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On subgroups of semigroups 

D A V I D F. D A W S O N , (Denton, Texas, U .S .A. ) 

S nui niai1 y. - Some conditions are given under which the set of left zeroids 
[1] of a semigroup 8 is a subgroup of 8. In particular, one of the con­
ditions implies that S is a group (Theorem 2), and this resuit is an 
extension in a différent direction from the author's earlier extension 
[3] of a theorem of Galîarati. 

Throughout, S dénotes a semigroup wi th a left zeroid [ l ] and 
L dénotes the set of ail left zeroids of S. In this note w e 
détermine some conditions under Avhich L is a group. Two of the 
condit ions imply that S — L and S is a group (Theorems 2 and 5). 
W e omit dual statements and their proofs. 

THEOREM 1. - If L contains a regular élément (/. of S [2, p. 26] 
such that the élément xe S for which ^ = ^ ^ is unique, then L 
is a group. 

PROOF. - Since [/. — fj-œj/., we hâve xp = xpxu., and so x\*. is a 
left zeroid idempotent of /S, since xpe S\L = L. Let e = x\t.. Suppose 
/ is a left zeroid idempotent of S. There exists feeS such that 
kp = /. W e note that / is a right identity of Sf = L. Thus 
{/.fcf/. = [/./ = jx. Therefore k = x by the uniqueness property in the 
hypothesis , and so f = e. Hence /S has only one idempotent in L, 
namely e. Therefore e is a right zeroid of /S [4]. Thus L is the 

group of zeroids of S [1]. 

R E M A R K . - CLIFEORD and M I L L E R [1] showed that if S has a 

left zeroid and a right zeroid, then every left or right zeroid of 
S is a zeroid of S, and the set of zeroids of S forms a subgroup 
of S. W e can easi ly show that if L is a group, then every left 
zeroid of S is a right zeroid of /S. To this end, suppose L is a 
group, [ A 6 i , and xeS. Then xpeL and there exists yeL such 
that [/. = (xp) y = x ([XÎ/) since L is a group. Thus [JL is a right 
zeroid of S. 

THEOREM 2. - Suppose u.e L and for each be S the solution 
xeS of xb = [A is unique and if there exists y e S such that 
hy = [A, then y is unique. Then S is a group. 
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PROOF. - Let keS such that ku.\t. = JA and let e = ky.. Then 
eeL and ee = e by the left uniqueness property, since eey. = ep. = 
JA. I t l'ollows from a lemma in [4] that Se is regular. Thus 
since Se = L, there exists x^ S such that y. = [ASCJA. Suppose 
y e S such that [A = ^[/ . . By the leit uniqueness property, e = px 
and e = y-y. Since e is a right identity of Se and peSe, we hâve 
[x = ji.e = [A[AO? and JA = [xe = [ A ^ . ïïence by the right uniqueness 
property, x = y. Thus by Theorem 1, L is a group, and by the 
remark foiiowing the proof of Theorem 1, [A is a zeroid élément of 
S. Therefore by a theorem of GALLARATI [5], /S is a group. 

THEOREM 3. - If L contains a normal élément, i.e., there exists 
[Agi/ such that [AL = Lu*, then L is a group. 

PROOF. - Let [A be a normal élément of L. We note that 
L[t. c /S[A = L. Suppose a e L There exists ze S such that 2[A[A = a. 
Thus ae£[A since zpeL. Hence L C L | A , Therefore [Ai = £|A = L. 
There exists x e S such that O:[A[A(A = ^ and there exists yeL 
such that (a;fAj[A = py, since L[A = [A.L. Hence [A = ar|A[A|A = \*.y\t, and 
so [A is a regular élément of L. We note that e = \t.y is a left 
zeroid idempotent of S. Suppose p e L. There exists te L such 
that p = ^ since L = f/X. Thus ef* = e([A*j = (^ ) [ut) — (\t-yp)t = \t.t = p. 
Hence e is a left identity élément of L. Becalling that yeL, we 
can find we S such that w$ = y. Thus (fAw)fJ = ^ = e, and pweL 
since L is an idéal of S [1]. Hence e is a left zeroid élément of 
the semigroup L. Thus the semigroup L contains a left identity, 
wilh respect to which each élément of L has a left inverse in _L. 
Therefore L is a group. 

COROLLARV. - If L contains a normal élément, then every 
élément of L is a normal élément of S. 

PROOF. - From the hypothesis and Theorem 3, we see that 
every élément of L is a normal eltment of L. Let peL. We note 
that (A/S 3 jxL. But L is an idéal of /S [1], and so p i S c L But from 
the proof of Theorem 3, L = [AL. Hence \tS = [AL = L = /S[A, and [A 
is a normal élément of S. This complètes the proof. 

K. ISÉKI [6] defined a relation « 5^ » on Ihe nonempty set of 
idempotents of S as follows: e<if if and only if ef = e. We 
conclude with two theorems concerning ISÉKI 'S relation. 

THEOREM 4. - If L contains an idempotent and /S contains a 
unique least idempotent, then L is a group. 

PROOF. - Let e be the unique least idempotent of /S and let / 
be an idempotent in L, Suppose ee S — L. Since e < i / , we hâve 
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ef = e. But efeSf = L, which contradicts the assumption that 
eeS — L. Thus eeL. Hence e is a zeroid of S [4], and so L is a 
group [1]. 

THEOREM b. - lî S is regular and contains a unique greatest 
idempotent e, then S is a group if eeL. 

PROOF. - Suppose / is an idempotent in L. Then / is a right 
identity of Sf = L, and so ef = e, which raeaus that e <^f. But 
since « ^ » is transitive and e is the unique greatest idempotent 
of S, we hâve f = e. Thus e is the only idempotent in L, and so 
e is a zeroid of /S [4] and L is a group [1]. Suppose g is an 
idempotent in S — L. Then g^e and so ge = g. But geeSe= L 
and we hâve a contradiction. Thus S — L contains no idempotent. 
Hence e is the only idempotent of S. Suppose S 4= L. Let be S — L. 
Then there exists xeS such that 6 = bxb since S is regular. But 
xb is an idempotent and so xb = e. Thus 6 = 6eeL, which is a 
contradiction. Hence S = L and S is a group. 
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