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Note on some arithmetic sums

P J. Mc Carray (Lawrence, Kans., U.S.A))

Sammary. - Necessary and sufficient conditions are obtained for certain
congruences to hold involving cerfain arithmetic sums Unilary analo-
gues of some results of Carlitz and Daykin are obtained.

Let g be an arithmetic function and consider the sum

F(g, n) = = u(d)g(n/d).
din
In [1] Carlitz obtained necessary and sufficient conditions, invol-
ving the fuuction g, that

F(g, ») =0 (mod »n) for all n >1.

Some related results may be found in [4] and [5]. Earlier results
concerned with special cases of the sum F(g, n) may be found in
Dickson’s History of the Theory of Numbers, vol. I, pp. 84-86.

In this note we shall discuss several results which are of this
same type. We shall consider unitary analogues of F(g, n). Follo-
wing CoHEN [2], We call d a unitary divisor of n if d|n and
(d, nd)=1. In this case we write d||n. We can consider two
analogues of F(g, n), namely,

Flg. n) = 2 w(d)g(n/d)
dlin
and

F*(g, n) =d12| w*(d)g\n/d) .

These sums are over all positive unitary divisors d of n, and the
function p* is the unitary analogue of the MoBius function p [2,
Theorem 25]: p¥(n) = 4+ 1 or — 1 according as » has an even or
odd number of distinct prime divisors. We shall obtain neccssary
and sufficient conditious for F'(g, ) =0 (mod n) for all n>1
and for F-(g, n) =0 (mod =) for all » > 1. Actually, we can treat
both of these sums at the same time by making use of the techni-
ques of [3]. Thus, we denote by g¢r the characteristic function of
the set of k-free integers and by u;x the multiplicative function
such that for every prime p we have p*x(p®) = — 1 or 0 according
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as 1<e<<kore>k.
Set
F*(g, n) =2 we(d)g(n/d).
[1»

Then F'(g, n) = F*(g, n) and F¥g, n)= lim F¥(g, n).
Kk~ co
TerEOREM 1 - We have
F*i(g, ») =0 (mod =)

for all m >1 if and only if for all primes p and all positive in-
tegers e and t, with t not divisible by p,

g(p°t) =0 (mod p~) when e >k,

g(pet) = g(?) (mod p°)  when 1< e<k.

Proor. - If » =p*m where p does not divide m then

S dEI w¥e(d) | g(pem/d) — g(m/d) | if1<e<k
| ms
F* =
“g ) [ 2 ssudg(pmia) if o>k,
di\m

from which the sufficiency of the condition follows. Now assume
that F*(g, n) = 0 (mod ») for all » > 1. By |3, Theorem 2] we have

glm) = = Fri(g, d)qiin/d).
If » = pt where p does not divide ¢ then
glpty =2 | F*r(g, d)q(pet/d) + F*ilg, pcd)qx(t/d); .
If e> k then gx(pct/d) =0 for each d. Hence, in this case,
g(p?) =dfl F*ilg, peajgeltid) = 0 (mod p°).
If 1 < e <k then gx(p°t/d) = qkit/d), and so in this case,
g(p°t) — g(t) = a JFrilg, prajqe(t/d) =0 (mod p)

CoroLLARY. - We have F'ig, n)=0 (mod =) for all n>1 if
and only if for all primes p and all positive integers e and i, with
t not divisible by p,

g(pt) = g(t) (mod p),
(4)
g(pt)=0 (mod p¢)  for e>2.
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We have F¥g,n) =0 (mod n) for all n > 1 if and only if for all
p, e, and t, as above,

(B) g(pet) = g(t) (mod p°) for all e > 1.
If a is an integer, the fuuction g defined by

( ar if » is square free,
gn) =
lo

otherwise,

satisfies the conditions (4).

To obtain a function which will satisfy (B), we first define the
function @ to be the multipticative function such that for any
prime p, Q(p?)=p or 1 according as e=1 or e>1 Let @ be an
integer and define the function g by

g(n) = a@m» for all n > 1.

Let n = pt, where p is a prime and p does not divide £ If e=1
then g(pt) =a '@l =q@h = gil) (mod p) by Fermat’'s Theorem,
while if e > 1 then g(p“f) = a®® = g(f). Hence this function g does
satisfy (B). With g defined in this way we write F*a, n) in place
of F¥g, n).

Let R be a positive integer, w an arithmetic function, ¢ and
b integers, and set

WHw, n; a, b)= X w(d)a?© —blle),
d*e=mn
(d, R)y=1

Wwhere d*¢ =% means that d||»n and de =n, and (d, R); is the
largest divisor of d which is a uunitary divisor of E. We shall
now obtain a unitary analogue of a theorem of Davkin [4].

TaEOREM 2. - We have
S WHw, n; a,b) =0 (mod nR) for all « and b with
) a=0>b (mod R, and for all n > 1 such that each prime
edivisor of (n, R) divides both n and R only once.
if and only if

(D) 2 w(d)=0 (mod n) for all n > 1 such that (n, B) = 1.
d||n
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Proor. - Let r=(n, R) and write # =mr. Then (m, R)=1
and we have d||n and (d, R}, =1 if and only if d||m. Hence

WH*w, n; a, b) = £ n(d)(a®Eel) — pAelQ(r)
d¥e=m

= 3 m(d) 3 | F¥a@), 5) — FHbA, 5)}

d¥e||lm sife
= I | F¥aQw), t)— F*b, §)] = w(d).
s¥l=m
Now assume (D) and the conditions on @, b, and # of (C). Then
(D) and the Corollary to Theorem 1 imply that WHw, n; a, b) =
=0 (mod m). If pl(n, B) then p|Q() and so a@e Qr) = pQle)Qlr}
(mod p?. Hence WH*(w, n; a, b)=0 (mod 7R), and so (C) holds.
Now assume (C) and let (n, R)= 1. Then d||n and (d, R), =1
if and only if d||». Therefore,

2 | F*¥aQ", e) — F*bQ\7, )| = w(s) =0 (mod nR).
s|]d

d*e=n
The result now follows by induction on %, arguing as in the last
part of the proof of the theorem in [4]. and using the Corollaiy
to Theorem 1.

The function p* and the unitary analogue of the Euler fun-
ction, ¢* are two functions which salisfy (D) [2, Corollaries 2.1.1
and 2.1.2].

Simple examples show that this result is the best possible in
the sense that if some prime divisor of (n, B) divides either n or R
more than once, then the congruence of (C) may not hold.
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