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Partial sums of coefficients 
of well-poised hypergeometric séries 

J. L . L A V O I E (Québec, Canada) (*| 

Summary. - The sum of the first n tenus of a 5^4(1) is obtained in terms 
of a terminât ing Saalschûtsian 4-F3(l). This relation, which généralises 
a resuit of Carlits, is obtained as a spécial case of a well-known trans­
formation for generalised hypergeometric séries due to Whipple. Spé­
cial cases of this formula are also discussed. 

1. W e s ta r t w i t h W H I P P L E ' S theorem ou wel l -poised sér ies [4]: 

(1) 4^.(1, " •* ' 0 = 
1 ' 4 3 \ f̂c, v, w j 

+ 
V(v + w — t)r(l + x — u)T(\ + y — u)T(l +& — u) 

r ( l + y + z — w)Y\\ + z + x — u)T(l + x + y — ujV(l — • 

X 7 F 6 , 
a, 1 + » a, w—t, v — t, x 

^a} v, w, l + y + z — u, 1 + z + x — tt, 1 + x + y — u 

where a=x+y+z— u, ti + v + w —t — x — y — z = 1, and one 
of t, x, y, z is a négative integer. 

This formula transforius a terminating Saalschiitzian 4.F3(1) into 
a well-poised 7^(1), and was used by BAILEY [1; 94] to find the 
sum of the first n terms of a Saalschiitzian 3^(1). 

Let 
/ o , , ..., a \ * (0,),....(0,), 

Then setting %i = z-\-\ and letting #-
integer, we obtain: 

•n where n is a positive 

J-n,y,t z\\ 
4 3 \ V, W, Z+l\ J 

r(t? + w — f ir(y—g)r(g + i ) r ( n + p 

( a, i + „ a, w — £, -u — ^ z 
1 

2 r t , t7, w. y — 0 — n 

where a = y — n — 1, v + w + n = y + t. 

(*) Université Laval, Dépt. de Mathématiques. 
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To préserve symmetry we Write 6 = w — t, c = v — t, and z = d; 
we thus obtain v = i + a — b, w = 1 + a — c, and y — z — n — 
1 + a— d; this yields: 

<2| 
/ a , 1 + 2 « , 

5 ^ { 1 

\ 

6, c, d 

2 a. 1 + a — 6, 1 + a — c, 1 + a — d 

_ ( 1 + g)n(i+d)u /—», 1 + a + n, l + a - 6 —c, d 
» ! ( l + a —d) n

4 »\ 1 + a —6, 1 + a —c, d + 1 

We hâve thus expressed the first n + 1 terms of a well-poised 
5F4(1), with the second parameter in a spécial form, in terms of 
a tenninating Saalschiitzian, and we note that the initial condi­
tions are.automatically satisfied. 

2. We now apply a relation between terminating Saalschiitzian 
^F3(l), given in [1; 56], to obtain a more élégant version of (2). 
The resuit is : 

<3) tFt 

a, 1 + 2 a ' b, c, 

9 a, 1 + a — b, 1 + a — c, 1 + a — d 

(1 + a)„(l + b)„(l + c)„(l + d)n 

nl(l + a — 6)„(l + a - c ) n ( l + a - d)„ 

b + c + d — a, 1 L \ /— w, 1 + a + n, 
X 4 i , 3 l 1+6, 1 + c, 1 + d 

If d = ô + ô 0 an<* ^ = 5 a *n $)» w e obtain respectively: 

<4) , ^ 
' o, 1 + 2 a> 

X , F 3 

6, c 

a, 1 + a — b, 1 + a — c 

- ( l \ 2n \ (1 + « U l + &Ml + c)„ 
V " 1 ~ a + l / / n ! ( l + a - & ) „ ( l + a — c] 

'— n, 1 + a + w, - + 6 + c — ^ a, 1 

1 + 6, 1 + c, 2 + 2 a 
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(5) F /«» b, c I \ (1 + g)„(l + 6),,(1 + c). 
' «V l + a - 6 , i + o — c | In n ! ( l + a - 6 ) „ ( l + a - c ) „ 

X ^ l 
h 1 + a + n, 6 + c - g O , 1 

1 + 6, 1 + c, 1 + \ a 

and if c = „ + 5 a, (5) reduces to 

(6) w / a ' b L \ /« | 2rc \ d + a)nd + b)„ 
•* • U + a - 6 | l)n- \L + a + l) n ! (1 + a - 6)„ 

X - F , 
— w, l + a + », 2 + 6, 1 

3 1 1 
1 + 6, 2 + 2 a ' 1 + 2 a 

Now if we let d — o o , (3) becomes: 

(7) <Ft 

(a, 1 + g a, 6, 
- 1 

5 a, 1 + a — 6, 1 + a — c 

_.r IV U + »).(* +&)•(! + «). / - « , l + o + n, Il \ 
1 ' » ! ( l + a - & U l + a - c ) I l

, * i \ 1 + 6, 1 + e H ' 

and we deduce that: 

a, 1 + ^ a, 
(8) ,F,i i 

(9) 

; a, 1 + a — 6 
( V l 1 +a + lj»!(l+a-6)„ 

/— n, 1 + a + n, 1 

•'•(t+.-il-»). 
_ , 1 1 M ( l + « U l + &)n _ 

1 ' w!(l + a —6),,3^8 

— n, 1 + a + », 1 

1 + 6, l + r,a •)• 
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Finally, it follows from (9) that 

If we let d •—*• oo in (2) we obtain a formula, équivalent to (7), 
which has already been given by BAILEY [2; 516]. He calls it a 
« curious resuit ». 

