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Unique sequential limita. 

bv H E L E N P. C U L L E X 

Snmmtiry. - The paper conta in s a discussion of séparation axioms betèreen 
T{ and 1\ and an example of a space in nhich sequential limits 
Gre unique but compact subsets are not closed. 

In troduct ion . - Halfar. in [1], lias established that first coun-
table HAUSDORPK spaees are exacfcly those first countable spaces 
in which compact subsets are closed. It is the pur pose of tbis 
note to geueralize slightly H A L F A R 1 s theorem and [to g ive an] 
to give an example of a space in which sequential l imits are 
unique but compact subsets are not closed. 

I t is we l l known that the Tj-axiom implies that sequential 
l imits are unique and that unique sequential l imits imply the 
the T,-axiom. 

THEOREM 1. - If J X, : ! is a space wi th the property that 
compact subsets are closed then any séquence in : X ~ : has at 
most one limit. 

PROOF* - Let (Xj, xt, ..., xu, ..) dénote a séquence in \X, T: 
Mrhich converges to * in ; X, ^:. Let 2r dénote any open cover ing 
of the set )xx, ac2, ..., xn. ... : U ;*l . Let Ga dénote a set of :? 
Avhich contains x. G% contains ail but a finite number of élé
ments of the set î x , , as s , . . . , x n , ... i. Hence, \x} , x 2 , . . . , x„, ... ; U ; a i 
is compact and. by hypothesis, also closed. Now, let 3 be any 
point of ; I , T | which is différent from x. Since \x\ for x in X 
is compact, : se i is closed and j X, T ! is T,. Hence , x has a 
neighborhood which does not cou tain fi. Thus there exists a 
natural number N such that for > AT, #,,=(=¾. Now. )XN*xN]1. ... 
..., ^Y-fc» •••: U : x : is compact and, hence, closed. There fore. 
(xN, xN, x , ..., &N_i_k ... I can not converge to (3 and, so. (xx xti ... 
..., xtt, . .) can not converge to [i. 

THEOREM 2. - If \X, T ; is first countable then ; X, r ; is 
H A U S D O R F F if and only if sequential limits are unique. 

PROOF. - The necessity is wel l known. For the sufficiency. 
let x and S be two distinct points of ]X, -'.. Let ;L',, Z72, ..., £/„,...! 
and Vi, r t , . . , Vn, ...! dénote countable neighborhood bases at 
x and p. respectiveiy. Assume that every neighborhood of x 
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intersects every neighborhood of (3 on a non-empty set. Défi ne 

wx = Z7,, wt = u, n v „ w3 = c/, n v, n *78, ... 
. . , wtn = ux n vt, ..., M„ n t?„, 

WÎ. .+ I = ffi n v , n ... n Z7„ n v„ n trfl+1, ... 
..., w, => w,=> ... => w; => .... 

Choose x, in W, , x2 in Wt x„ in Wrt, .... Consider the 
séquence (x , , x s , ..., xw , ...). Let Gv be an open set containing 
a and Cr2 be an open set containing j3. There exists a natural 
number AT such that if n > iV, W„ c Gx f| Gt. Hence, (x , , xt,.. 
..., x „ , ...» converges to both x and jî. This is a contradiction 
and so | X T | is H A U S D O R F F . 

COROLLARY 2.1. - A first countable space is H A U S D O R F F if 
and only if compact subsets are closed. 

P R O O F . - The corollary follows from theorems 1 and 2. 

The previous corollary is Haï far's theorem. 

COROTJXJARY 2.2. - If | X T( is a first countable space then 
compact subsets are closed if and only if sequential limits are 
unique . 

P R O O F . - The corollary follows from theorem 2 and corollary 2.1. 

E X A M P L E 1. - Let 72* dénote the set R U { « | . where R dé
notes the set of real numbers and w dénotes s orne élément which 
is not à real number. Let T dénote the topology for R* defined 
by the usual open sets in R along with | Gjr^G c R and ~ G is 
the union of the ranges of a finite number of converging séquen
ces of real numbers and the limits to which thèse converge |. 
(oo G is the complément of G}. In | Z2*, T | sequential limits are 
unique and compact subsets are not closed: no séquence which 
converges to a real number can converge to any other real 
number nor to « and the set M = jx : 0 < x < 1 j is compact but 
not closed since o> is a limit point of M. 

Thus compact subsets being closed is a sl igtly stronger pro
perty than séquences having unique limits. 
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