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On a paper of Banerjee. 

B y S. K. C H A T T E B J E A (a Calcutta) (*) 

Su m m a ry, - Becently D. P. Banerjee has proved Turàn1 s inequality for 
the Bessel polynomials yn(x). Hère it is pointed oui that Banerjee's 
inequality is incorrect and that in course of démonstration he faits to 
notice that for n=2m,yM(x) has no realseros. Secondly Turàn7s inequality 
for the Bessel fonctions is knorvn for a long time. Lastly Banerjee1 s séries 

S ( 2 n + l ) y n 2 ( x ) 
n=o 

was already considered by C. K. Châtierjee and W. A. Al-Salant. 
Further we hâve proved some properties of the Bessel polynomials, of 
which the following two are characteristic : 

(i) S ( - l ) n - r ( 2 r H- l)y*r(x) = y'n+i(x)yn(x) - y'n(x)yn+i(x), 
r=o 

il 

(ii) yn(x)yn+2<x) — j \ - \ i(x) = i + 2 x « S A r , 
r = 0 

where 
Ar^y ' r+ i (x )yr (x ) - y 'r(x)y r+i(x), y'r(x) = ^ yr(x) . 

{*) Pervenuta allia Segreteria delPU.M. I. l '8 febbraio 1964. 
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l u a receut paper [1], D. P. BANERJEE has proved the theorem 
that for ail real as> 0 and n > 0, the following TURAN'S inequality 
holds : 

(1) y\{x) — yn+Ax)y«-AK) ^ o, 

where y.\x) is K R A L L - F R Ï N K ' s BESSEL polynomials defiued by 

Hère we like to remark that this theorem is incorrect. For, 
when n = 1, we hâve 

y*(x) — y*[x)y*(x) = — x[i + 2x). 

Again when n = 2, we notice 

#i*(») — 2/3(a%,(a:) = - x(l + 6x + 12cc* + 6¾3). 

Indeed, we hâve proved in a récent note [2] that 

[«/2] 
13) »«(«) »„+.(*) - y\+l[x) = x + 2xz 2 (2» + 1 — U)y%

n_ti{x), 
t=o 

by means of the formula 

W A„ = *„_, + 2(2n+ 1 )^ , , (¾) , 

where 

K = 0n(a%n+ite) - 2/8
1!+1(^) • 

When written in BUROHNALIL' S notation for K R A L L - F R I N K ' S 

BESSEL polynomials, (3) assumes the form [3]: 

(5) [«/2j 
= ^ « + 1 + 2 2 (2» + 1 - é ; ) * ^ » , ^ » ) , 

where 
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/ 
H è r e it is w o r t h m e n t i o n i n g tha t T U R A N ' S i uequa l i t y for the 

B E S S E L po lynomia l s i s no t n e w , for C A R L I T Z [4] had a l ready 

p r o v e d tha t 

(6) 0„-,(*)°„+ . (*) - 9 2 » > 0 , (x>0), 

in a di f férent m a n n e r . W e h â v e proved (5) w i t h the he lp of the 
r e l a t i o n 

(7) A(n, 1, 1 ; x) = x4âi(n — 2, 1, 1 ; x) + 2(2n + l)63
n(cc), 

w h e r e 

A(», 1, 1; 0:) = 6 ^ ) 6 ^ , ( 0 : ) - 6 3 ^ ^ ) . 

W e also add tha t in the proof of (1), B A N E R J E E fails to not ice 
t h a t for even n, yn(x) has no r ea l zéros. 

Secondly , B A N E R J E E has proved iu Theorem 2, t h a t T U R A N ' S 
i n e q u a l i t y holds good for the B E S S E L functions Jn(x) also. B u t 
L O M M E L ' S sér ies [5] of squa res of B E S S E L . functions v i z . , 

(8) ^ - j J\(x) - J^fâJ^ix) \ = 2 O (H + i + 2fc)J»H+ ,_,»(*), 

is k n o w n to us . S Z A S Z [6] had es tabl ished the iuequa l i ty 

(9) Jn*(x)- Jn-x(x)Jn„(x) > - i - Jn>[x), ( n > 0 , - o o < a ; < + o o ) . 

n + 1 

W e h â v e proved in a p rev ious note [7] t ha t 

A W î i ) 2 ; a ! ( J r ) < 0 , — o o < x < 0 
(10) = 0 , x = 0 

> 0, 0 < X < oo 
w h e r e 

A»,i ,a ; a (J") s s J n + l ( a î ) J „ + I { x ) — J'nWJ'n+aW • 

W e shal l n o w discuss some proper t i es of the B E S S E L polyno
mia l s . W e not ice 

