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A note on Dongall's theorem 

by LIEONABD CARLITZ (a Durham, North Carolina, U. S. A.) (*) 

Summary. . The writer shows that Dougall's theorem on the sum of an 
1F6 is équivalent to the séries transformation (9) beïow. Some spécial 
cases are discussed also. 

It is familiar that Saalschûtz's theorem 

(i) 

where 

• ' . 
- « , a, b; a, 6 ; 1 (c — aUc - b)n 

c d J (c)n(c - a - b)n » 

(2) c + d = a + 6— w + 1 , 

is équivalent to Euler's formula 

(3) F(c-a, c — b; c ; z) = il - 0)a+6-*JPX«r. 6 ; c ; s). 

Thus it is of some interest to find a séries transformation that 
is équivalent to Dougall's theorem [1, p. 26J 

(*J 7 * . 

a, l+ô«S b, — m: 

2 a, 1+a—6,1+a—c, 1+a—d, 1 + a - e , 1+a+m 

(1 + a — b)m(l + a ^ c)m(l + a - d)m\l +a-b~c-d)m9 

(*) Pervenuta alla Segreteria dell'IL M. I. il 25 marzo 1964. 
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where 

(5) 1 + 2a = b + c + d + e — m. 

To begin with, we replace e by e + m. Then (4) becomes 

(6) 7F6 

a, 1+2«» &i c, e+m —m : 

2 a, 1 + a - b, 1+a—c, 1+a—d, 1 + a — e — w l + a + w 

__ (1 + «L(l + « - c - d),„(l + a - 6 - d),„(l + q - & - c ) t M , 
(1 + a - &),„(! + a - c);fl(l + a - d)m(l + a - 6 - c - c*)m 

where now 

(7) 1 + 2a = 6 + c + <* + «!. 

Next since 

and by (7) 

(6) becomes 

m 

(8) 2 

e — a = l + a — 6 — c — d, 

(a),, ( l + g « ) r (6WcMdW«)*+4« - a ) * - . 

W+-t* (m-r) r Q o ^ ( l + a - 6 ) r ( l + a - c W i + o - d ) , . ( l + a ) , 

( e ) , „ ( l+a -c - d ) , „ ( l + o - 6 - d l , „ ( l + « - f e - c)„, 
w ! ( l + a - 6 U l + a - c ) M ( l + o - d ) M 

If we multiply both Bides of (8) by x'" and snm oyer m we get 

(9) *F* 
c, 1+a-c—d9 1+a— 6—>d, 1 + a - 6 — c ; a 

l + a - 6 , 1+a—c, 1 + a - d 

r~o r\ (l + a - 6 ) , . ( l + a - c ) ( ( l + a - ( f U a ) t 1 

• F(e + 2r, e — a ; 1 + a + 2r.; ac, 

00 
V X" 
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where of course (7) it assumed to hold. 
If in (9) we replace d, e by 1 + a — d, 1 + a — e and let 

a - • oo, the lêft member becomes 

F(d — b, d — c\ d ; x), 

while the right member becomes 

(1 — -fc)-1+*.F(o, c; d; x). 

Since (7) is now 

1 — e = b + c — d, 

it is clear that we hâve (3). On the other hand, if m (9) we replace 
c, d by 1 + a - c, 1 + a — d and let a — oo. we get 

(10) . * , 
e, d - 6 , c - o ; a;] « (fc)r(e),r a" 

= ( 1 - . ) . ^ ( - . 1 ) ^ ¢ ¢ = ^ c, d 

where now 

(11) l + 5 + e = c + d. 

We may rewrite (10) in the form 

(12) • * . 
% 1 + e — c, 1 + e — d ; a; 

c, d 

= (l-rcrVFt 
2 e ' 2 + 2 e ' c + d ~ 1 — e;— 4^/(1 — a;;8 

e, 

a resuit due to Whipple [3. (7.1)]. We remark that when c = d = l , 
^ = — a and x -* — 1, (10) reduces to 

(13) 
œ /a\* °° / — 1 — a 2 a ï ï - § + 2° 

As observed by Builey [2, p. 497] (12) is a conséquence of 
Saalschûtz's theorem. 
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If in (9) w e replace c by c-d and let d —* oo w e get 

(14) F(e, e-a+b; 1 + a — b ; x) 

- £ r ! (1 *+^-W «^ + », — ;! + « + »;«» 
On the other hand, if w e replace d by d — e and os by sc/e' 

and then let e ~ 0, the left member of (9) reduces to 

xFt(l + a — o — c ; 1 + a - 6, 1 + a - c ; se), 

wh i l e the right member reduces to 

The condition (7) now reduces to 

(15) l + 2 a = o + c + d. 

However, since the parameter d no longer appears, (15) may 
be disregarded and w e get 

(16) ,2^(1 + a — &—c; 1 + a - 6, 1 + a — c ; ») 

J o ( 1 , r r « ( i + a - 6 ) , ( l + a - c)r|a)2r 
ar0F i(l+o+2r; «). 

Incidentaliy (16) is équivalent to [ l , p. 25] 

1 

(17) 5 ^ 

a, 1+gfl,, 6, 

1 

c, — m ; 

2 a, 1 + a — 6 , 1 + a — c , 1 + a + m 

_ ( l + a)m( l + a - o ^ c ) w 

(l + a » 6 u l + a - c ) w ' 
indeed it is not difficult to verify that (14) is also équivalent to (17). 
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