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On subgroups of semigroups

Davip F. Dawson, (Denton, Texas, U.S.A.)

sSummary. - Some conditions are given under which the set of left zeroids
[1] of a semigroup 8 i8 a subgroup of 8. In particular, one of the con-
ditions implies that S is a group (Theorem 2), and this result is on
ezxtension in a different direction from the author’s earlier ewxtension
[3] of a theorem of Gallarati.

Throughout, S denotes a semigroup with a left zeroid [1] and
L denotes the set of all left zeroids of S. In fthis note we
determine some conditions under which L is a group. Two of the
conditions imply that S =L and S is a group (Theorems 2 and 5).
We omit dual statements and their proofs.

THEOREM 1. — If L contains a regular element p of S [2, p. 26]
such that the element xe S for which p = pap is unique, then L
is a group.

ProoF. - Since p = pxp, We have xp = xpxyu, and so xw is a
left zeroid idempotent of S, since ap. e Sp. = L. Let e = ap. Suppose
| is a lelt zeroid idempotent of S. There exists k€S such that
kp=f We note that f is a right identity of Sf= L. Thus
wky = pf = p. Therefore k = x by the uniqueness property in the
hypothesis, and so f=e. Hence S has only one idempotent in L,
namely e. Therefore e is a right zeroid of S [4]. Thus L is the
group of zeroids of S [1].

REMARK. — CLIFFORD and MiILLER [1] showed that if S has a
left zeroid and a right zeroid, then every left or right zeroid of
S is a zeroid of S, and the set of zeroids of S forms a subgroup
of S. We can easily show that if L is a group, then every left
zeroid of S is a right zeroid of S. To this end, suppose L is a
group, p € L, and xe€ S. Then ape L and there exists ye L such
that p = (xp)y = x(py) since L is a group. Thus p is a right
zeroid of S.

THEOREM 2. - Suppose peL and for each beS the solution

xeS of xb=yp is unique and if there exists ye S such that
by = p, then y is unique. Then S is a group.
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Proor. - Let keS such that kup =y and let ¢ = kp. Then
ee L and ee = e by the left uniqueness property, since eep = ey =
¢. It follows from a lemma in [4] that Se is regular. Thus
since Se =L, there exists 2€ S such that w = pxp. Suppose
y €S such that p = pyp. By the lelt uniqueness property, e = px
and e = py. Since e is a right identity ol Se and pe Se, we have

=pe=ppx and p = pe = ppy. Hence by the right uniqueness
property, * = y. Thus by Theorem 1, L is a group, and by the
remark following the proof of Theorem 1, i is a zcroid element of
S. Therefore by a theorem of Garvarari 5], § is a group.

TrEEOREM 3. — If L contaius a normal element, i.e., there exists
€ L such that p, = Ly, then L is a group.

Proor. - Let » be a normal element of L. We mnote that
Lp. € Sp = L. Suppose a € L. There exists ze S such that zpp =«
Thus « € L since zpe L. Hence L < Lp. Therefore pLi = Ly = L.
There exists x €S such that appw =, and there exists ye L
such that (xp)p = py, since Ly = pL. Hence p = appp = pyp, and
so w is a regular element of L. We note that e=py is a left
zeroid idempotent of S. Suppose be L. There exists f{e L such
that B = pi since L = pL. Thus ef = e(pi) = (py) (wl) = (pyp)t = wt = B.
Hence e is a left identity element of L. Recalling that ye L, we
can find we S such that wp =y. Thus (pw) =py =e¢, and pwe L
since L is an ideal of S [1]. Hence e is a left zeroid element of
the semigroup L. Thus the semigroup L contains a left identity,
with respect to which each element of L has a left inverse in L.
Therefore L is a group.

CoroLLARY. ~ 1If L contains a mnormal element, then every
element of L is a normal element of S.

Proor. - From the hypothesis and Theorem 3, we see that
every element of L is a normal element of L. Let we L. We note
that pS o pL. But L is an ideal of S [1], and so xS < L. But from
the proof of Theorem 3, L = nL. Hence pS = pLi = L = Sy, and p
is a normal element of S. This completes the proof.

K. Isek1 [6] defined a relation « <» on the nonempty set of
idempotents of S as follows: e<f if and only if ef=e We
conclude with two theorems concerning ISEKI’S relation.

THEOREM 4. — If L contains an idempotent and S contains a
unique least idempotent, then L is a group.

ProoF. - Let e be the unique least idempotent of S and let f
be an idempotent in L. Suppose ee S — L. Since e < f, we have
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ef =e. But efeSf =L, which contradicts the assumption that
e€ S — L. Thus ee L. Hence e is a zeroid of S [4], and so L is a
group [1].

THEOREM 5. - If § is regular and contains a unique greatest
idempotent e, then S is a group if ee L.

PRroor. - Suppose f is an idempotent in L. Then f is a right
identity of Sf = L, and so ef =e, which means that e <<f. But
since «<» is transitive and e is the unique greatest idempotent
of S, we have f =e. Thus e is the only idempotent in L, and so
e is a zeroid of S [4] and L is a group [1]. Suppose g is an
idempotent in S — L. Then g <e and so ge=g. But gee Se= L
and we have a contradiction. Thus S — L contains no idempotent.
Hence e is the only idempotent of S. Suppose S=4= L. Let be S — L.
Then there exists x €S such that b = bxb since S is regular. But
xb is an idempotent and so xb=e. Thus b = bee L, which is a
contradiction. Hence S =L and S is a group.
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