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Cscillatory and unimodal properties of solutions
of second order linear differential equations (%)

Nota di RicHARD BELLMAN (Santa Monica, California, U.8.A.) (¥*)

Summary., - In previous papers, we have shown how to derive jundamental
properties of the solutions of

u' 4+ ple)=0
directly from the fact that it is the EHuler equation associated wilh

the functional

a

J(u) = } [w'? — p(a)u?]de.
0

Here e wish to demonstrate a Sturm oscillation theorem and the
unimodal property of the solution in analogous fashion, under the
assumption that p(x) > 0.

1. Introduection.

In two -previous papers, we have shown how to derive funda-
mental properties of the solutions of

1.1) u'" + p(x)u =0

directly from the fact that it is the Eunler equation associated

(*) This research is sponsored by the United States Air Force under
Project RAND - Contract No. A¥ 49 (638) - 700 monitored by the Directo-
rate of Development Planning, Deputy chief ol Staff, Research and Deve-
lopment, Hp USAF Views or conclusions contained in this Memorandum,
should not be interpreted as representing the official opinion or policy
of the United States Air Force.

(**) Pervenuta alla Segreteria dell’U. M. L il 16 giugno 1964,
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with the functional

(12) Ty = [T — playurlda,

[1), [2]. Here we wish to demonstrate a STURM oscillation theorem
and the unimodal property of the solution in analogous fashion,
under the assumption that p(x) > 0.

2. The variational formulation.

Consider the problem of minimizing

o

f u'*dx

(2.1) Ku)="F—
.} pleyutde

over all functions u(x) satisfying the conditions u(0) = u{a) =0,
and such that the numerator and denominator are nonzero. This
leads in the usual way to the equation

(2.2 u"” + Ap(x)u = 0, u(0) = u(a) =0,

with the minimum equal to the smullest characteristic value. If
the equation

(2.3) w’ + p(xyu = 0, #(0) = u(a) =0,

with p(x) > 0, has a solution which is positive for 0 <a < a, we
know that A =1 is the smallest characteristic value and that
u(x) is, up to a normalization factor, the corresponding characte-
ristic function. This result can be established without the use of
Sturmian oscillation theorems, if we employ the PERRON-FRO-
BENIUS-JENTSZCH techniques of positive operators.
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3. The Sturmian property.

Suppose that we are given the two equations

(3.1 u’ + plxyuw =0, u0) =0,

v+ qxv =0, v0)=0,

with _q(x)z p(x) > 0. We wish to demonstrate that the first zero
of v|x) cannot occur after the first zero of wu.

We assume that the sitfuations were the reverse, as indicated
below (see Fig. 1). Then, from what has preceded,

8 b
f v'idx [ w'dx
< 0

3.2) 1 =min 2

’ ‘ [ q(:i)v'dx j: q(z)w* dx

Fig. 1

wherew is another function defined over [0, ] Choose w(x) in the
following way:

(8.3) w(x) = u(x), 0<x<a,
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Then (3.2) yields

a a

, u'tdx / u'*dx
(34) 1< < -1
[qemde [ pwmras
W 0

o

a contradiction.

4. A unimodal property.

Let us now demonsirate a familiar property of the first cha-
racteristic function w(x), its unimodal character. Suppose that ux),
the solution of

(4.1) u” 4 p(rju =0, #(0) = u'a) = 0,

Fig. 2

with the property that u(z)> 0, 0 <« <a, had the form Fig. 2.
Let us obtain from this function a function which yields a smaller
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value of K(u), as defined in (2.1), in the fashion of Fig. 3. In the
interval [a,, a,], v(x) = u(a,), otherwise v(x) = u(x).

x

o] X
‘We see that
b Pt
(4.2) f vt < ] widz,
[] [
9 a
j plx)jv’de > / pleiwde.
o [}
Hence,
(4.3) K@) < K(u),

a contradiction to the minimizing property of .

6. Discussion.

One value of the foregoing technique is that it can be applied
to study non linear ordinary and partial differential equations
as well. Furthermore, we can study the properties of the higher
characteristic functions by using relative minima.
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