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On a note of E. Stipanic

Nota di Davip F. Dawson (a Denton, Texas, U.8.A.) (¥)

Summary. - We extend a theorem of E Stipanic cocncerning positive term
series.

o [eo]
If X ¢, is a convergent series, let r,_, = 2 ¢,, n =1, 2, 3,....
p=0 p=n

STIPANIC [2] proved the following statement.
If jc, !1°,°=° is a positive term sequence such that

cn
(1) o ¢ <1
and
(2) ontt < CppolCni)”s n>1, v=0,

then the series
[o o]
Cpy —C c
(3) 2“ ( p=—1 L » )
p=1 Cp—1 Tp—

is convergent.
We note that (2) holds for positive ¢,’s if and only if

C

2
¢,

[IA
1S
IA

) =

k]
-

Thus STiPaNIC’s result is essentially that (1) and (4) imply con-
vergence of (3).

In this note we prove the following theorem which includes
SripaNIC’S result.

{(*) Pervenuta alla segreteria dell’U.M. L. il 6 luglio 1964,
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TeeoreEM 1. - If {c, £;°=o is a complex sequence such that jc,, ,/c,|
converges absolutely to u, || <1, then

o]
- Cyp—y —C [
(O) E —1 r — 9
p=N Cp—y Tp—1

converges for some N. («}¢,.,/c,| converges absolutely » means
0
2 | (eper/Cp) — (Cp/Cp—)) | converges for some k).
p=Fk

The following lemma may be of independent interest.

LEmMa. - If la, I:’___l is a complex sequence which converges
absolutely to 3, |[3{ <1, and b,=1+4a,4 a0, + 00y \@pys+ )

p=1,2, 8,.., then |b,} converges absolutely to a nonzero limit.

Proof. of Lemma. - We note that {b,! is bounded; let L be
a number such that |b,| <L, p=1, 2. 3,.... It p is a positive in-
teger, then b, =1+ a,b,,,, and so

bp - bp+l = apbp-l-l - aﬂ+le+2

= Qy(bp gy — bpsy) + bpas(@p — @yyy).

Let N be a positive integer such that |a,| <<t <1 if p <N. Then
if ¢ is a positive integer,

|Bvi — Dpips | 5 BN — BNt | + L | @84 — @44 -
Hence if m > 1,
[bv4r= baga| + (1 — 1) 2 |Ongp — by4p1 |
p=

m
< t|bygmtr— bNpmiz2 |+ L X | anyp — ON4p |
p=1
o]
<UL+ L I |ap — apt1 |-
p=1
Thus }b,! converges absolutely. Since bp ="1+ agbpt:, P = 1, 2

3. .., and an— 5, we see that b, —-0. This completes the proof
of the lamma.
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‘We now prove Theorem 1. Suppose jc¢,4.1/cpt converges abso-
lutely to u, || <1. Let N, be a positive integer such that cp3=0
if p> N,. Then if p > N,, we have

rp—l — 0p + Cp+1 + Cp+; + e
Cp Cp

=14 Cp+1 + Cp+1 Cpt2 |, Cpta Cpi-: Cpts
Cp p Cptr Cp Cpi1 Cp+o

Thus from the lemma, !7p—'cp! converges absolutely to a nonzero
limit. Let N, be a positive integer such that r,0 if p > N,.
Let N= N, + N, + 2. Then if p > N, we have

6 PT”% % 4 % % _ 4 . [’L-_WLMJ
Cp—1 Yp—1 Cp—1 Tp—1 L4 Cp—1Tp—1
e e
Cp—1"p—1 Cp—1[Tp—2

Hence (5) converges, and Theorem 1 is established.

As a partial converse of Theorem 1 we have the following
theorem.

THEOREM 2. - If ¢y is a convergent complex series and (5)
converges for some N, then |cp4ifcp! converges absolutely to a
complex number u such that [p| <1 and x3=1.

Proof. - Suppose (5} converges for some N. Then from (6) and
Theorem 2.1 of [1], we see that |cp/rp—1}| converges absolutely to
a nonzero limit. If p > N, we have

(7) (‘p—l — CT) CP 1’p_1 - CP CP rp Cp
—_— - = - —_ = ——_—
Cp—1 Tp—1 To—1 Cp—1  Tp—1  Cp—
and
8) Tp Yot __ Fp—1 — G _ Tp— Cptr GO Cp

Tp—1 Tp Tp— Tp e ¥p—
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Thus ;cpti/cp! converges absolutely, say to p. Clearly |p|Z1,
since X ¢, converges. Suppose p = 1. Then cp/rp— — 0, since

Gr—C%_ % _q4_ % _ % _
Cp—1 Tp—1 Cp—1 Tp—1

because of the convergence of (). But this is a contradiction.

REMARK. - From (7), (8), and the proof of Theorem 1 we see
that if |cpia/cp} converges absolutely to g, || <1, then |rpi1/rp!
converges absolutely to v, and so for each positive integer =,
o0}

2 rp is defined. Now, if | cpt1/cp | converges absolutely to p., || <1,
p=n
and j is a nonnegative integer, let

(o]
r§") = X 1';,"—1) n=1, 2 3, ..,
p=1+1
where r;") = ¢;. Then we have the following corollary to Theorem 1.
CoROLLARY. - Suppose |cp l;’,°=o is a complex sequence and

{¢pt1/cp| converges absolutely fo i, [« | << 1. Then if % is a positive
integer, there exists a positive integer N such that

(n—1) (n—) (n—1)
020 Tpy — Tp rp

(n—1) )
p=N | Tp—1 Tp— l

converges.

The proof is by induction and is obvious in light of Theorem 1
and the remark.
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