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The sum of the first » terms of an F,

by LeoNARD CarLITZ (2 Durham U.S.A.) (¥

Summary. - The sum of the first n terms of a special ;F, is obtained.
Some related series are also discussed.

i. Put
(1) u, — & ‘+ b + ¢ + d)nll + )l + 0)ull + )
m!(l+c+d),(l +b+ dafl +b+¢),
Then
w —a LAt Bl 4 D)l + €)1 + Ay

m m=1 m!(1 + ¢4 d}m(l + b + d)m(l -+ b + c)m
S{(m + b+ ¢ + dim -+ b)m + c)(m + d) —

—m(m + ¢+ djim + b+ d)m + b +¢) .
The quantity within braces reduces to

(b 4+ ¢ + d)bed + 2bedm = bed(b 4 ¢ + d + 2m),

so that
_btectd+2m (5 + ¢+ d1,,(b) a(¢),.{d)
Un =% = T30 d mi(lfctd)(l+b+d),1+0b+0),
Now

(1+;a’)m=a+2m'

1 a
(é a) m

Thus if we put
(2) a=> +c+ d;

(*) Pervenuta alla Segreteria dell’U. M. I. il 25 marzo 1964.
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we have

(@ (14 58) BLOD,

(3) um — % —_ m

m=—1 1
m!(éa) (1 + 0+ Bull +a + O)u(t +a +d),

Let

Byy ey Op
byy ey by

o (@), ... (a,),

y 3 == —_—
e m r=o0 ¥ ! (bl)r oo (bﬁ)r

Then it follows from (3) that

5% 1+a—b 1—a—¢, 14a—d
(Lt a),(t+ B+ Ot + d),
T m! (1 +a— b)m(l +a— c)m(l +a— d)m

provided (2) is satisfied.
If we let m — oo, (4) becomes

1
a, 1+§a, b, ¢, d;
(5) SFJ 1
5@ 1+a—b, 14+a—ec¢, 14+a—a

_Iru +a—-bM1l+a—cl{1l +a—4d)
- A+ ol 4+ B+ o)L + d)

This 1s of course a special case of the theorem [1, p. 27] in which
(2) is not assumed:

a, 1+%a, b, ¢, d;
(6) Fa

1
5% 1+a—5 1l+4+a-—c¢ 1+a—d

Tl 4+ae—dll+a—lfl+a—dlil+a—b—c—d)
TIMl4+alfitae—c—adfl +a—b—dlil+a—c—b)’
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2, It is of some interest to comsider what we get using the
method above when (2) is not assumed. We now put

_(1+a,l+s+b.l+s+e)(l+s+d)

0 Un =T F el Fa—bulta—c,l+a—d’
where
(8) s=a—b—c—d.

Them

(9 w u — (1 + s)m—-l(l + 8 + b)m'—l(l + 8 + c)m—l(l + s + d)m-—l
) mo Hme (1 + s)m(I +a— b)m(l +a— c)m{l +a— d)m

o (m + a)em + s + b)m + s + c)m + s + d)
—(m + s)m + @ —b)m + a — o)m + a — d)1.

The quantity in braces reduces after a little manipulation to
(10) bed(s + a + 2m)
for m = 1. It therefore follows that

(1+a), (1484, (1-Fs+0),—(1+s+d),—,
(I+s),(1+a—b),(1+a—o),(l+a—d),

_(1+8),(1+s8+b,(0+8+0.(1+5+d).
T (+s),l+a—b),1+a—0cul+a—d),’

(11) 1+bed & (s-at2n)

where 8 is defined by means of (8).
If we prefer we may replace the left member of (11) by

bed i (a)r(s + b)r(s + C),.(S + d)r
13 et atta T ) s ite—b), 1 Fa—o, (I +a—d),
1
bd  m (F36+0) @ stblsta,lstd,
% r

a(s+Db)(s+c)s+d)r=r (% (s+a)) (1+8),(1+a~b),(1+a—c) (1 +a—d),

Thus when s = 0 it is evident that (11) reduces to (4).
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If we let m — oo, (11) becomes

bed ® (@), (s+-b) (s +¢),(s+-d),
1 2
t ettt an T e (i fe—b) 1 Fa—o) 1 ta—d),
M+l +a—bl1+a—l(1+a—d
T T+ ell+s+ ol +s+otl +s+d)°

The left member of (13) can be expressed in terms of an F;.

3. Returning to (4), one can obtain a more general result in
the following way. If we put

(L4 a1+ B)u(l - Ol + ),
(14) “n = T T+ D)L+ Ol + &

then we have

o — a2 Lt @l + D)L+ 0L+ D
" e '”" ! (1 + b’)l"(l + c')"l(l + dl)"ll

where

'K

m?

K, = (m + @)t + b)me + c)m + d)— mim + b)Y + ¢)m + d).

In general K, is a polynomial in m of degree 3. If the para-
meters satisfy

(15) at+b4+c+d=b+¢c+d
and
(16) ab+c+d)+cd+db+bec=c'd 4 db + b'c

then K, is of at most the first degree. When (15) and (16) are
satisfied we may put

17 K, = abcd + Im,
vhere
(18) A = afed + db + be) + bed — b'c'd’.
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It follows that
(@) () (€) (),

Ame
R (== W e m e i (R 721
so that
mo Am (@40} n(0)o()sn
(19) 2 (1+ gpat) F5).(1+ (L F @),

_ 1+ a)ll 4+ 38),(1 4 cu(l +4d),
o m ! (l + b’)m(l + c,)m(l + d’) )

In particular, when m — oo, we get

< )m (a)"l(b)m(c)"l(d)"l
(20) 2 (1+ gg) T+ )L+ Chu(l ),

1401 + )L+ &)
- Tl +a)0(1 4+ o)L + o)1 + a)°

It is assumed in both (19) and (20) that both (15) and (16) are
satisfied.

Note that if b’, ¢’, @’ are the roots of

x*—~(a 4 b+ c+ d)x* + (ab + ac + ad + cd + db + be)x
— afcd + db + be) — bed = 0,

then (20) reduces to

20 7| b, ¢, d; T4 4 (L + &)
(B0} oyl +b, 14¢, 1+d| T+ al(l+ b1+ (L +d)

The last result can be generalized to series ,, ,F, in an obvious way.
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