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On the least non-negative trace of a polynomial
over a finite field.

by SrepHAN R. CaviOor

Summaay. - Generalizing a result due to Mordell, we find an estimate for
the least non-negative trace of a polynomial over a finite field.

Lel p be a prime and let f(x) be a polynomial of degree n
with integer coefficients. Let I denote the least non-negative
residue of f(x) (mod. p). In [1] MorDELL finds the estimate

(1 l<n.pz log p.

The object of the present paper is to gemeralize (1) for a poly-
nomial over an arbitrary finite field.

Accordingly, suppose that m is an integer, m =1, and that F
denotes the finite field of order g = p™. Let f(x) be a polynomial
of degree n over F and let I denote the least non-negative trace
of f(x) as x ranges over F. In this paper we shall prove

(2) l<m.pr—miz Jog p.

Following MoRDELL, we define N, to be the number of solu-
tions of

tH{fx) =, O<=r<p—1)

where f(x) denotes the trace of » for xe F. Then we have.
(3) pN, = 2 2 elu[t(f(x)—r]s
“=0 7

If we sum (3) for r=0, 1, .., s and isolate the term with
u =0, we obtain
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For r<1—1. N, =0. Setting s=1—1 yields

(3) lqu}-?ll EFe:u- t(flix)] | /sin wu/p.

w 1 x€

Now using the estimate

| 2 elt(flen!j<n.qs

xe
due to CarriTz and UcHivaMA |2, p. 39], we obtain from (5)

1

lg gpg n - g2/ sin mufp
1

w=
<pnq' ? log p.
Hence
l << npr—miz]og p.

It is interesting to note that for fixed p and n,1--0 as #— oo,
In fact, I=0 when

n-pt—"iz.logp <1
or
2 log (np - log p)
log p )

To explain this fact, we recall that the traces of elements in F
are integers (mod p) and that at most p"—! of the numbers :f(x):
xe F| have a trace equal to p —1. p— 2, ... and so forth. Thus,
m is large enough. there exists some xe F such that #(f(x) = 0.
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