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A nete on Dougall’s theorem

by LeoNARD CarLITz (2 Durham, North Carolina, U. 8. A.) (%)

Summary. - The writer shows that Dougall’s theorem on the sum of an

+Fs is equivalent to the series tramsformation (9) below. Some special
cases are discussed also.

It is familiar that Saalschiitz’s theorem

— n, a, b ’ (c _ a)u‘c - b)n
o A ]=(c),<c—a-b).’
where
@) ctd=a+b—-—n+1,

is equivalent to Euler’s formula
3) Fiec—a,c—b;c¢; 2)=(1—2r+Fa,.b; c; 2).

Thus it is of some interest to find a series transformation that
is equivalent to Dougall’s theorem [1, p. 26]

a, 1+ ;0, b, ¢, d, e, —m:
4 F, L
3% 14+a—b, 14-a—c, 1+a—d,14a—e, 14a+m

_(1+e.0+a—c—d,(1+a—b—d, 1+a—b—o0),,
T (l+ae—b.+a+-c,+a—d)\l+a—b—c—ad),,

(*) Pervenuta alla Segreteria dell’U. M. I. il 25 marzo 1964.



A NOTE ON DOUGALL’S THEOREM 267

‘where
() 142a=b+c+d+e—m.

To begin with, we replace e by e + m. Then (4) becomes
1 -
a, 14+ 3% b, c, d. et+m —m;
6) F, {
5% 14+a-b,14+a—c¢, 14a—d,14+a—e—m 14a+4+m

_(tta,(lt+a-c—d.(l+a—b—d,ll+a—b—o,,
o (1+a—b)m(1+a—c)in(l+a—d)m(1+a —b_c_d,m

Wwhere now

(7) 1+42%2=b+4c+d-+e.
Next since
. r(e—\—&_
(1+a—e—m), = (—1) e

and by (7)
e—a=14+a—b—c—d,

(6) becomes

1
. " @.(1+38) OHADer 0 —a),—.
® :

r=o0

“rtm-nt (30) (+a-8)d-+a—cli+a—d. 0+,

_ (@), (1+a—c-d), (1+a—b—d) (1+a—h- o),
- m! (1+a—b),(l+a—c)(1+a—d),. :

If we multiply both sides of (8) by 2 and sum over m we get
N 7 l® 14+a-c—d, 1+a—b—d, 1+a-b—c; x
©) Gl 1 4ta—b,  t4a—c, 14a-d

X (@).(b).(c).(d).(e),.

-t

T T UFe—b(l+a—ol +a—d) @y

-Fle+2r,e—a; 1+ a4 2r; =,
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‘where of course (7) it assumed to hold.
If in (9) we replace d, e by 14+a—d, 1 +a —e and let
a — oo, the left member becomes

Fd—b,d—c; d; x),
while the right member becomes

(L —x)~'*F(b, ¢} d; =)
Since (7) is now

l—e=b+4+c—d,

it is clear that we have (3). On the other hand, if in (9) we replace
¢c,dbyl+a-c¢ 1+a—dand let a — oco. we get

e, d_b’ c—‘b; x . —e cg r (b)r(e)!r_ x"
R e B Y oy =

where now

(11) 14+b+e=c+d.

‘We may rewrite (10) in the form

e,1+4+e—c, 14+e—4d;
(12) .F’[ + . c, + P ’ .’B] —

1 1 1
e, g +sect+d—1—e; —4xj(l —x)?
= (1 — z)—°,F, 2722 )
e, d

@& result due to Whipple [3, (7.1]]. We remark that when c=d=1,
€= —a and  — — 1, (10) reduces to

3 1“’ —'1+la'
aw  E (- Lo ( () (72 E)

As observed by Builey [2, p. 497] (12) is a consequence of
Saalschiitz’s theorem.
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If in (9) we replace ¢ hy c-d and let d — co we get
(14) Fe,e—a+b;1+a—>b; x
X (a)r‘b'r(e)!r

= X iTi+ta- b

xFle+2re—a; 14+ a+ 2r; x).
On the other hand, if we replace d by d — e and x by x/e*
and then let e — 0, the left member of (9) reduces to
Fl4+a—b—c;1+a—-b,14a—c; ),
while the right member reduces to

(a),(b),-(c)r
r {1+ =b)1+a—c) (@),

§ (— 1) z" F (1+a+42r; ).
r=0

The condition (7) now reduces to
(16) 1+2a=>b+c+d.

However, since the parameter d no longer appears, (156) may
be disregarded and we get

(16) Fsl4+a—b—¢c;14+a—~b L4+a—c; x)

I (a),(B),(c),
=2 =V ST ira=b)i+a=oa),

x" oy Fi(l4+a+27r; x).

Incidentally (16) is equivalent to [1, p. 25]

1
a, 1+§,a54 b’ ¢ —m; ‘
(17) sFu 1 =
3@ 1+a—b, 1+a—c, 14+atm |
. (1+a)m(1+a—b_c)m.
B (l' + a— b,m(l +a-- € ’
indeed it is not difficult to verify that (14) is also equivalent to (17).
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