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Functions Linearly Continuous on a Prodnct of Baire Spaces 

by W. W. COMFORT (1) 

Siimmary. - The author uses the topoîogy deflned by the family of linearly 
(ie., separately) continuons fonctions on a finite prodnct of Baire 
spaces to obtain a généralisation of a mitch-studied theorem of 
Sierpinski. 

I n t r o d u c t i o n . - A theorem of S I E R P I N S K I asserts that a real-
valued fonction on Rn

9 if it is continuous separately in each of 
its variables , is determined by its values on any dense subset of 
Rn (see [5]). N e w proofs appear in [6| and [3]; more recently 
G O F F M A N and N E U G E B A O E R , by carefully analyzing their own 
(new) argument, hâve obtained a substantial generalization of 

S I E R P I N S K I ' s resuit (see [2]). 
The présent generalization, though stated not to include the 

resuit of [2 ] , is applicabl-3 to a broad class of spaces not handled 
ay an y of the authors cited above (see 2.5 below). Our approach 
is e l ementary: W e consider the topoîogy defined by the family 
of ail functions l inearly continuous on the g iven product space, 
aud w e show that each nonempty set which is open in this 
topoîogy contaijis a nonempty set which is open relative to the 
usual product topoîogy. 

Déf in i t ions a n d Notat ional Convent ions . - Though the expres­
s ion « separately continuous » seems préférable, w e adopt in our 
first définition the terminology of [2] . 

D É F I N I T I O N . - A fuuction f on a topological product space 
n 

X = Il Xk into a topological space Y is said to be l inearly con-
fr-i 

t inuous if for each s = (5^, gf2, . . . , zn) in X and each k the map 

is continuous from Xh into Y. 

D É F I N I T I O N . - The topological space X is a B A I R E space if 
each nonempty open subset of X is of second category — i .e . , if 

(*) The author was supported in part by the National Science Foun­
dation, U . S . A., under uontract N S F - G P 2200. 
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the countable intersection of deuse open subsets of X is dense 
in X. 

DÉFINITION. - (OXTOBY. See [4]). A subset cB of ^ is a pseudo­
base for the topological space iX, ^f) provided 

U) 0 £ & ; and (2) if 0=J=Ua$f, then B <= U for some BsÊB. 

In Avhat follows we will be concerned with a fi ni te family 
; (Xh. ^k) Ii<ft<n of topological spaces, and the symbols X, c5K, ^ 
and % will be used in connection with this family. The symbol 

« 
X will always dénote the cartesian product H Xk. and cîf the 

product topoîogy on X; W is the set of linearly continuous real-
valued functions on X, and % is the sm al lest topoîogy on X rela­
tive to which each elemeut of S7 is continuous. 

1. - The resul ts . For èach x in X f in W and s > 0, the set 
N(x, f, s) defined by the identity 

N[x, f. s| = Ij /eX: | fix) — f[y) | < e î 

is clearly ^-open in X and the family cB of ail such subsets of 
X is a subbase for tT. AVe first strengthen this resuit. 

1.1. LEMMA. - eB is a base for %. 

PROOK. - The resuit follows easiiy from 3 G of [1], In détail, 
let ztN[xx, A, ÊJ) 0 («!) A» £Î) a l l d f o r ! < ! & < ; 2 set '1A = e* — 
— I M 3 5 *) ~ fkW I » s o t l i a t 

zt n #(*. A . *u)C n #(«*, A, «*J. 
fr=i fe=i 

With gA. = | /i — Al2') I ^ r l < f c < 2 and ( / = 0 , V Pi "nd 
6 = min('/jw /îj), we hâve 0 s cF and hence N(z, g, e)e cB. The relation 

zsN{z, g, s ) c n tf(*. A-, '^) 
fe=i 

complètes the proof. 

1.2 THEOREM. - Let X, and X2 be BAIRE spaces and let A"-> 
admit a countable pseudobase. Then for each point (ju,, »j) in Jï, 
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each f in cF, and each e > 0 , we hâve 

i n t ^ N((px. 02), f, e)4=0. 

PROOF. - There is a neighborhood Ux of pl such that 
\fixi, Pt) — fiPn PÎ) I <-l2 whenever xxz Ux. If | C A U ^ < ^ is a 
pseudobase for Xt, then there is for each xx in JSC, an integer k 
such that 

(*) 1 A*i. *«) —f(*i, P«) I <«/a f o r e a c h *t i» c 4 . 

