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SEZIONE SCIENTIFICA 
B R E V I NOTE 

Mosaic Spaces, Pi - Mappings, and Property K 

by L O R R A I N E D. L A V A L L É E (a Univers i ty of Massachusetts) (*) 

Sunimary. • A characUrization of ihose mosaic spaces nhich hâve proper­
ty K is given, and a necessary and suffïcûnt condition for an M-space 
nhich is the image of an hereditary mosaic space ttttder a quasi-com­

pact mapping io be an hereditary mosaic space is establishtd. 

Davison [2, def. 1.1, p. 526]1 introduced the fo l lowing défini­
tion of a mosaic space. A collection \(Xa9 &„): a £ A\ is said to 
be a mosaic of topological spaces on a set X if and on]y if (i) each 
^aï Sa) is a topoJogical s j a c e ; (iij X = U |X„ : a s A\ ; and (iii) 
for ail subsets E of X and ail a, o e A, if E £ Xa and E is g n - c l o s e d 
then E Ç\ Xb is gfô-closed. For a mosaic of topological spaces 
on X the mosaic topology g is defined as foliows : for ail E Çj X, 
E is f5-closed if and only if E D Xa is g a - c lo sed for ail a e A. 
If each (Xai g0) is a compact metric space, then the topological 
space (X, g) determined by the collection \(X„, gn) : a £ A\ is called 
a mosaic space. E v e i y mosaic space is T, but not, in gênerai , 
HATJSDORFF. Tn fact, DAVISON [2, ex. 6.1, p- 541] has g iven an 

examble of a compact, hereditary mosaic space w h i c h is not 
H A U S D O R R F , where by an hereditary mosaic space w e mean a 
mosaic space wi th the property that each subspace is a mosaic 
space. 

Let f be a function from a topological space (X, S) onto a 

(*) Pervenuta alla Segreteria dell'U. M. I. il 10 setterabre 1963. 
(1) Numbers in square brackets refer to the bibliography. 



9 6 LORRAINE D. LAVALLEE 

topological space (Y, S). We shall call f a quasi-compact mapping 
provided that for every subset E of Y, E is S-closed if and only 
if f~l(E) is g-c losed. Davison [2, theorem 3.7, p. 534] has shown 
that if f is a quasi-compact mapping from a mosaic space (X, g) 
onto an M-space (Y, §) L e . , a space (Y, S) for which l imits of 
S-convergent séquences are unique [5, p. 474], then (Y, S} is a 
mosaic space. 

I n this note w e shall establish a necessary and sufficient con­
dition for an M-space which is the image of an hereditary mo­
saic space under a quasi-compact mapping to be an hereditary 
mosaic space and w e shall characterize those mosaic spaces (X, 3f) 
w h i c h hâve property K (for each point x and each subset E of X 
hav ing se as a g - l i m i t point, there exists a g-compact subset 
of E U | x | w h i c h has a; as a g - l imi t point [3, def. 2, p. 689J). 

Bae [1, p. 39] proved the following theorem. 

THEOREM 1. - Let f be a quasi-compact mapping of a H A U S -

D O R F F space (X, g) hav ing property K onto a HATTSDORFF space 
(Y, S). Then (Y, S) has (property K if and only if f is a P ^ m a p -
ping (if y s. Y and U is a g-open set containing t~l(y) then y e 
int «D) [5, p. 474]). 

THEOREM 2. - Let f be a quasi-compact mapping of a mosaic 
space (X, g) hav ing property K onto an Af-space ( Y, S). Then (t/, S) 
has property K if and only if f is a PL -mapping. 

P R O O F . Bae 'S argument for theorem 1 can be seen to hold 
for any Tt - space (X, f?) having property K and for any topolo­
gical space (Y, S) in which every compact set is closed. Thus the 
resuit fol lows directly from Baç* s argument and Davison' s re-
sults that every mosaic space is a Tj-space [2, p. 527], that (Y, S) 
is a mosaic space [2, theorem 3.7, p. 534]and that every compact 
set in a mosaic space is closed [2, cor. 1*9, p. 527]. 

THEOREM 3. - Let (X, g) be a mosaic space. (X, g) has pro­
perty K if and only if (X, g) is hereditary. 

P R O O F . - Let (X, S) be a mosaic space wi th property K. To 
show that (X, S) is hereditary it is sufficient to show that every 
g - l i m i t point of a subset of X is also a g-sequent ia l l imit point 
of the subset [2, theorem 4.3, p. 536]. So let as be a g-limi!; point 
of a subset E of X. Since (X, g) has property K, there exists a 
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g-compact subset F of E U i # I which has as as a g-limit point. 
Since (X, 3f) is a mosaic space, F is g-closed and x is therefore 
in F. It follows that F — \ x | is not g-cloRed. Thus there exist a 
séquence S and a point y in X such that S g-converges to y, 
yeF—i#l, and /S j £ F—\x\, where Sj is the point set associa-
ted with the séquence S [2, theorem 1.3, p. 526]. Now y is a 
g-limit point of Sj and hence of F— \x\ and, since y s F— |ac|, 
then y = x. Therefore as is a S-sequential limit point of F— | as j. 
and hence of E and it follows that (X, $) is hereditary. 

Now let (X, g) be an hereditary mosaic space. To show 
that (X, IS) has property K, let as be a g-limit point of a subset E 
of X. Since (X, g) is hereditary, there exists a séquence S such 
that S Sf-converges to as and Sj c E. If the mosaic space (X, gf) 
is determiued by the mosaic \(Xn9 f$.f) : a e A I of compact metric 
spaces on the set X with the mosaic topology g. then there exist 
a subsequence S' of S and an a tA such that S'j U l#i £ Xn [2, 
lemma 1.5, p. 526]. S'j U |asi is g,-closed and therefore 3f„-com­
pact. Moreover, since f$n is the topology g relativized to Xa, 
S'j U |as| is g-compact. Since S'j IJ | as I is a g-compact subset 
of E U |asl which has as as a g-limit point then (X, g) has pro­
perty K. 

The next resuit follows immediately from theorems 2 and 3. 

THEOREM 4. - Let / be a quasi-compact mapping of an here­
ditary mosaic space (X, g) onto an ikf-space (Y, S). Then (Y, S) 
is an hereditary mosaic space if and only if f is a Pl-mapping. 
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