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SEZIONE SCIENTIFICA 
B R E V I NOTE 

Generating function for a generalized function 

S. K. C H ^ T T E R J E A (Calcutta, Ind ia ) . 

Sunto. - Viene data la funsione génératrice di una funsione generaliszata 
introdotta dalV Autore. 

1. - l u a récen t pape r [1] w e h â v e in t roduced the gene ra l i z ed 
func t ion Fn

(v){x; a, fc, p) defined by 

(1.1) Fn
{r}(x; a, k, p) = x^e^D^x^^'e^') 

a n d hâve s tudied some opera t ional formulas conuected w i t h t h i s 
gene ra l i zed function. I t is of g rea t in te res t to in t roduce such a 
genera l ized function, because th is function inc ludes the H E R M I T E , 
L A G U E R R E , B E S S E L , polynomials and the genera l ized funct ion of 
•GOULD and H O P P E R [2], as spécial cases. I n fact w e note t ha t 

<1.2) Hn(x) = (-l)nFn
i2)(x; 0, 0, 1) 

(1.3) L^(X)= ^Fn^x; a, 1, 1) 

(1-4) yn{x, a + 2,b) = b-nFn<-»(x; a, 2, b) 

•(1.5) Hn*{x9 a, p) = ( - 1 W > ( » ; a, 0, p) 

w h e r e H„(x), L„n(x), yn(x. a, b) dénote the po lynomia ls of H E R M I T E , 
XJAGUERRE and B E S S E L . , aud Hn'(x, a, p) the genera l i zed funct ion 
of G-OUL.D and H O P P E R . 

The object of th is p a p e r is to give a g e n e r a t i n g funct ion for 
t h e genera l ized function Fn

{r)(x; a, k, p), w h e r e b y t he wel l k n o w n 
g e n e r a t i n g funct ions for the H E R M I T E , L A . G U E R R E , B E S S E L . polyno

mials and also for the genera l ized function of G O U L D - H O P P E R , a r e 
r ende red i n tu t i ve . A g e n e r a t i n g function for the spécial func t ion 
Fn

M(x; a — (fc — 1)», &, p) is also ob ta ined . 
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2. - If <t>(s) is de r ivab le a t z = x and ¢(¾) =)= 0, and if 

Z = X + W<£(g!), 

t hen a funct ion f(z) w h i c h is de r ivab le at z ~ x can be expanded 
by L a g r a n g e ' s formula 

/(«) = f(x) + S "£ /)»-•[ | <£(*) !"/'(*)]. 

N o w d i f fe ren t i a t ing w i t h respect to OJ and a f t e rwards wr i t ing : 
F(z) i ns tead of <5>(z)f'(z), we obta in the expans ion [3] 

L e t ¢(¾) = as*, .F(a;) = Xe e—**". Thus w e h â v e 

s = x + OJS\ 

N o w 
oo 
2JPV»(as; a, fc, p ) - , 

ra=0 n ! 

= 2 - ^ - ^ ^ 7 ) ^ ( ^ - ^ 6 - ^ ] 

= x~ae**r 2î — Z)M[(a;fe)" • x f f e"^ r ] 
n=0 **• 

= x~aepM z e 

1 -— oikzk~l 

w h e r e z = as + wgfe. 
Thus w e get t he dés i red g e n e r a t i n g function for Fn

{r)(x\ a, k^p)z 

(2.2) S *V'>(x; a, &, p)—, = - (1 - «Jto*-')-"«•*•-—r» 

w h e r e 

g — X + W0fe. 

I t is i n t e r e s t i n g to note the fol lowing spécial cases : 

(a) H E R M I T E Po lynomia l s . 
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Using r = 2, a = k = 0, p = 1, we hâve from (2.2) 

ï ' . w ( « ! 0, 0, 1 ) - = ^ - 1 

n = 0 "" 
r n ! 

Now since i/„(as) = ( ~ l)"i/V2)(a;; 0, 0, 1), and z = x + ta, we 
finally obtain 

°? HJx) • (— w)" 2 

which is the familiar generating function of the HERMITE poly
nomials. 

b) LAGTJERRE Polynomials. 

TJsing r = 1, fc = p = 1, we hâve from (2.2) and (1.3) 

Hère we hâve 

' = x + o>z i.e., s : 1 — 0) ' 

Hence we get 
-xto 

1—u (2.4) 2 Ln°(a;)w" = (1 — i»)-*-^ 
71=0 

which is the familiar generating function of the LAGUERRE poly
nomials. 

c) BESSEL Polynomials. 

Using r = — 1, fc = 2, p = 6, we dérive from (2.2) and (1.4) 

n=0 **. \05/ 

Hère we notice that 

so that we hâve 

3 = 2^(1- vr^"te^)s 

because this root tends to a; as w tends to zéro. 
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Hence we get 

(2.5) 

œ (fc0>)w 

S ~ST" #»(*' a + 2> 6> : 

= (g + ï^1 ~ 4 x w ) '<* " 4 T O ) 
i fc 

* 2x 

which is the familiar generating function for the BESSEL polyno
mials. 

d) Generalized Function of G-OULD-HOPPER. 

Using fc = 0, we dérive from (2.2) and (1.5) 

where 

Z = X + O). 

Thus we hâve 

(2.6) 1 t l ^ ) M Hn
r(x, a, p) = x~a(x + o ^ K - ^ " ' ' ' ! ; 

which is the generating function for Gould-Hopper's function 
[2, p. 54]. 

3. - In this section we shall find the generating function for 
the spécial function Fn

ir){x\ a — (fc — l)n, fc, p). From (1.1) we notice 
that 

(3.1) Fn
(r)(x; a — (k— l)n. fc, p) = x-a+<k-1)nePxrDn(xa+ne-*>xr). 

Now 
oo ( l ln 

S 2<Vr)(a:; a —(fc— l)n, fc, p) 

(3.2) 
„=o ™! 

= x~ae^ S j-î- D"(a;fl+"e-^r). 
7,=0 » ! 

Using the transformation xz = 1, we obtain from (3.2) 

1 JV'fr-'; o-(*-l)n, *,p)£j 
= 0 ™" 

= 0»+^*» S v p-2- h - (s-0-1©-'33 ). 

n=0 n! W ' 

oo 

s 
n=0 
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Now by Taylor ' s theorem, w e k n o w tha t 

1 ^ " (s) M-««--«). 
Thus we hâve 

S *•„«"(•-»; a - (fc - l)n, k, p)-
n=0 n* 

I n other words , 

oo w « 

S Fn^(x- a - ( f c - l ) n , k,p)-} 
(3.3) »=o n ! 

= (1 — 0 J x f e - ' ) - a - I e p a î r ) 1 - a - ^ A ~ 1 ) ~ r i . 
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