00 

Let Y,. = | xà» U", : (*) holds i. Then [) Vk=Ul9 so int cl Vn=$=& 
fc=i 

for some integer n To complète the proof, it will suffice to show 

(**) (clVn)xCn<zNiiPl,pt), A •). 

To tins end, let xvt cl V„, say xx = lim a?« where each a^eV*. 
a 

For each xteCn we hâve /(asM aï,) =limf(x*, x%) and /'(«i, »2) = 
a 

= lim(/(x*, pt). Since 
a 

| f (as*, cr,) — f (a;*, j)t) | < e/2 for each «, 
we hâve \ fixti xt) — /"(a;,, ps) | ^ e/2 whenever os,ccl Vn and 
ac2e C„. For such (xlt xt), then, We hâve 

I « * , , »,) - f<Pi, ft) I < s/2 + | f (*,, Pi) - HP. , Pi) I 

< £ / 2 + £/2 = £, 
so that (**) holds. 

1.3. - Our aim is to show that if X is a finite product of 
B A I R E spaces ail but one of which admit a countable pseudobase, 
then each nonempty ^-open subset of X has nonempty $f-inte-
rior. The proof dépends ou the following observation (in which, 
of course, the symbols need not hâve the highly restricted mea-
ning assigned to them above), and on a resuit of OXTOBY which 
we state in 1.4 below. 

LEMMA. - Let % and fy£ be topologies for a set X, and let 
% o ^ . Suppose that each nonempty ^-open subset of X has 
nonempty ^C-interior. If (X, Qt) is a BAIRE space, then (X, %) is 
a B A I R E space. 
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PROOF. - We show first that if D is a ÏT-dense. *£-open subset 
of X, then the ^f-open set i n t ^ D is ^f-dense in X Indeed. if 
0 4 = ^ £ ^ , then f /s^ and D 0 U is nonempty and "6-opeii. so 
that intolf [D H t / ) 4 = 0 ; that is, U n int^fJD^O. 

JNTOW let \ Dv î i^noo be a séquence of 'fo-dense. ^-open subsets 
of X, and let 0=\=TE^. Each set int^D,, is ^f-dense and ^f-open, 
and h i t ^ T ^ 0 . Thus 

( in t^T) H H i n W D ^ e , 
n 

so surely T Ç\Ç\Dn^=Q. 
n 

1.4. - The forni of OXTOBY'S resuit best suited to our needs 
is a direct conséquence of his Lemma 2.5 and Theorem 3. We 
shall refer to it later as « OXTOBY'S theorem ». 

THEOREM. - (OXTOBY. See [4]). - The cartesian product of a 
countable family of BAIRE spaces. each of which has a countable 
pseudobase, is a BAIRE space with a countable pseudobase. 

1.5. THEOREM. - Let (X,. ^l\) be a BAIRE space, and for 
2<rfc<Tw let (X4., ^ik) be a BAIRE space with a countable 
pseudobase. Then each nonempty 'b-open subset of X has nonem­
pty ^U-interior. 

PROOF. - We proceed by induction on n. The assertion is true 
for n ~ 2 by 1.1 and 1.2 above, and we shall suppose the 
theorem true for n = m > 2. We consider the case n = m -\- l, 

so that X = n Xjfc and W dénotes the familv of linearlv COllti-

nuous real-valued functions on X. 

Let X' = (1 Xk , let ^ f be the product topoîogy on X', and 
k~i 

let %' be the topoîogy induced on X ' by the family of linearly 
continuous real-valued functions on X' . Then (X', ^f') is a BAIRE 

space by OXTOBY1 s theorem, so (X', %') is a BAIRE space by the 
inductive hypothesis and lemma 1.3. 

To complète the proof, it is (according to l.l) sufficient to 
show that for each p in X, each f in S7, and aach s > 0. we hâve 
intjjf S [p. f, £)4=0. We consider that product topoloiry ou the 
space X ' x X m 4 _ , which this space receives when X' marries the 
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topoîogy %' and Xw4., carries the topoîogy ^fm+1. The function 
/, considered for the moment as a function of two variables, is 
linearly continuous on X ' x X m + 1 , so that by the case w = 2 of 
the présent theorem there exist nonempty sets Ts, %' and 
Um+ltWm + l such that 

T X D"m+1 c N[p, f, E). 

m 

But T contains a nonempty set of the form H Uk with each 

Uke
(3Mk, so that 

m-j-l 

2. Corollaries and Remarks. - Our first corollary, a gênerai-
ization of the SIERPIJNSKI resuit quoted earlier, is similar to 
theorem 1' of [2]. 

