BOLLETTINO
UNIONE MATEMATICA ITALIANA

M. O. GONZALEZ

On the inversion of the order of
integration.

Bollettino dell’Unione Matematica Italiana, Serie 3, Vol. 21
(1966), n.3, p. 312-314.

Zanichelli
<http://www.bdim.eu/item?id=BUMI_1966_3_21_3_312_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamen-
te per motivi di ricerca e studio. Non é consentito 'utilizzo dello stesso per
motivi commerciali. Tutte le copie di questo documento devono riportare
questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=BUMI_1966_3_21_3_312_0
http://www.bdim.eu/

SEZIONE STORICO-DIDATTICA

On the inversion of the order of integration

M. O. GonNzaLEz (Alabama, U.S.A.)

Summary. - 4 formula for the inversion of the order of integration between
a real improper integral and a complex integral is extended so as to
cover the case where a factor of the integrand is not continuous, yet
integrable.

In this note we estabish conditions under which the formula
for the interchange of the order of integration

dz [ flz, HDH)AEt = | D(H)dE | f(e, t)de
J oo e ot - oo

is valid, f being continuous with respect to the complex variable
z along the smooth arc C, and with respect to the real variable
t on every interval [a, b] (# << b), while @ is only assumed to be
RieMaNM integrable om every [a, b]. In some treatises on complex
analysis this formula is established under the more restrictive
assumption that f(z, t)®() = F(z, t) is continuous in 2z and in £
See reference 2, p. 97.

1. LEMMA, - Let f(x, y) be a conlinuous function of x and y
om a<u=<b c<y=d, and suppose that ®(x) is integrable on
[a, b]. Then

) jyc;y / bf(x, Y@z = [ ':D(x)dw [y o, 9y
Yo a a Yo

where y,, Y, are any two points in [c, d).
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PRrooF. - See reference 1, p. 191.

2. THEOREM 1. — Suppose that:

1) For each value of the real variable ¢t on [a, b] the function
f(z, 1) s a continuous function of the complex variable z along the
smooth arcC:z = 2z(\) = z(A) + iy()) (x <<1=<§).

2) For each value of ze C, f(2, t) is continuous with respect
to t on [a, b].

3) The function ®(¢) is integrable on [a, b).
Then

b b
. HD = | ® s
@) 0[ J [ towat [ et [, bas

Proor. - Let

&), £) = u(@(), y(), ) + ivlz(), yA), t) = u + v
dz = [2'(\) + iy’ A)]d) = (x’ + dy')d).

Then (2) becomes

g b b g
f (&' + éy")d2 / (u + 0)P(H)di = f @(t)dat f (u 4 dv)(x" + <y')dA.

[+1

Bach side can be separated into four real integrals, and cor-
responding integrals on the two sides are equal by the Lemma.
For instance, we have

g b b e
J= 00 [uiai, yov, n00at = [@nat | o 0yuatn, 9o,

a

and similarly for the remaining pairs.

TeEOREM 2. - If f(2, t) and ®(f) satisfy the conditions of Theo-
rem 1 for each interval [a, b] (@ <b), and if in addition the integral

Jte, tyowar

converges uniformly for z e C, then

0[ dzf;(z, HO(t)dt = ..f O;(t)di f fle, bde.
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Proor. - Given ¢ >0 we have

[ fle, vty \ <e
b

for b large enough, say b>>b,, and for all ze C. Hence, by applying
MTheorem 1 we obtain, for > b,,

‘ [dsz(z, t)d(t)dt —fq)(t)dtff(z, t)dz

_ \ f dz f fia, Ho(E)dt — f de f f(, t)(D(t)dt‘

_ |0[ * [ flo, DOt | < <L(O),

where L(C) denotes the lenght of C. This shows that (3) holds.

8. ExampLe. - Let f(z, ) =1/t +2)}, ®()=P,(t)=1¢—[t] —;
and let C be the line segment connecting 1 and 2, where z +
+|2|3=0. It is not difficult to see that

[e0]
P,(tdt
(t+2)

converges uniformly for ze C. Since the other conditions in Theo-
rem 2 are obviously satisfied, we have

Jar [ 0 oo e = i
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