3. Starting from the formula (3), we choose the parameters sa 
that the séries on the right-hand side can be summed, and we 
use SAAL.SCHUTZ's theorem [1; 9] in the form 

(U\ F (—n, a + n, b I \ (c - 6)n(l + g — c)n 
1 ' 3 8 \ . c, 1 + a + b - c | L) (c)„(l + a + b - c)n ' 

a, 1 + g a, 6, c, d 

2 a , 1 + a — 6, 1 + a — c, 1 + a — d 

__ (1 + o)»(l + 6)w(l + c)n(i + d), 
w ! (1 + a — o)n(l + a — c)„(l + a—d)n 

provided that a = b + c + d. This resuit has recently been obtained 
by CARLITZ [3]. 

Using (11), we also hâve 

(13) 5 ^ 4 

fa, l + 2 a 6, c, d 

| a , l + a - 6 , 1 + a —c, 1 + a — d 

_ (1 + o)H(l + b)n 

w!(l + a - o ) n 

provided that a = c + d — 1 ; but (13) reduces immediately to: 

/ 

(14) i* 1 . 

a, 1 + g a, 

\ 
•a, 1 + a — 6 

1 = 
(1 + a)n(l + 6)„ 
» ! (1 + a - 6)n 

with no restriction on a. 
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From (4), we find that 

(15) 
la. 1 + 5 a, b, 

i a, 1 + a — b, 1 + a c 

= {i + a-+ï)n 
(1 + a)„(l + 6).(1 + c). 
! (1 + a - 6)„(1 + a-c)n 

provided that a = 1 + 2(6 + c). 
From (5), we hâve 

/1fi» rr (a> 6 ' C 1̂  (1 + o).(l + 6).(1-+ c). 
y ' a J ? î \ 1 + a - 6 , 1 + a - c Ljn n ! ( l + a - 6 ) n ( l + a - c ) M 

with a = 2(6 + c). 

If 6 = —„ then (6) reduces to 

(17) ,^.1 
/«, —, 

2 + a 

1 4 + ¾ 
(1 + a). _4). 

(HT 
while, for 6 = 1 + - a and b = ^ + ~ a, we obtain 

(18) * r 1 + ï " N - ( . + = ¾ ^ 
and 

(19) 
„ /a I \ (1 + a)n 

n ! 

by using SAALSCHUTZ's theorem. 
Also from (7), with c = 1 + a — b, or from either (8), with 

b = g + g a, or (9), with 6 = 1 + - a, we find that 

(20) . * • . 

fa, 1 + g a 

- 1 = ( - l ) u 
(1+a) , . 

W ! 
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F i n a l l y w e note tha t the wel l -poised 5F4(1) on the l e f t -hand 
side of (3) can be summed, w h e n »•—-oo. by a formula in B A I L E Y ' S 
t rac t [ 1 ; 27]. B u t th is séries converges ouly w h e n l + a > o + c + d 
so tha t w h e n th is condit ion holds the l imit of the r i g h t - h a n d 
side i s : 

r(l + a — 6)r(l + a — cira + a — d)r(l +g — b-c — d) 
T(l + o)r(l + a — 6 — d)r(l + a — b — c>r(l + a — c-d)' 

w h e n n —•- oo. 

4. There exis t w e l l - k n o w n formulas w h i c h expres s the s u m 
of n t e rms of an o rd ina ry hypergeomet r i c sér ies w i t h u n i t a rgu­
m e n t in te rms of au inf ini té séries of the type 3FS(1). 

F r o m . Eq. (2) of [1 ; 93], for example , wi th f= 1 + a — b and 
n replaced by n + 1, we hâve 

' • ( * ! + . - . ! ' ) . 
r(l + a + n)T(l + b + n) /a, b » + a —6 + l | \ 

n!T(l + a + 6 + n) " 3 2 \ 1 + a - b, n + a + b + 11 X j ' 

A comparison of this re la t ion w i t h our formula (6) y ie lds an 
in t e res t ing re la t ion be tween two Saalschi i tz ian séries , n a m e l y 

(21) l + o - 6 + » | \ 
3 2^ i + a - 6 , \ + a + b + n 

= (i . _ ^ L \ r d + a ~ 6)H1 + a + b + n) 
r + a + i j r ( i + a)r 

> < 4 ^ 3 

>r(l + 6)r(l + a — b + n) 

n, 1 +a + n g + 6 ' * 

1 + 6 ' 2 + 2 a ' + 2 a 

The séries 4JF3 t e r m i n â t e s wh i l e the sér ies 3 F 2 does not. 

F o r b = — ^ , the 4F3(1) reduces to u n i t y and w e h â v e 

1 
/ a i — ô ' ô + a + ^ 

(22) 32U 3 

2 + a> 2 + a + n 
1 = 

J^TIHL+I . , 
( ^ 2 ^ 1 ) ^ 5 ) ^ + 1 ^ 



3 5 2 J . L. LAVOIE 

w h i l e if 6 = 1 + ^ a , a n d w i t h the aid of SAALSCHUTZ' S theorem 
w e f ind tha t 

1 1 
/a, 1 + 

(23) tF% 

a, 1 + 2«, ™ + 2 a 

1 3 
2 « . n + gO + 2 

/ 2 M r(„ + |q + 2) 
\ « + 1 / / 1 \* 

r(o + i)r^» + go + 2j 

W e h â v e t h u s ob ta ined the sum of two par t icu lar , non- t e rmina -
t i ng , Saa lschi i tz ian sér ies of the type ^ ( l ) , wh ich are , at the 
s ame t ime, n e a r l y - p o i s e d séries of the second kind. 

I w i s h to t h a n k Professor L . C A R L I T Z for h is encouragemen t . 
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