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Transformations in a three - space. 

Nota di EDWARD D. BENDER and JOHN Gr. CHRISTIANO 

(a Northern Illinois University) (*) 

Summary. - The set of 3 x 3 non-singular matrices over the scalar field 
of real numbers is a group with respect to matrix multiplication. A 
number of Us subgroups hâve inieresiing géométrie significance. 

J. - Purposes of the problem : The purposes of this paper are 
to analyze certain eigenvectors and their correspond in g eigenva-
lues of 3 x 3 matrices, which transform in a rectangular coordi-
natized E3 the vector v = (a,. a8, a3) leaving its length invariant, 
and to survey the group properties of thèse matrices. 

2. - Transformations : Cousider in Eè the vector v. 

Let -K be the set of transformations which permute the corn-
ponents of v allowing for change in sign. Then -K leaves the ori-
gin 0 as a fixed point. 

If we define an augmented permutation matrix as a monomial 
matrix [1] having non-zero entries 1 and — 1 , then TT will be the 
set of corresponding augmented permutation transformations. The 
23 • 3 ! = 48 transformations of -K are : 

Identi ty 

Inversion w.r.t. 0 

Reflections w.r.t. Unes through 0 

Reflections w.r.t. planes through 0 

90° rotations about axes 

Reflection-rotations w.r.t. planes 
Xj = 0 and Xj axes 

{a^T,. = [ i= a<p(j)], 4> permutes sub­
scripts , 7 = 1 , 2, 3 

I 

- I 

A, $ = 1,..., 9 

B, $ = 1 , . . . , 9 

Ct $ = 1,...,6 

£, = ^ = 1,..,6 
j = $" (mod 3) 

T, 1 = 1,...,8 
$ = 9,..., 16 

I 

A* = I 

C* = I 

D,4=I 

T*=I 
T* = I 

(*) Pervenuta alla Segreteria dell'U. M. I. il 7 dicembre 1963. 
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3. - Eigenrays : A given point (xt) lies on an eigenray of some 
augmented permutation matrix A iff gf a complex scalar X 3 (»,')= 
= ( ^ ) ^ = 1, 2, 3 and (:^)^4=(^/). This is tantamount to solving 
the secular équation \A — XX | = 0 for X. 

Suppose : 

0 (T 

0 1 l.represent the 90° counterclockwise rota-

-1 0. 

tion about the xx axis. The eigenvalues of C are found to be 1 
and dz $. The corresponding eigenvectors are (c,, 0, 0) and (0, c8, 
=P Cj$) where ck and c2 are real scalars. It can then be concluded 
that the only real eigenray for C is the xx axis. Similarly, if 

0 
0 

-1 

0 j represents the mapping (xx, xiJ x3) —*(x%i 

0, 

— x3 s xi), then the eigenrays corresponding to the eigenvalues — 1, 
X1 = (1/2)-h (V3/2)$, and \ are (cM — cx, — ̂ ) , (c,, XlCl X^) 
and (c,, X,c,. X^) respectively : the first of thèse is the only real 
eigenray for T. 

The secular équation resulting from an augmented permutation 
matrix yields three eigenvalues. The corresponding real eigen-
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vectors generate a subspace of Ez. I n gênerai, a l ine of reflection 
has e igenvalue 1 and ail orthogonal l ines hâve e igenvalue — 1 ; 
rays l y i n g in a plane of reflection hâve eigenvalue 1 and ortho­
gonal rays e igenvalue —1 ; the axis of a rotation has an eigen­
va lue 1, ail other e igenrays being imaginary; a reflection-rotation 
mapping has its l ine of rotation as an eigenray with e igenvalue —1; 
a tranformation of the form (at) —* (db a ^ ) ) where one or three 
of the s igns are -+- has e igenvalue 1 and where none or two of 
the s igns are -+- has e igenvalue — 1 . 

4. - Group Structure : The set M of 48 = 24 • 3 augmented 
permutation matrices is a group generated by C and T above 
w i t h def iuing relations. 

C4 = T6 = J 

C T s _ TC% 

C*T4= T2C 

T3 = — I 

CT*= T*Cl 

C*T = T'C 

Let || m{j [j 6 M. Dénote the kth Sy low p-subgroup of M by Sk{p)> 
Then M => S*(2) and 5,(3), k = 1, 2, 3 and 1 = 1 , . . . , 4. Each of 

3 

the 16 mfj 6 Sk.{2) for fixed k0 has an entry mH =(= 0. H Sh(2) i s . a 
fc=i 

self-conjugate subgroup of order 8 3 y ^ m î t 4= 0. y l , 5,(3) C ^ (3 ) 
4 

where Z(n) is a cyctic group of order n. U SX(S) = [Tt :$ = 1,...,8]. 
= i 

UZ,(6) = [T, : • = 9 , . . . , 16]. H 6 Z,(4)s. 
1 = 1 

A n y two matrices of order 3 and 4 in M generate a subgroup 
of order 24. A n interest ing exploration would be the extension 
of this topic to En where the number of augmented permutation 
matrices is 2 n . ni 
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