» » + l ( % B W — »nl*)»..+ |(») 

= [(2n + l)*»n(a!) + 0 , , - ^ ) 1 ^ ( 0 ) - »n(*)[(2« + 1)«W«W + »«-,(0)] 

= (2* + 1 ) ( 0 5 - 0)0,,(85)9,,(8) - [»„(*)0fl-i(0) — 0—i(»)»„(0)] -
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Noiv we write 

(11) an[x, 0) + *„-,(*. s) = (2» + 1)(« — «)»»(*)»«(«) 

where 

ffn(o, 0) s 0,,+,(35)0,,(0) — 0„(*)0„+i(0) • 

Similarly we hâve 

(12) *„-!<#, 0) + *»_»(«, *) ="( 2 n - ^ - ) ( ^ - «)0n-l(*)0n-l(») • 

It therefore foilows from (11) and (L2) that 

( l g , »»(«» g) " «n-l(«, )̂ = {2n + 1^(05)0,(0) - (2n - 1)0, ,-^)0, ,-1(0) • 
X — z 

Putting n = 2m and by repeated application we obtain from (IS) : 

« i » t e » ) _ ^ 

a; — » ••— 
î w l — = 2 (ii + l)yu(x)yt,(s)- 2 (« - ! )*„_! (*)* ,_ , ( • ) 

(14) 
2m 

= 2 ( - l )"»-(2r + l)yr(a%r(*). 
r~0 

Again using n = 2m + 1 and by repeated application we dérive 
from (13) 

lTK „ = 2 («— l)yM-,(*)»,._,(*) — 2 (« + !)*,(*)*,(•) 
(15) 

2m-hi 

= 2 ( - ip«+»—(2r + l)yr(x)yr(s). 

Thus we note that (14) and (15) can be comprised into a single 
formula 

( 1 6 ) ^ £ ) = s ( - l )«-(2r + l)0r(x)0,.(0). 
o? « r = 0 

10 
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Now let 0 —* os, then (16) yields us 

(17) 0^,(3510,,(05) - 0'n(*)0.+ .W = M - l ) « - ( 2 r + 1)0/(0:). 
r - 0 

In this connection we mention that BANERJEE [1, p. 85] proved that 

(18) ? ( 2 n + i)!f i |f(a.) = - L ) 0p+](o5)0p(o;) - 0,(05)0-,(35) | . 
« 0 * 

Hère it is worth mentioning that (18) was already proved by 
C. K. CHATTEBJEE [8] and by W. A. A L - S A L A M [9]. It should be 
remembered that one can extend the following définition 

X* S + 2lX + 1} % = n[n + 1)y 

of the BESSEL polynomial 0lt(a!;) to négative subscripts by defining 
0—„(as) to be yt%-x(x). Thus if we put 0_,(o:) = y0(x) in (18) we 
actually obtain CHATTERJEE'S or A L - S A L A M ' S resuit. 

Next returning to (14) we dérive 

3 * f b ' i »4 . iW ! f i M W - 0't«.(*)0t*+i(ac)] 
(1") m m 

= 2x« 2 (U + l)y\,(x) - 2x« 2 (U - lfo»M_,(as) 
« = 0 t = l 

Again we obtain from (3) 

m 
(20) A , „ = a; + 2 * ' 2 (tf + l)î,'Sl(x) 

i=o 

and 

(21) A,„,_, = x + 2x' 2 (U - l JyV.fx) 
t = l 

where 

A» — 0«^)0„+t(î») - 0V+1M • 

I t therefore follows from (19), (20) and (21) that 

(22) A
2 m - A 2 m _ i = 2 x * A 2 M 
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where 

A i H . s ^ i . t l l 2 ) » ! » - 0 /f« (*)0»» + lto)-

From (14) we similarly dérive 

= a»» 2 (4j - %%,_,(x) - 2 (4i + l)t/\,(x). 

Thus we obtain 

(23) A l M + r - A Î M = 2*«A t lB+l. 

Now from (22) and (23) we dérive a single formula 

(24) A l l -A t t _ 1 = 2 ^ A „ . 

Lastly by repeated applicaton of (24) we get 

(25) A„ = as-|-2x' 2 A r , 

where 

A * = 0 ,»(«)0B+«(*) — 0 S „4 i(«) 

and 

*r = y'r+Ax)yr(ty - 0'r(*)0r+l(*) • 
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