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On the least non-negative trace of a polynomial 
over a flnite field. 

by STEPHAN R. CAVIOR 

Summajy. - Gênerait-ing a result due to Mordell, tve find an estimate for 
the least non-negative trace of a polynomial over a finite field. 

Lel p be a prime and let f(x) be a polynomial of degree n 
with integer coefficients. Let l dénote the least non-negative 
residue of f(x) (mod. p). In [1] MORDELL finds the estimate 

0 ) l^n.pV* logp. 

The object of the présent paper is to generalize (1) for a poly­
nomial over an arbitrary finite field. 

Accordingly, suppose that m is an integer, m > 1, and that F 
dénotes the finite field of order q=pm. Let f(x) be a polynomial 
of degree n over F and let l dénote the least non-negative trace 
of f(x) as x ranges over F. In this paper we shall prove 

(2) l^n-p*-ml* logp. 

Following MORDELL, we define Ar
f. to be the number of solu­

tions of 

*(A*)) = r, ( 0 < r < : p - l > 

where £(a) dénotes the trace of « for %eF. Then we hâve. 

(3) p . ^ ^ ' ï 1 2 e\u[t{f[x)—r\\. 

If we sum (3| for r = 0, 1, ..., s and isolate the term with 
u = 0, we obtain 

(4) p - 2 Nr=*{%+l)q + 2 V 2 e\u[t(f(x) - r)]\ 
r—o r=o « = i xeF 

- e + m + V 2 .,«.t(W,,.jl^t=^i+li)j. 
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For r<l — 1. AT
r = 0. Sett ing s = 1-1 y ields 

(5) lq<<: 2 | 2 e\u • t(fiXt)] | / s i n irn/p. 

u i s r e f 

Xow using the estimate 

| 2 e\t(fix)\\ | ^ n - g 1 ' » 

due to CARLITZ and UCHÏYAMA [2, p. 89] , we obtain from (5) 

p - i 
Iq <; 2 n-qf 1 / 2 / s in ir«/p 

» = i 

< pwg1 2 log p. 

Hence 

/ ^ n p i - ^ ^ l o g p . 

It is interesting to note that for fixed p and w, J — 0 as m — o o . 
In fact, Z = 0 when 

n .pi-"»/2. l o g p < 1 

or 

2 log (np - log p) 
m log p 

To explain this fact, w e recall that the traces of é léments in F 
are integers (mod p) and that at most p,n~l of the numbers \f(x) : 
xeF\ hâve a trace equal to p — 1. jp — 2. ... and so forth. Thus, 
w is large enough. there existe some xe F such that t(f[x)) = 0. 
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