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On a note of E. Stipanic 

Nota di D A V I D F. D A W S O N (a Denton, Texas, U.S.A.) (*) 

Su m m a ry, - We extend a theorem of E Stipanic cocncerning positive term 
séries. 

oc oo 

If S Cp is a convergent séries, let r,l^l = S cp, n*= l, 2, 3 , . . . . 

p=o p=n 

S T I P A N I C [2] proved the fol lowing statement. 

If S cp iSL=0 i s a positive term séquence such that 

(1) ^ u < l 
«'II —1 

and 

(2) 4 + ^ ^ . / , n ^ l , v^Q, 

then the séries 

(3) âpe^-Js-) 
p=i \ Cp—i rp— i/ 

is convergent. 

W e note that (2) holds for positive cp's if and only if 

(4) - ^ - ^ - ^ - -
co c i c i 

Thus STIPANIC* s resuit is essentially that (1) and (4) imply con­
vergence of (3). 

I n this note w e prove the fol lowing theorem which includes 

S T I P A N I C ' s resuit. 

(*) Pervenuta alla segreteria dell'U. M. 1. il 6 luglio 196-4. 
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THEOREM 1. - If \cpÇ=0 is acomplex séquence such that \cp+l/cp\ 
converges absolutely to [/., | [/. | < 1, then 

00 

p=N c p - i TP-l 

converges for some N. i«\cp+Jcp\ converges absolutely» means 

S l(<W,/cP) — (Cp/Cp-,)! converges for some k). 
p=k 

The following lemma may be of independent interest. 

LEMMA. - If \ap ÇLx i s a complex séquence w h i c h converges 
absolutely to S, | 8 j < 1, and bp=l + ap + apap+.l + apap^ap+i +^., 
p=l, 2, 3, ..., then j6p| converges absolutely to a nonzero l imit. 

Proof.* of Lemma. - W e note that \bp\ is bounded; let L be 
a number such that | bp | < L, p = 1, 2. 3, .... If p is a posit ive in­
teger, then bp = 1 + ap&p.^, and so 

Op — 6p+ 1 = a p 6 p + l — ap+ibp+t 

Let 2V be a positive integer such that | ap | < t < 1 if p < /V. Then 
if t is a positive integer, 

| bN+i - 6jv+t+i 1 <; * | 6iv+.+i — &AT+Î+21 + L | atf+i — atf+j+i . 

Hence if m > 1, 

m 
| &2V+1 ~ &tf+2 | + (1 — t) S | &iV+p - btf+p+x | 

p=2 

m 
< t | OiV+m+l — O.V+m+2 | + L S | a/V+p — «tf+p+l | 
— p = l 

00 

< 2tL + L S | op — ap+i |-
P = I 

Thus }6pi converges absolutely. Since bp = 1 + a p 6 p +i , p = U 2 , 
3 and an — S, w e see that &„-f-0. This complètes the proof 
of the lemma. 
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W e n o w prove Theorem 1. Suppose | Cp+i/cp i converges abso­
lu te ly to {A, | [i. | < 1. Let iV, be a positive integer such that cP4=0 
if p > Nx. Then if p j> Nlf w e hâve 

Tp-i _ Cp + C p + i + Cp+2 + • 

= 1 - L C p + 1 i C P + 1 C P + 2 , C P + 1 C P + ^ C P + 3 , 
_ Cp Cp C p + i Cp Cp+i Cp+2 

^ h u s from the lemma, irp—x'Cpl converges absolutely to a nonzero 
l imit . Let Nt be a posit ive integer such that r P 4 = 0 i f p > À 7

2 . 
Let N = Nx + Nt + 2. Then if p 2> i\T, w e hâve 

rp_ï + cp_! 
Cp—i*"p—i 

(6) fcin5î__£e_=1__&._^_=5l_c 
Cp—i *"p— i Cp—i '/'p—i 

1 CpVp—2 Cp,'Tp—i 

cp—i»'p—i c p _ i / r p _ 2 

Hence (5) converges, and Theorem 1 is established. 

A s a partial converse of Theorem 1 w e hâve the fol lowing 
theorem. 

THEOREM 2. - If S c p is a convergent complex séries and (5) 
converges for some N, then 1 cp+i/cp I converges absolutely to a 
complex number u. such that | jx | ^ 1 and ^4=1-

Proof. - Suppose (5) converges for some N. Then from (6) and 
Theorem 2.1 of [1], w e see that I cp/rp_i | converges absolutely to 
a nonzero limit. If p ;> iV, w e hâve 

7 Cp-i — Cp __ Çp = rp_x ~CP_ _Çp_ _ rp cP 

cp—i r p _i rp_i Cp_i rp_i c p - i ' 

and 

* ' rp-x rv rp-L rp rp rp_i ' 
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Thus j cp+i/cp i converges absolutely, say to (x. Clearly | [/. | < 1, 
since S cp converges. Suppose (* = 1. Then cp/rp_x —•*- 0, since 

Cp—t — CP _ CP _ i _ _?P ?P_ „ . n 
cp_i rp—i cp—i rp—i 

beoause of the convergence of (5). But this is a contradiction. 

REMARK. - From (7), (8), and the proof of Theorem 1 w e see 
that if !cp+i/cpi converges absolutely to (*, | [x | < 1, then j rp+i/rp j 
converges absolutely to y., and so for each positive integer », 

00 

S rp is defined. Now, if | cp+i/cp | converges absolutely to [/., | «. | < 1, 
p = n 
and j is a nonnegative integer, let 

r<"> = S r?" l > » = 1 , 2 , 3 
P=7-hi 

where rj0> = c7. Then w e hâve the following corollary to Theorem 1. 

COROLLARY. - Suppose \ cp i£L0 is a complex séquence and 
| cp+i/Cp | converges absolutely to f/., | u. | < 1. Then if n is a positive 
integer, there exists a positive integer N such that 

converges. 
The proof is by induction and is obvious in l ight of Theorem 1 

and the remark. 
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