2.1 COROLLARY. - Let X! be a BAIRE space, and for 2 < f c < w 
let XA be a BAIRE space with a countable pseudobase. If two 
linearly continuous real-valued functions agrée on a ^f-dense 

n n 
subset of Tl Xk, then they agrée throughout n Xk. 

fc=l k—i 

PROOF. - The subset of X on which the functions differ is 
Ç-open, hence must be empty by 1.5. 

2.2. COROLLARY. - Let X, be a BAIRE space, and for 2<k<.n 
let Xk be a BAIRE space with a countable pseudobase. The 
topoîogy %y induced on X by the family cfry of linearly conti­
nuous functions from X into the completely regular space Y has 
the foliowing property: each nonempty Çy-open set has nonempty 
^-interior. 

PROOF, - The collection 

I f -^Y) : f s ^y and V is open in Y\ 

is a subbase for the topoîogy Ç y ou X. If z belongs to the 
n 

basic set 0 /"—'(VA), tliea for each k there is a continuous func-
k-^i 

tion hk mapping Y to [0, 1] such that hk(fk{z)) = 0 and hk as 1 off 
Vk.

 rVhenhkofk is a linearly continuous real-valued function 
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on X, and we hâve 

s s n N(z, hkofk, i/2) c n /rMv4). 
fc-i k=\ 

Thus each ^y-open set is ^R-open, and the resuit follows 
from 1.5. 

2.3. REMARK. - The analogues of our theorem 1.5 and its corol-
oo 

lary 2.1 for an infinité product are false. If X — II [0, 1] and 
k=i 

f(x)= inf xk for each x in X, then f is linearly continuous on 
the compact metric space X. The function f does not vanish iden-
ticaîly on X, but f is everywhere zéro on the ^f-dense set 

D = \xzX:xk=Q for ail but finitely many integers k\; 

thus 2.1 fails. 

The set /~*]l/2, 1], while non-empty and Ç-opeu, misses D, 
so that 1.5 also fails. 

In consonance with OXTOBY'S [4], we say that a topological 
space is quasi-regular if each of its nonempty open subsets 
contains the closure of some nonempty open set. Any regular 
space, and hence any completely regular space, is quasi-regular. 
The following easy le m mas make it possible to construct many 
product spaces which satisfy the hypothèses of theorem 2.1. We 
content ourselves with a single example in 2.5. 

2.4. LEMMA. - Let X be dense in Y. 

(a) If X is a BAIRE space, so is Y; 

[b) If X has a countable pseudobase and Y is quasi-regular, 
then Y has a countable pseudobase. 

PROOF. (al If îDHlis.n<ao is '» séquence of dense open sub­
sets of Y, then for any nonempty (relatively) open subset U of 
X we hâve Dw 0 U=$= 0 for each n, so that each set Dn f| X is# 

(relatively) dense and open X. If If V is an arbitrary nonempty 
open subset of Y, then. we set U~ Y (] X and we hâve 

v n n A.=>vn(nD.)n x 
« 

= iv n X) n n (D„ n X) 
n 

4=0. 
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(¾) Let iZ7„U<:«<oo be a countable pseudobase for X, and 
for each n set Y „ = Y \ c l y ( X \ P J . To see. that ! V . l i S n < o o 
is a pseudobase for Y, let Y be an arbitrary nonempty open 
subset of Y and let W b e a nonempty open subset of Y for which 
c l y W c Y . Choosing n so that UH <= Wfl X, w e fiud that for each 
p in Y n w e hâve 

P • Cl y tf„ C Cl Y W <= V. 
Thus Y „ c Y . 

The class of B A I K E spaces which admit a countable pseudo­
base is extens ive . According to a wel l -known theorem of B A I R E 
the class contains any separable metric space which is localîy 
compact or completely metrizable; it contains any B A I R E space 
w h i c h admits a dense subset that is countable and first-countable; 
and according to O X T O B Y : S theorem the countable product of 
é léments of this class is an élément of this class. The foliowing 
oxample can be easi ly generalized, then, but it gives an indication 
of the scope of our theorem. 

2.5. E X A M P L E . - For l<k<.n let Mk be separable metric 
space which admits a complète metric, and let Mk cr XÀ. c Sjlfk. 

n 
If f is a l inearly continuous function on the space X = U Xk to 

k=i 

a space Y w h o s e points are distinguished by real-valued conti­
nuous functions, and if f~l[p) is dense in X for some p in Y, 
then f(x) =p for each x in X, 
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