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Maximal subgroups of the kernel 
of a semigroup with left zeroids 

CHARLES W. LEININGER (Arlington, Texas U S.A.) 

Suiitmary. - We consider the existence and uniqueness of and partition 
by, maximal subgroups of the kernel. 

By a left (right) zeroid of a semigroup S is meant an élément 
X of /S such that for each a in /S, X is in Sa (aS). A zeroid of /S 
is an élément of S which is a left zeroid and a right zeroid. 

Semigroups with zeroids were investigated by CLIFFORD and 
M I L L E R [1]. They found that a semigoup 5 coutains a left zeroid 
if and only if it contains a uuiversally minimal left idéal L, and 
then L consists of ail the left zeroids of S. Furthermore they 
showed that if a semigroup S contains -a left zeroid and a right 
zeroid, then each one-sided zeroid is a zeroid, and that if /S con­
tains a zeroid, then there in an idempotent élément e such that 
Se = eS = K = Z7, where K dénotes the kernel, and U the subgroup 
of zeroids, of S. I t is also true that L is a right idéal of /S and 
that L = K [2, p. 70J. 

In this paper it is assumed that S contains a left zeroid X. It 
follows directly fjom the above results that /SX is the universally 
minimal left idéal of left zeroids of S, /SX = K and AS £ /SX. 
Consequently the existence of an idempotent left zeroid e is neces-
sary for eS to be a maximal subgroup of K. We show that it is 
also sufficient. After considering the uniqueness of maximal 
subgroups, we establish the existence of a subsemigroup of S of 
which eS is the zeroid subgroup and find conditions such that K 
is partitioned by the collection of its maximal subgroups. 

It will be convenient to state the following lemma which is 
adapted from CLTFFORD and PRESTON [2, p. 22]. 

LEMMA. - If e is an idempotent élément of a semigroup 
S, then (i) if a is in eS, a = ea\ (ii) if b is in /Se, 6 = be; (iii) eSe = 
eS n Se. 

THEOREM 1. - If S is a semigroup containing a left zeroid X 
and an idempotent e, then the followiug state ni ents are mutually 
équivalent: 

(i) e is a left zeroid of S; 
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(ii) eS is a maximal subgroup of Se; 

(iii) Se = K. 

PROOF. - Suppose (i) is true. If e is the zéro of S, then e = 
eS = Se. If e is not the zéro of /S, then S contains no zéro, 
s ince if z is the zéro of a semigroup, then z is its only zeroid. 
Since Se is a minimal left idéal of S, it follows from a theorem 
of R. J. K O C H [4] (stated in [2, p. 84]) that eSe is a maximal 
subgroup of /S. But e S ç S e , so that from the Lemma eSe = eS. 

Suppose (ii) is true. There is an x in eS such that x - eX = e. 
But eX is a left zeroid of S, so that if a e /S, there is a t/ in S 
such that ^a = eX. Hence xy • a = e and e is a left zeroid of S. 

If e is a left zeroid of S, w e hâve noted above that Se = K. 
If Se = .K, then Se = SX and each élément of Se is a left zeroid. 
Therefore (i) and (iii) are équivalent. 

If there is only one idempotent left zeroid in /S, then the 
maximal subgroup of the kernel K of S is K; otherwise each two 
maximal subgroups are isomorphic. 

THEOREM 2. - If S is a semigroup which contains araoug its 
left zeroids only one, denoted by e, which is idempotent, then eS 
is the subgroup of zeroids of S. 

PROOF. - It is s h o w n by D. F. D A W S O N [3] that e is a zeroid 
of S. Since from Theorem 1 eS is a maximal subgroup of Se and 
5e = K, it is the zeroid subgroup of /S [1, p. 120, Theorem 2], 

THEOREM 3. - If each of e and / is an idempotent left zeroid 
of a semigroup S, then eS and fS are isomorphic and disjoint. 

P R O O F . - Since Se = S/, according to the Lemma ef — e and 
fe = f. Hence fS = f . eS and eS = e - fS. tf X e eS, then fk e /S , and 
if [A€ /S , then e^e eS, so that f • eu. = /<A = (A. Similarly the map-
ping e:fS-+eS is onto eS. N o w fXe S/, whence / X / = / X . If 
X'eeS, then f. XX' = /X . /X'. That eS and / S are disjoint follows 
from Theorem 1 and [2, p. 22, Theorem 1.11]. 

There is however a subsemigroup Se of S such that eS is the 
subgroup of zeroids of Se. With Se = \x: xe S, xee eS\ w e hâve 
the fol lowing theorem. 

THEOREM: 4. - If e is an idempotent left zeroid of a semigroup 
S, then Se is a subsemigroup of S and eS is the zeroid subgroup of Se. 

PROOF. - If x e Se and y e Se, then xy • e = x • ye = x • ê /e = 

xe*ye. Since eS is a group, xy*eeeS and S, is a semigroup. If 
a e S,, then from the Lemma w e hâve ae = e • ae = ea • e = ea. 
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Hence there is an x in eS such that xe - a = x • ae ~ e. But if 
xeeS, then xe • eeeS and xee Se. Therefore e is a left zeroid of Se . 
Suppose f is a left zeroid of Se. ,'/* = / and / 4 = e * Since /e e eS 
and /e = f, w e hâve the contradiction of a group with two idem-
potents. It follows from Theorem 2 that eSe is the group of 
zeroids of Se. F inal ly , if x e eS, then x = ex and, since eScSe, 
xe = ex. Thus xe Sei whence xe eSe and eSe = eS. 

There remains for considération the partition of the kernel K 
of S by the collection of its maximal subgroups. Let Q = 
j e : e e K and e* = e | and let P = | eS : e e Q | . 

THEOREM 5. - If S is a semigroup which contains an idempo­
tent left zeroid e, then the fol lowing two statements are équivalent: 

( i ) lTçUA; 
(ii) P is a partition of K. 

PROOF. - Suppose (i) is true. If ee Q and f e Q, then by Theorem 
3 eS and / S are disjoint. If e e Q and Xe K, then Xe = X, s ince 
K= Se. There is an e in Q such that X e Se and X = XeeeS . Since 
eScK, [}eeS = K. 

Suppose (i) i s false. Then there is a X in K such that if 
e e Q, Xe^eS. Since X = Xe, P is not a partition of K. 
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