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On the Riesz représentation theorem 

Nota di EICHARD BELLMAN (Santa Monica, California, U S.A.) 

Siimmary. • A variational technique is used to obtain a short proof of a 
fanions resuit of F. Eiess. 

On the Riesz représentation theorem. 
In [1], HOFFMAN and MCANDREW indicate how variational te­

chniques can be used to obtain constructive proof s of some of the 
fundamental résulta in the theory of linear inequalities. In this 
note we wish to show how a similar technique may be used to 
obtain a short proof of a famous resuit of F. RIESZ. This states 
that any continuous linear functioual, L[f), defined for functions 
fÇL*{0, i) has the form 

Uf) =jgfdx, 

where g£L*{0, 1). 
To establish this, consider the convex functioual 

F(f)=2Uf)-JFdx. 

Let g be the function in 7/(0,1) which maximizes Fif). Then, 
if n is an arbitrary function in L'(0,1), the scalar function of t, 

i 

F(g + tu) = 2L(g + ht) — j{g + tufdx 
0 

has its maximum at t = 0. Setting the derivative with respect to 
t equal to zéro, we hâve 

i 

Htt) — / gudx — 0 
0 

for ail ti, the required représentation. 
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