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Unique sequential limits.

by HeLEX F. CULLEN

Snmmary. - The paper contains a discussion of separation axioms betireen
T, and T, and an example of a space in which sequential limils
are unique but compact subsets are not closed.

Introduction. - Halfar, in [1], has established that first coun-
table HAUSDORFF spaces are exactly those first countable spaces
in which compact subsets are closed. It is the purpose of this
note to generalize slightly HavLrar's theorem and {to give an]
to give an example of a space in which sequential limits are
unique but compact subsets are not closed.

It is well known that the T,-axiom implies that sequential
limits are unique and that unique sequential limits imply the
the T, -axiom.

TaeorEM 1. - If X, <! is a space with the property that
compact subsets are closed then any sequence in !X, =: has at
most one limit.

Proor - Let (x,, %, ..., Z,, ..) denote a sequence in ;X, 7!
which converges to x in ; X, ¥:. Let > denote any open covering
of the set :z,, x,, ..., z,. ... U 2l. Liet G, denote a set of =
which contains 2. G, contains all but a finite number of ele-
ments of the set |z, x,,..,%,,..!. Hence, (x,,a,,..,2%,,..:U ;2!
is compact and, by hypothesis, also closed. Now, let & be any
point of ; X, ={ which is different from = Since ;x! for x in X
is compact, :a! is closed and X, t! is T,. Hence, = has a
neighborhood which does not contain £. Thus there exists a
natural number N such that for > N, z, &= %. Now. YRR IV
ey Ty _py oot Uizl is compact and, hence, closed. Therefore,
(@ys Eyyys oer Ty o) cAD not converge to § and, so. (%, x;, ...
wey X, ..} can not converge to 5.

TueoreM 2. - If :X, = is first countable then X, «: is
Havsporrr if and only if sequential limits are unique.

Proor. - The mnecessity is well known. For the sufficiency,
let x and 8 be two distinct points of ;X <!. Let .U,, U,, ..., U,,...!

and VvV, 1,, .., V,, ..i denole countable neighborhood bascs at
x and 8. respectively. Assume that every neighborhood of «
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intersects every neighborhood of 8 on a mnon-empty set. Define

w,=U, W,=U,nV,, W,=U0,nV,nU0U,, ..
vy Wy =u, Noy, oy u, No,,

Weon=00V,0..00,0V, NU,.y» .
v WD W, ..oW, > ...

Choose =, in W,, &, in W,. ... 2, in W,, .... Consider the
sequence (Z,, Z;, ..., &n, ...). Let G, be an open set containing
o and G, be an open set containing 8. There exists a natural
number N such that if >N, W, <G N0 G,. Hence, (x,, z,,..
vy &,y ...} converges to both 2 and 8. This is a contradiction
and so | X, t! is HAUSDORFF.

CoroLraRY 2.1. - A first countable space is Hausporrr if
and only if compact subsets are closed.

PRroor. - The corollary follows from theorems 1 and 2.
The previous corollary is Halfar’s theorem.

CororLLARY 22. - If | X. ! is a first countable space then
compact subsets are closed if and only if sequential limits are
unique.

Proos. - The corollary follows from theorem 2 and covollary 2.1.

ExAMPLE 1. - Let R* denote the set RU jw|. where R de-
notes the set of real numbers and » denotes some element which
is not & real number. Let t denote the topology for R* defined
by the usual open sets in R along with |G/~G <R and ~ G is
the union of the ranges of a finite number of converging sequen-
ces of real numbers and the limits to which these converge|.
(> G is the complement of G). In | R¥ t{ sequential limits are
unique and compact subsets are not closed: no sequence which
converges to a real number can converge to any other real
number nor to » and the set M =2 0<x <1 is compact but
not closed since » is a limit point of M.

Thus compact subsets being closed is a sligtly stronger pro-
perty than sequences having unique limits.
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