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On some problems posed by Karlin and Szegd
concerning orthogonal polynomials

by RicHARD ASKEY (a Madison, Wisconsin)

Summary. - Two results are obtained for Turin determinants of the
classical polynomials.

In a very interesting paper [3] KARLIN and Szrcd have given
a number of generalizations of an inequality of TuraxN. They
also pose a number of guestions and formulate some conjectures.

We have two comments to make on these guestions.
Turian’s inequality is

‘ Pn(m) Pn-&—l (x)

(1) Afx) = <0

Pn-{-l(x) Pn+2(x)

for —1 <x <1, where P,(x) is the LEGENDRE polynomial of
degree n with the usual normalization, P,(1)=1. SzEecd [5] has
shown that (1) holds for

(a) ultraspherical polynomials, Pl PL1), x> —1,2,
() LAGUERRE pb]ynomials, L) L0}, « > —1, x>0,
{¢) HerMITE polynomials, H,(x), — co < x < co.

We use the same notation as in Szeco [4].

For ultraspherical polynomials P)(x) with the usual mormali-
zation we have (1) for — 1 <z <1 only for 3=4/2, see [3, p. 131].
KarLiN and SzEe6 ask the guestion as to what normalizations
of the classical polynomials give rise to an inequality of the
form (1) for all x in the interior of the interval of support of the
measure for which théy are orthogonal. They give the following
condition as a sufficient condition and we notice that it is also
necessary.

THEOREM 1. - Let Q.(x) be one of the polynomials given in
(@), (@), or (c¢}. Then R, (x)=c,Q.(x) satisfies (1) for at least .as
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large a set of x, if and only if
(i) ¢,+Ccys>0, n=0,1, ..
(ii) € Cnye— c!u-&l < 0.

The sufficiency of these conditions follows from

(2) R,. Rn+l - R!n+l =C, 'cu+:[ Q.- Qn+z - Qa".H] +
+[en e Caps— €411l @rir -

The necessity of (i) follows from (2) if we choose x as a zero
of @,,.,. For Q,(x) = P,’;(x)/P,’;(l) we have A(l)=0 and Q (1)=1.
But Afx) is continuous and so to have (1) for x close to 1 we
must have (ii). The same argument works for polynomials (b).
For H,(x) we notice that H? ,, is n polynomial of degree 2n 4 2
and H (x)- H, ,(x) —[H,_ (x)]* is a polynomial of degree 2n.
Thus for large ® we must have (ii).

" One of the conjectures of KarLiN and Szeci is that the
determinants

Pn(x) P’l+’0 (x’
D, (h, k, )=
P,,_..g(m) Pn+h+k(x,

have h— 14 k— 1 zeros in the interior of the interval of sup-
port of the measures for -which the polynomials P,(x) are
orthogonal.

Turan’s inequality and the generalizations in [5] are just the
case h=k=1. For h=1 and k arbitrary this result was
shown by KaruLiN and Szeed [3]. They also have a few other
special cases of this conjecture. For ultraspherical polynomials
with n odd. h=k=2, this result is due to ForsvTHE [2] for
2 =1/2, DANESE [1] for 1/2<<i <1 and Szeco 6] for 0 <A<1/2.
However it turns out that this conjecture is false for = odd.
h=Fk=2 X>1 and ulso for HERMITE polynomials H, (x)
Dy (2, 2, ) has a double zero at x=0. For x a zero of
Pl(x) or of H,(x) we have Dy, (2. 2, ) <0. If we show that
D" (2.2 00>0, then D, (2 2, x) is positive for small =z
and so D,,,,(2, 2, x1 has at least four zeros instead of two. A
simple computation shows that

2n)!

2
D41 (2, 2, 0) = 16 [ (m) .] (20 + 1)
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for H, (x) and

, o o 25 h— 1)
D441 2. 2. 0) = 21+ 2x + 3)(2n + 8)
[ I(n 4+ A 4 2)T(2)) (202 + 3)! :

F2n 4+ 2} + 3)F(x 4+ 1)(n + 1)!

for Px)/ Pl(1.
So many interesting and deep results are true for determi-

nants of Trrax type that it is hard to believe that some nice
results are not true for the determinants D, (h, k, x). However

we are lacking enough special cases to formulate a reasonable
conjecture.
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