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On Kernel polynomials and related Systems 

by T. S. CHIHARA (Seattle University) (*) (**) 

Summary. - Systems of orthogonal polynomials involving kernel polynomials 
are constructed. 

1. Introduction. Let \Pn(x)\ dénote a set of polynomials which 
are orthogonal with respect to a distribution dty(x) on a subset 
of [0, oo). In [2, § 2], certain relations between the Pn(x) and the 
spécial « kernel polynomials » which are orthogonal with respect 
to xdty(x) were obtained. Since there is a more gênerai concept 
of kernel polynomials [4, Th. 3.1.4], it is natural to extend the 
work of [2] to this more gênerai case. 

The generalization which we obtain enables us to give a rather 
complète discussion of a problem of CARLITZ [1] which has been 
considered recently by DICKJNSOET and W A R S I [3]. 

2. Orthogonality relations. Let |P„(ac)| be the monic polyno­
mials which are orthogonal with respect to a distribution dù(x) 
whose support is a subset of an interval [a, 6] with a > — oo (b 
may be infinité). Let a0 be any real number such that a0 < a 
and let |Q„(a0, se) | dénote the monic kernel polynomials which 
are orthogonal with respect to the distribution (x—a0)dty(x). (Qn(a0, x) 
can be expressed in termp of the Pn(x) by means of CHRISTOFFEI/ S 

formula [4, Th. 2.5] or the CHRISTOPFEL-DARBOUX formula [4, 
Th. 3.2.2]). 

Select any real number a such that ~\ja — a 0 ^ a and let 

(2.1) z = z(x) = x2 + a — a2. 

Let a0 dénote either of the two converse images of a0 under 
the mapping z and let p dénote the positive converse of b under 
z. We then hâve: 

0(a) = a, s(B) = 6, 0 < a < fi 
(2.2) — 

^K) = «oi s — a0 = x2 — a*, | a0 | <; a. 

(*) This work was supported by the National Science Foundation 
(NSF-GP 1230). 

(**) Pervenuta alla Segreteria dell'IL M.L il 18 luglio 1964. 
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We now define polynomials Rn{x) = -B„(ot0, x) by 

(2.3) **M-™ 
R*n+M = (x- a0)Qn(a0, B). 

Niext let 

JM.V = J ^MW-Rjv(«)d<p(a;). 

where E = [— (3, — a] (J [a, p] and (p is a distribution function. 
Wri t ing QJx) in place of Qn(a0, x), we hâve 

J Pj0)PfI(0)I*p(*) - d<p(- *)], if = 2n 

^2»*, ff = 
1 , P 

/ 
Pm(s)Q,M(# ~ *o)*p(«) + (» + *«)*p(— *)], N = 2n + 1 ; 

Thus J2mjW = 0 for iV=(=2m if we choose <p so that 

dy(x) — dcp(— a;) = dy[z), 

(¾ — a0)Ap(a5) + {x + a0)cfcp(— a?) = 0. 

We therefore obtain 

^) = ¾^°^) 
dH-x) = -°^r0dm 

and we hâve finally 

J«m+i, 2n+i = I Qm(3)Qw(s)[(œ — «J'ApI») — (¾ + a0)*dl-( — #)] = 

= j Qm(z)Qn{z)(xi — a\)d4/(e) = 0 

by (2.2) and the orthogonality of the Qn(z), 
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We therefore hâve 

THEOREM 1. - The polynomials defined by (2.3) satisfy the 
orthogonality relation 

; 
Rm(x)Bn(x) -p^y-0 dftx* + a - a*) = 2ft„8„ 

where E = [— p, — a] (J [a, p] and 

REMARKS. - (1) A more gênerai quadratic transformation than 
(2.1) can be used but leads only to the équivalent of performing 
a linear transformation (in x) in our final results above. 

(2) When b is finite, a similar resuit holds involving the kernel 
polynomials orthogonal with respect to (b0 — x)dty(x), b <^ 60. In 
this case, (2.1) must be replaced by .z = b + p* —»*, V&o — o < p. 
This is équivalent, essentially, to applying the preceding methods 
to the polynomials, Pn(— x). 

3. Récurrence formulas and the «symmetric case». Let the 
classical three term récurrence formulas satisfied by the three 
Systems of orthogonal polynomials just considered be 

(3.1) Pn(x) = (X— Cn)P»-i{x) — AnP«-2(s) 

(3.2) Qn(x) = {x — dn)Qn-i{x) — vMQw_2(a;), Qn{x) = Qn(a0, x), 

(3.3) Rn(x) = (¾ — fn)Rn-i(x) - Y„E„-2(œ), 

Po(«) = eB(») = S0[x) = 1, P^{x) = Q_t[x) = R-i = 0, 

cn, d«, /"«real, XM+1 > 0, vM+1 > 0, yn+1 > 0, 

n = l. 2, 3 , . . . . 
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P r o c e e d i n g in t h e same m a n n e r as in [2, § 2], w e obtpin from 
(3.3) w i t h t he aid of (2.3) 

(3.4) Pn(z) = (X — f2u)(x - OL^Qn^z) — Y2«P«-i(s) 

(3.5) (x — a0)Q„(s) = {x — f2*+i)Pn{z) — y2n+i{x — a0)Qn_i(e). 

