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On the computational solution of two-point 
boundary-value problems. 

Nota di E . B E L L M A N e T. A. B R O W N (California U.S.A.) (+) 

Snmmary. - Tmo-point boundary-value problems for second-order Systems 
of linear différentiel équations are usually solved by a process involving 
the inversion of a certain matrix. If the System is too large, it may be 
difficult to compute this inverse to a high degree of accuracy. 

The pur pose of this paper is to discuss a method of overcoming this 
difficulty. 

1. In troduct ion . 

Consider (as i n [1]) the w-d imens iona l vector d i f ferent ia l équa t ion 

(1-1) x " + A(t)x = 0 

w h e r e the solut ion is subject to the b o u n d a r y condi t ions 

(1.2) a(0) = c, a(l) = d. 

The problem is gene ra l l y solved as follows. L e t Xx and Xt 

dénote t he m a t r i x solutions of 

(1.3) X" + A{t)X=0 

sat isfying the in i t i a l condit ions 

(1.4) *,(0) = I , ^ / ( 0 ) = 0, 

^.(0) = 0, Xt\0) = L 

If g r ep r e sen t s the ( u n k a o w n ) va lue of os'(0), w h e r e x(t) is t he 
solution to the problem, then 

(1.5) (/ = ^ ( 1 ) - ^ - ^ ( 1 ) 0 ] . 

(*) Pervenuta alla Sergeteria dell 'U-MM il 16 novembre 1963. 
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If X2(l) is singular, then there may be m any solutions, or none, 
and (1.5), of course, makes no sensé. 

If n is large, it may be difficult to compute XT (1) to a high 
degree of accuracy. The purpose of this paper is to discuss a 
method of overcoming this difficulty. 

2. Au i térat ive technique. 

Let X\ (1) be some approximation to X ~ (1)- Define 

(2.i) 9l=xî(i)[d-xs(m, 

g„ = Xt (l)[d - X,(l)c - XADg,,^] -H <?„_, . 

Then we hâve the following theorem: 

THEOREM If the spectral radius of I — X.Î (1)X8(1) is less than 
one, then the séquence [gn] defined by (2.1) converges to g, the unique 
solution of (1.5). 

PROOF. - First note that if 7— Xt (1)X2(1) has spectral radius 
less than one, then XI (1)X2(1) must be nonsingular. Thus XI (1) 
and X2(l) are nonsingular, which means that (1.5) has a unique 
solution. If g is the unique solution of (1.5), then 

(2.2) gH - g = Xt (i)[d - X,(l)c - Z8(l) (/„_,] -+- </„_, - g = 

= Xt (l)[d - Z,(l)c - ^,(1)0,,-,] -

- Xt (l)[d - X,(l)c - * , ( % ] + g,,-, -g = 

^(I-XtWXtWMg^-g). 

If the spectral radius of I—XI (1)X2(1) is less than one, this 
shows that [gn — g] goes to zéro as n goes to infinity, and this 
concludes the proof. This theorem may be viewed as an application 
of a method of matrix inversion like that of BODEWIG and HÔTEL-

LÏNG (see [3], [4] for additional références). 

CORL.LA.RY. - If A(t) = B2, a constant positive-definite matrix, 
then taking X£ (1) = X8(i) makes [gn] converge to the solution. 
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P R O O P . Since X2(l) = B~l s in B, it follows tha t t h e e i g e n v a l u e s 
of X2(l) ail h â v e absolute va lue less t h a n one, a n d t h u s ai l t h e 
e igenva lues of X\{1) a re be tween zéro and one. 

COROLLARY. - If each élément of I — X* (J)XS(1) is less in absolute 
value than 1/n, then [gn] converges to the solution. 

COROLLARY. - If A(t) = — B2 , where B is a matrix with only 
real eigenvalues each of which is greater than zéro then taking 
X £ ( l ) = 2 B e - B makes [gn] converge to the solution. 

/eBt _ e-Bt\ 
P R O O P . - Xt[t = B~l[ ] , whence Xt (1(1,(1) equa l s 

C O R O L L A R Y . - If Y,(t), Y2(t) are solutions to Y" -+- A ( l — t)Y = 0 
satisfying initial conditions like (1.4), then taking X ; (1 ) = Y,'(1) 
will make [gn] converge to the solution if Y2'(1)X2'(1) has spectral 
radius less than one. 

P R O O P . - Y2'(1)X2'(1) = I - Y/(1)X2(1). 

C O R O L L A R Y . - If Xt (1) = dA, where A is the transpose ofXt(i) 
and d is a positive constant chosen to be less than twice the reciprocal 
of the sum of the absolute values of each row of AX2(1), then [gn] 
converges to the solution. 

Note tha t th i s last corol lary is not ap t to be computa t iona l ly 
useful, however , s ince if X2(l) has some v e r y s m ai l e i g e n v a l u e s 
(and thus is ha rd to in vert) u n d e r the above p rocédure I— Xt (1)X2(1) 
wi l l h â v e spec t ra l r a d i u s v e r y close to one, so tha t convergence 
w i l l be slow. 
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