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SEZIONE STORICO-DIDATTICA 

On the inversion of the order of intégration 

M. O. GONZALEZ (Alabama, U.S.A.) 

Summary. - A formula for the inversion of the order of intégration between 
a real improper intégral and a complex intégral is extended so as to 
cover the case where a factor of the integrand is not continuons, y et 
integrable. 

In this note we estabish conditions under which the formula 
for the interchange of the order of intégration 

00 oo 

fdzffiz, t)4>(t)dt = fm)dtlf{e, t)dz 
C a a C 

is valid, / being continuous with respect to the complex variable 
z along the smooth arc C, and with respect to the real variable 
t on every interval [a, b] (a < b), while O is only assumed to be 
RIEMANM integrable on every [a, b]. In some treatises on complex 
analysis this formula is established under the more restrictive 
assumption that f(z, t)<P(t) = F(s, t) is continuous in z and in t. 
See référence 2, p. 97. 

1. LEMMA. - Let f(x, y) be a continuous function of x and y 
on a < x < b, c < y < d, and suppose that <î>(x) is integrable on 
[a, 6]. Then 

U) Jdyjffa y)®(x)dx=J®[x)dxjf(xn y)dy 

2/o a a i/o 

where t/0, yx are any two points in [c, d]. 
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PROOF. - See référence 1, p. 191. 

2. THEOREM 1. - Suppose that: 

1) For each value of the real variable t on [a. b] the function 
f(z, t) is a continuous function of the complex variable z along the 
smooth arcC\z = s(X) = x(k) + iy(k) ( a < X < S). 

2) For each value of z e Q, f(z, t) is continuous with respect 
to t on [a} b]. 

3) The function ¢(£) is integrable on [a, b]. 

Then 
? b 

(2) fdzjf(z, t)<J>(t)dt= [<ï>(t)dt[f(z, t)dz 
C à a C 

PROOF. - Let 

f(z(k), t) = u(x(k), y{\), t) + iv(x(k), y(l), t) = u + iv 

dz = [x'(k) + iy'(l)]dl = (x' + iy')dl. 

Then (2) becomes 
(3 b 6 p 

J(x + iy')dkj(u + iv)®(t)dt = j(S?(t)dt f(u + iv)(xf + iy')dl. 
a a a a 

Each side eau be separated into four real intégrais, and cor-
responding intégrais on the two sides are equal by the Lemma, 
For instance, we hâve 

P 6 6 p 

Jx\l)dlju(x(k), y(k), t)<b(t)dt = [®(t)dt ! x'(k)u(x(k), y(\), t)d\ 
a a a a 

and similarly for the remaining pairs. 

THEOREM 2. - If fiz, t) and ¢(£) satisfy the conditions of Théo-
rem 1 for each interval [a, b] (a < o), and if in addition the intégral 

00 

jf(z, t)Q>{t)dt 
a 

converges uniformly for z e C, then 
oo 00 

jdzjf{z, t)0>(t)dt= [q>(t)dt[f(z, t)dz. 
C à a C 
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jfi*, tmt)dt < £ 

for b l a rge enough , say &>&,, and for ail ze C. ïïence, by app ly ing 
fTheorem 1 w e obta iu , for fc > 6 à , 

oo b 

I fcfe //(0, *)<&(*)<« - /*(*)<« /"/(», Jjcfe 
C a a C 

oo 6 

= 1 fdzff(z, t)0>{t)dt—[dz[f(z, t)0(t)dt 
C a C a 

oo 

= I [dz ff[B, t)d>(i)dt I < zL(C), 
à b 

•where L(C) dénotes t he lenght of C. This shows tha t (3) holds. 

3. E X A M P L E . - Le t f(z, t) = l/(t + z)\ <S>{t) = Ptf) = t — [i\— ^. 

a n d let C be the l ine segment Connecting 1 and z, w h e r e z + 
-|- |gf|=j=0. I t is not difficult to see t ha t 

/ 
"?,(«)<« 

(t + zy 

•converges uni formly for z B C. Since the o ther condit ions in Theo
r e m 2 a r e obvious ly satisfied, w e h â v e 

s oo oo s oo 

dz , t r Px(t)àt H f f f =/™4<f̂  = «»-41 + 1K* + *) 
0 
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