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Combinatorial equivalents of certain theta formulas.

by L. Caruirz (Durham, North Carolina, US A.)

Sammary. - The paper contains a combiuatorial theovem equivalent to
the theta formula (5) below.

Put

oo (o]
(1) H (1 + wnyn—-l)(l + xu—]yn) — 2“ oc[m, n)a:"'y",
n—1

™, n=0

so that «(m, n) is the number of partitions of (m, n) into distinet
parts

@) (@a—-1), b—1,8 (@ b=12 3, ..).

The writer [1] showed that the Jacosr theta formola
<o [e2]

(3) H (1 — q!ﬂ) (1 + q21l+lt) (1 _I_ q!vl—lt—l) + 2 qn’tn
fn=1 n=—00

is equivalent to
1
() alm, n)=pn— 50 —m)(n—m+1)),

where p(n) denotes, as usual, the number of unrestricted partitions
of n. BE.M. WricHT [4] has given a combinatorial proof of (4);
CHEEMA [2] has given a combinatorial proof of a different formula
that is also equivalent to (3).

It may be of interest to state combinatorial equivalents of other
identities involving theta functions. For simplicity and concreteness
we shall limit ourselves to the following identity [3, p. 468]:

(6) 18] + 141 = (31" + 141

where
fri = &, (w)3, ()9, () ¥(2),
fri’'= ¥, ("W (x)9,(y)5. @),
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and
W=—wt+ax+y+=z

22’ =w—x+y+=2
© Y =wt+ax—y+2

’

W=wtrt+y—-=
We recall that

o]
ﬂ.a(x) = E (1— q"n) (1 + q‘zn—le':z’ (1 + q‘zn—le—'.‘m),

©
3“(.’1:) —_ 1'[ (1 —_ q!n) (l — qm—le‘i.v) (1 _ q*n—-)e—?w).
n=1
If we put
(7) a=ce', b=e"", c=e", d=ev

{3} and |4} become

ﬁ H]_ — q!n)q H d(l + q!n—la)(l + qtn—la.—l)l

n=1 a,b,c,
and

lgi, ‘(1 - q°11)4 H (l _q!n—la) (1 —_ qin—la—l)l’

®,0,¢,

respectively. Thus (5) becomes

(8) ﬁ 1 (1 +q"""a)(1 + qsvz—la—|)+

n=1 a,b,c.d

+ ﬁo i 1— qen_la) (1— qin—la—l) —

n=1 a,b,c,d

=0 I (g a) 1+ e +

n=1 a.b,c,d
o
+ H H (1 — qm—-la') (1 — q!u—la'—l)’
n=. a,b,¢,d
where
,(9) a' = e!iw" b = e!mc’, ¢ = e‘hy', d = e,
We now put

(10) q = XXX, 2,374

17

235
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and

11) a=2z2x,2, 72, b=2xxx,~"!, ¢=xx,x,~', d=2xxx,~"
Then by (6), (7), (9) and (11) we have

(12) a'=x2, 2, b'=2x2, 'a;, ¢'=xyx,"'x,, d'=axx,'x,.

Substituting from (10) and (11), the left member of (8) becomes

(o]
(13) l]’ H (1 + x?"—'xo”‘xl”‘x,”"*xa"‘—'xf"—‘)
n=1 1,2,8,4
(1 _l_x!n—lxo!u—-'xlZn—?x!'znxa!u—lx‘en—l)

[o.2]
+ [‘l ]I (1 _ xzu_.lxo!nxl!nx xu—?x —1g ?H—l)
2 3 4
n=1 1,2,8,4
(1 _— miu-—lxo?n—-'_’wl!n—-?x’xu—lxa?n—-lx‘zu—l),

where [I indicates that the product is extended over the cyclic
1,2,8,4

permutations of 1, 2, 3, 4.
Similarly, by (12), the right member of (8) becomes

o0
(14) H '[[ (1 + x!n—lxoﬂtxlEn—?xz‘znxazn—Ix‘?n—l)
n—1 1,2,8,4
(1 + x?n—lxotn—ﬂxl2nx22n—!x39n—lx‘?n—l)

o0
2=l 2o 2N—2.0 TN e 21i—1ge 2M—1]
—{—II1 II‘“(I—x 2,2, T 2, g, 2 g B
#=1 1,2,8,
Nn—1 M—270 M 2N—2,0 210 N~]
(1 — ', X, M, e, x, ).

If we put
o]
(15) H 113 4(1 _|_ x?n——lx"!nxlmlxzin—!xssn—-lxlln—l)
n=1 1, 2,8,
(1 + x?n—lxom—?xlzn—:mzznxaen—lx‘m—l)

©
= 3 a(n, By, N, Ny, Ny s NLL X P X,PX P20,
BBy eeey B,=0

it is clear that «(n, n,, n,, n,, #;, n,) is the number of partitions
of (n, n,, n,, n,, n,, n,) into distinct parts of the following kind:

(w, ut+e, ut+e, u e, u, ), (4, ut+e, u, ut+e, u-¢€, u),

(16) {

(u, u-te, u, u, ut+e, u—¢€), (u, ute, u—e, u, 4, u+€),

where =1, 3, b, ... and € = == 1. Thus (13) becomes

(o]
13y 2 bH 20, n,, N,, N,, Ny, BT ... M.
9, NGy eeey Bg=0
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On the other hand, if we put

[o0]
(17) l[ I'I (1 + x?ﬂ-—lxolﬂxl?"—2x2211x32n— lx‘ﬂn—l,
n=1 1,2,8,4
(1 + x:’.nlxoin—*xl211,”’111—?xasn-—la.‘ln—l)

oo
= z Blm, mo, My, My, My, NNT"TMX,BX M0,
8,90 5 o0y =0

it is clear that B(n, n,, »,, n,, n,;, n,) is the number of partitions
of (n, ny, n,, Ny, My, n,) into distinct parts of the following kind:

(u, u—e, ute, u—e, u, u), (w, v €, u, ute, u—e, u),
(18)
(v, u—e, u, w, ut+e, u—e), (w, u—e, u—e, u, u, u+t¢€),

where u=1,3, 5, ... and € = =*1.

Note that in comparing (16) and (18) the only change is the
sign of € in the second blank.

Thus (14) becomes

[ee)
(14y 2 2 B2n, ny, 1, Ny, Ny, BHETMo .. M.
7,75 5000y B3=0

Comparing (14)’ with (13)’ we get
(19) «(2n, n,y, n,, Ny, N, n) = P20, ny, n,, n,, ¥y, v,
that is, the number of partitions of
@n, ny, n,, ny, 03, n,)

into distinct parts (18) is equal to the nmumber of partitions into
distinct parts (16).

If in place of (10) and (11) we take
q = Ty, X423
and
6 =2, 'w,x2,, b=z, w2, ¢c=xxx,"'%,, d= X252,
which implies
a'=zx" b=gx? c=x° d=2

we get another result like (16) concerning partitions of vectors

(#, n,, n,, ny, n,); however the - parts» are less symmetrical than
(16) and (18).
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