1(Xwï,_lXm) 

< (1 + 8)6 , . , | ( 1 - / i ) - 1 log ( p ï M X * | x (1 - fc)"l log (pl,.,X*) 

< (1 + 8)(1 — fe)-1 log (pg-'e*') x ¢,-.,1(1 - fc)-l logjpgr1*0')]-
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Hence 

log M(v) < (1 + 8)(1 - hr*ek ,[(1 - fc)-1 log (pq-W)] 

x l o g ( p g - ^ ' ) | l + Oil) | . 

Thus 

lqM(^ < U - *)-'(!* + 0 + 0(1) 

< ( a + £ ) j l _ 8 ( | x + Ê ) - £ | - » . 

E be ing a rb i t r a ry , 

p < ; j . ( l —Su)" 1 . 

This proves (ii) of Theorem B. 
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