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Note on Schur’s expaunsion of sin = z.

L. Caruirz (Durham, North Carolina, U.S.A.)

Summary. - An explicit formula is obtained for the coefficients in Schur’s

expansion
oo -
sinneg= 3 4,(x(l—a))"
n=1
1. The formula
o0 1 —_
(1) sin e = nx(l — x) "[=ll (1 + :((n—-i—gﬂ)

is proved in P6LYA-SzEGO [5, p. 128, n. 227]. It follows from (1) that

2) sin nx = 0}(_). A.(x(1 — x))*

n=1

and that

4,>0 m=1,2 3 ..)

This result is attributed to ScHUR.
It is evident from (1) that

3) A =A4,=m;

however it is not clear how a simple closed form can be obtained
for A,. Such a result can be derived in the following way. We
recall (see for example 1, p. 203) that

ant1 — yn—}-l

= 2 (—1 (” - ’") (% + yir—r(zy)".

r—Y 2r<ln
It follows that

mu-rl_(l _x)"—l RS wfn—r _ »
@) = b (—1)( R )(x(l x))".

2r<<s
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Then by (4)

xcosme — (1l —x)cosn(l —x) X gt (1 — g)int)
2x — 1 ey (2%n) ! 2z — 1

(o]

=3 (—1r

7n=0 (2%)' r=0 -

r=0

Since cos n(l — x) = — cos x, this reduces to

(5) cos e = (2x — 1) § (@(1 — )" g (— 1) 2n (2” _ ’l‘),

(2n) ! r
so that

0 (x(l — )t @ ey T (20—
€  sinme=— X = 3 (- 1) (2n)!( - )

Comparing (6) with (2) we have

® e T (20—
@ r+ D4, =—n 3 (1 g (7))

In the mext place

o B S g ()

n=r
ot nm (2n — 7
—_— 5‘ — n—r —_— —_—
2= gy T)=8-1

say. Then
oo s T T Dy —r
S=n-§—o(— ! (2—”)—!520( s)("_s)
A — m (2n
=z( v = -1n—r-’5-( )
s=o \""— § 2»23( ) (2”)! s

=y (1 — 23) nEs = )"—r(;n;' (3:)

+2s§r (r —;sr—— 1) n>s (=1 (2n) ! (2s)-T- 1)

— (1) e — \omis ®© s m—1s
(=1 2ssr( Y ( 28) (28)'.%3( 1) (2n — 25)!
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” s — n:s—!—l O(‘) . s ﬂ?,,_,,_,
+=1) zsér(_ 1 ("' — 28) (28 -+ 1)! "=23‘+1 =1 — 25— 1)!

=(— 1)+ B (— 1) (1-:7 ) s

2r<s 23 (28) ! ’

On the other hand, since

3t 28 — r
T="%(— 1y~ )
s—o( ) (23) ( r
and
2s —7r
( ’ )=O (r <2s < 27),
it follows that
28 — 7
= ¥ (= 1)p—r 0).
T=2 =g (™t =9

Hence, provided r > 0,

- — (— r+41 )_“ — s Tc?s
9) S§—T=(—1) 23g( 1) Ba)t

(257

Now it is easily verified that if =0, 5>>0 and a = b (mod 2), then
—a —b L[+ b
o)+ (Ca)==r(37)
— — b b 1 a+4+b—1
R e R

s IRl )

Thus (9) becomes

(10) S—T=_ 3 (— 1y~ (2’: 23) (r < 0).

23<r (2s)!

Substituting from (8) and (10) in (7) we get

n% 9r —2s
(11) (r+1)A,+,_n2(—)W( . )
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which holds for » = 0. For example
T m?
4,—n, A —7(6——), 4,=3(10 — ),

4, :%(70 —m +2)

2. Logarithmic differentiation of (1) gives

(12) nx(l — x) cot'nx =(1—-2x){1+ °§ (— 1)l —x))*a, |,
k=1

where
1

n=1 ('”'('”' + )

Put w = a(1 — «), so that

K
M 8

x=%(1—\/1—4m).

We recall [2, p. 101] that

n n+1 @© (1),
— n . . —_— }_“ r .
e WF( g+ Pt 470) o + 1)
Differentiating we get
_ (n +2r 4+ 1)!
o == § R
so that
o] Or —
(13) (1 —ax)e” = (L — 2x) 2 (In +ar 1) whtr,
r=0 r
We recall also that
(211_”)211

nx cot mx = Z (— 1) —

n—o @n)T D

where B,., denotes the BERNOULLI number in the even suffix
notation. Then by (13)

— S ” (21':)2" S‘ 2n + 2r— 1) Mmtr o
ne(l —a)cot nr = (1 — 290)”20(—— 1) @n)! B, - ) ( r w
®© 2" (2 — 2n — 1
— - N h \‘ n
ES (1 2x)k:°'n) MS’C ) (2n)' ( k _ 2'"/ ) an .
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Comparison with (12) yields

{14) o= (—1p B (— 1@ (2k - -2—n1— 1

<k (2n)! ) B,, (k=1

This result is due to GLaisHER [3]: it has been extended by
P. K. MeNoON [4].
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