N o w since z(— x) = z(x), i t follows from (3.4) tha t 

(x — f2n)(x — a0) = (x + f2n)(x + a0) 

h e n c e / ^ = - a 0 . S ince Pw(2f(a0)) = Pn(a0) =J= 0 (since aQ g (a, b)), i t 
follows from (3.5) tha t /2«+i = a0 . Thus , w i t h a référence to (2.2), 
w e find 

(3.6) Pn(z) = [Z- a0)Qn-i - Y2nP«-i(3), 

n = 1, 2, 3 , . . . 

(3.7) Qn{z) = Pn(z) — Ï2«+i Q«-i(s), 

a n d it is eas i ly ver i f ied tha t (3.7) holds for n = Q also if w e define 
Yi = 0. If w e n o w e l imina te 6«_i(s) and Qn(z) from (3.7) u s ing 
(3.6), w e obta in 

P«+l(3) = (S — »0—Y2M+1—Ï2«+2)P«(S)—Ï2«Y2n+lP«-l(s) (W>0) 

a n d s imi l a r ly 

Qn(s)=(s—a0—Y*«—Y2«+i)G«-i(^)— Y2«-iY2nQ«-2(s) ( w ^ l ). 

Compar i son of t he l a t t e r w i t h (3.1) and (3.2) thus yields the 
r e l a t i ons 

(3.8) fzn—i = a0, f2n = — «0 

Y2H-1 + Y2n = c« — a 0 , Y2«Y2«+i = *«+i (Yi = 0) 
(3.9) 

Yzn + T2n+i = dn — a0, Y2n+iT2»t+2 = v n +i , 

» = 1 , 2 , 3 , . . . , 
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The relations in (3.9) are striking when compared wi th the 
corresponding équations obtained in [2, (2.6), (2.7)] (to which they, 
of course, reduce when a0 = 0). Except for the présence of the 
« anti-symmetric » coefficients, fn, they suggest the «symmetric» 
orthogonal polynomials tatisfying 

(3.10) RI (x) = xRZ-i(x) — ynRZ-2(x) 

R*o(x) = li R*-l(x) = Q. 

Indeed, because of (3.9), it follows from [2, § 2] that 

Rln(x) = Pn{x2 + a0), i^n+iW = xQn(a0i X* + tt0) 

and the Rn{x) are orthogonal with respect to the distribution, 
d<3(*{x) = (sgn x)d$(xz + a0). From (2.3) and Theorem 1, we are thus 
led to the following theorem: 

THEOREM 2. - Let the polynomials defined by (3.10) be ortho­
gonal with respect to the distribution, d<f*(a:), with support E*. 
Then the polynomials defined by 

(3.11) Rn(x) = [« + ( _ l p a J B ^ o ! ) - ynR2-n{x), n = 1, 2, 3, . . . 

R0(x) = 1, R-^x) = 0, a0 real, 

satisfy 

(3.12) R2n(x) = R2\( V ^ ^ ) , 

i?2w+1(a) = (sgn a) ( ¾ ¾ ) ^ JBSH+I( V ^ ^ ) 

(3.13) j Rm(x)Rn(x) ~^-° dç»( V ^ ^ ^ j = kn*mn 

where E = \x : x~ = z2 + aj, zeE*\ 

kn= t[R*n(x)Yd**(x). 
E*J 

30 
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I t may be observed that theorem 2 can be proven directely 
without référence to the preceding work. For if we consider the 
Rn{x) as defined by (3 12), then substitution into (3.10) yields (3.11). 
Since (3.11) uniquely détermines the Rn(x), this vérifies (3.12). The 
orthogonality relation (3.18) can now be verified directly using 
(3.12) and the fact that the sets E and E* are symmetric with 
respect to the origin. 

The preceding can be illustrated nicely using JACOBI polynomials : 

Pn(x) ==^ n ) ?n(2x - 1), dtyx) = (1 - x)*xUx, 

Hère a0 = a = 0, 6 = 1 while a and p are the usual parameters 
and not the same as in section 2. 

Then 

^ ) = ( ^ + ^ ^ 2 ^ - 1 ) 

Jtt.+lW) = (2a + " + p + ^- 1 «zfr ^ ) ( Ù - - 1 ) 

are the polynomials orthogonal with respect to the weight function 

n>*{x) = | x |»3+i(l — a;2)*, — 1 <: x <S 1. 

(For p = —1/2, thèse reduce to well-known formulas for ultra-
spherical polynomials while for a = 0 they yield a spécial case 
studied by SZEGÔ [4, (4.1.5), (4.1.6)]). 

We thus obtain, for arbitrary real a0, 

Etn(x)=(M + ; + y P* »<*, _ &. _ i) 
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as the polynomials orthogonal with respect to the weight function 

| a 5 + a 0 | . | x « - a S | P ( l + aî-»»)*, | « o l ^ l * l ^ V * + * ï 
w[x) = { 

\ 0 otherwise. 

For the récurrences, (3.10) and (3.11), we obtain the coefficients 

(w + P)(* + « + P) 
Ï2'* (2n + a + S - l)(2n + a + p) ' 

_ n(n +- a) 
T t B + 1 = (2n + a +• p) (2n + a + p +• 1) * 

4. A problem of Garlitz. Addressing a question posed by 
CARLITZ [1], DICKINSON and W A R S I [3] hâve shown that if | Pn(x) \ 
is a set of polynomials orthogonal on a subset of (0, oo) (with 
respect to some distribution dd/fas)), then there exists a set | <&n(x) | 
of real orthogonal polynomials such that 

(4.1) *,„(*) = PJx'). 

This follows also from [2, § 2] and the particular solution 
constructed by DICKTNSON and W A R S I is seen to be the polyno-
mial set orthogonal with respect to the distribution, (sgn x)dty(x*), 

I t is also easy to show that the converse of the above is true. 
For if | ®n{x) | is an orthogonal set with respect to the distribution 
d<p(œ), and (4.1) holds. then for m=%=n, 

00 oo 

0 = J *,m{x\*,H[x)tyx) = fPm(x!)Pn(x')d<f(x) 
—00 —00 

00 

= j pjL^Pjxyw*) - <?(- *)] 
0 

oo 

Pm(z)PnV)dm 

C 

- / 

where +(s) = <p(Vs) — <p(— \z) is non-decreasing on [0, oo). 
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Theorem 1 also show* that the orthogonal set satisfying (4.1) 
is not, in gênerai, unique. Specifically suppose j Pn(x) | is a set 
of monic polynomials, Pn(x) of degree n, which are orthogonal 
with respect to a distribution, d$(x), and that the « true » interval 
of orthogonality (smallest interval which contains the support of 
d|(x)) is (a, 6). Let 

(4.2) R2n(x) = Pn{Zh 2 = X* + A. 

If A ^ a, then for each a0 satisfying 

A < a0 ^ a, 

we can let a = dt \ aQ — A and use (2.3) to define R2n+i(x) thus 
obtaining an ortogonal set of the type described by theorem 1. 

Moreover, every orthogonal polynomial set | Rn(x) \ satisfying 
(4.2) must be of this type. To see this, let (3.1) and (3.3) be the 
récurrences satisfied by the respective polynomials. 

Wri te (3.3) for n = 2w and use (4.2) to obtain 

(4.4) (x — t2m)R2m-i(x) = Pm(z) + Y2WP™-i(0) (m ^ 1) 

Since the right side is an even function of x, we conclude that 

(4.4) R2m-i(x) = (x + f2m) Qm^iM (m ^ 1) 

where Qn(&) is a monic polynomial of degree n in 0. 
Next using (3.3) with n = 2m — 1 to eliminate R2m—i(x) from 

(4.3), we get for m 2> 1 

(X — f2m)(x — f2m-i)Pm-i{z) — Yam-i^ — f2m)(x + f2m-2) Qm—2^) = 

= Pm(z) + Y2mPm-i(2f). 

Comparing coefficients of x2m—l, we conclude that /2m+Am-i=0. 
Then comparing coefficients of x2m~3 we find that 

f2m = fom-2 (m :> 1). 

Thus, wri t ing a0 = — f2m', we obtain from (4.3) and (4.4) 

Qn(z) = (x' - a2)-i[Pw+1(«) + Y2«+2P«(s)] (m ^ 0). 



ON KERNEL POLYNOMIALS AND RELATED SYSTEMS 459 

Hence le t t ing o0 = aj + - 4 , w e hâve 

b 

b 

= f[Pn+i 

b 

(z)z^(z-a0)d^(z) = 

b 

(6) + y«*f 2PnW]»**M0) - 0 for fc < n . 

Now the zéros of Pm(z) a re located in (a, 6), hence the posi t ive 
and néga t ive zéros of R2m(x) a re located i n (— p, — a) and (a, p), 
respect ively , w h e r e a = *\Ja — ^ a n d P = V b — A. S ince the zéros 
of R2m+i{x) a re in te r laced w i th those of R2m{x), i t fol lows from 
(4.4) tha t — a < a0 <^ a. I t follows that a0 fg a. Hence , j Qn{x) | is a 
set of ke rne l po lynomia ls and \Rn(x)\ is of the type descr ibed 
in Theorem 1. 

Of course, a more gênera i quad ra t i c t r ans fo rmat ion t h a n tha t 
used in (4.2) can be reduced to the case j i is t cons idered by a 
l inea r t ransformat ion (whic does not affect or thogonal i ty) . I t is 
also abvious tha t the cor responding problem for a cubic or h i g h e r 
order t rans format ion would be of cons iderably g rea t e r complex i ty . 
Indeed , it wou ld be in t e re s t ing to find an example of a n ortho­
gonal po lynomia l set | Rn(x) j such t ha t 

R3n(x) = P„(s) 

w h e r e z is a cubic i n x. 
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