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Torsion of hollow prismatic cylinders. 

By IL A. S A S T R Y (India) (*) 

Suiumary. • In this paper (a) the torsion of a hollow cylinder whose outer 
cross-section is a circle and inner cross-section a square with rounded 
corners and (b) the torsion of a hollow prismatic been bounded ex ter-
nally by a quartic curve and internally by a circle hâve benn studied 
by using Schwars's Alternat in g Method. 

I n t r o d u c t i o n . 

D. I. S H E R M A N has developed complex variable method to obtain 
the solution of s orne doubly connected régions in the plane theory 
of elasticity. D. I. S H E R M A N and M. Z. NARODBTSKI hâve obtained 
the solution of torsion of a hollow cylinder bounded externally 
by a square w i t h rounded corners and internally by a cirole by 
reducing the problem to the solution of the intégral équation of 
Fredholm. The hâve also investigated a number of important 
torsion problems. 

Mathematical Formulation of the Problem. 

To solve the torsion problem for a beam of doubly connected 
cross-section w e hâve to find a function ty(x, y) which is harmonie 
in the région occupied by the material and satyisfing the condition 

(1-1) + = (*' + y') / a + c,, (* = 1, 2) 

on the boundaries Lx and Lt. 
One constant can be choosen arbitrarily and the other is to be 

determined so that E e F(z) is s ingle valued throughout the 
région. Let 

(1.2) F{z) = * + • + , 

(1.3) F{e) = %*{*), 

where F(z) is the usual complex torsion function. N o w the boun-
dary conditions (1.1} can be written wi th the aid of (13) in 

(*) Pervenuta alla Segreteria delL'U.M.I. il 19 ottobre 1963. 
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the from 

(1.4) <!>(*) + * î ï ) =.** + <;, ( » = 1 , 2) 

where i i s a point iu the z — plane. 
The stress components and the torsional rigidity are given by 

(1-5) Tx-iTy = i^[<i»(z)-z], 

(1.6) D^ = ^{I+D0)9 

where 

(1.7) tel=fzz*dz, 

( 1.8) te JD0 = I [<t>{z) — *|â) d(zz), 

z = x + iy, z = x — iy and intégrais are to be evaluated over the 
doubly connected région. 

Schwarz's Alternating Method. 

The région Bl2 occupied by the material can be considered as 
the intersection of the infinité région i£, bounded by the inner 
cross-section LL wi th finite région Rt interior to the outer cross-
section Ls. 

"With the usual notation we Write the boundary condition in 
the fojm 

(1.9) £(*) = *(*) + *{ï) = f{t). 

To obtain the first approximation <ï>a) we hâve to détermine» 
a function in the infinité région exterior to Lx such that 

(1.10) £ ( * ( n ) k = f l -

Tho find the second approximatio 4>(2) we consider the solution 
in the finite région interior to L% subject to the condition 

(!•") TÀ*w)\u = f\u-lA*™)\i«-

For the third approximation we hâve to détermine the fun­
ction 4>m satisfying 

11-12) IA*™\i« = f\u-IA*w)\Li, 

and so on. 
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(a) - Cross-section bounded extemally by a circle and internally 
by a square with rounded corners. 

The boundary conditions for the torsion problem reduces to 

(2.1) <D(*) + W) = R1 + ct9 on the circle L% 

(2.2) = 11=$= cx on the square Lx 

we can take c8 = — R 2 and the constant c, is to be determined. 

Conformai Transformation. 

The function 

(2.3) z = a& + mlV) a > 0 , | m | < J 

maps conformally the région exterior to the square Lx on to the 
région exterior to the unit circle in the Ç — plane. To find £ in 
terms of z let us assume 

X> = az+™cnlz*\ 1/Ç = 2 6 , , / ^ 
(2.4) { 

where 
OO 00 CD 

E„ = 2 Gn-r b,., G„ 2 bn-r br, Hin = 2 G4»~r G,. . 
r=i Y= 1 r=2 

TJsing (1.4) in (1.3) and compariug the like powers of z we find 

d = 1 / a, c3 = — maz, c7 = — 3m'?a7, c n = — 15m3an , 

cJ5 = — GWa 1 5 , c19 = — 712m5a19... 
(2.5) < 

bl = a, 65 = ma5, 69 = 4tw*a9, 613 = 22m'a", 6J7 = 140™<a17,... 

H4 = a4, i78 = 4ma8, # 1 2 = 22m*ax\ HH = 140m3a16,... 

First approximation. 

From (2.2) and (1,10) we find 

(2.6) <J>(l)(*) + <t>(i>(*) = n + Cl 
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(2.7) since t = a(<r + m / <*% t = a(l / c + m<s*) 

ff is a point on the unit circle in the Ç — plane the above équa­
tion becomes 

(2.8) *!(1)(ff) + *i(1,(ff) = «'(1 + w s + m/a* + ma*) + cx . 

Multiplying (2.8) by daj2ni (a — Ç) where Ç is a point outside the 
unit circle and integrating we find 

(2.9) <t>™(t) = a*m/K4. 

From (2.4) and (2 9) we hâve 

(2.10) *<'>(s) = a2mZH4>llz
in . 

i 

From (2.8) and (2.9) it follows that 

(2.11) Ci = - a*(l + m2). 

Second approximation. 

Le <J>(-,} be the second approximation to be de^ermined interior 
to the circle L2 subject to the condition 

(2-12) L(<i>a))\L.2 = f\L2-L(V»)\L.2. 

The above équation becomes 

(2.13) &»(t) + &*\t) = - a*m 2 JT 4 , , (1 /^ + tin \ RSn), 
i 

since tt = R\ 
Multiplying the above équation by dt/2Tzi(t — z) where z is a 

point inside the circle Lz we find after intégration 

(2.14) 4>«>(g) = _ ahn ?HiUB4aIR*n . 
i 

Third approximation. 

Let <t>(3) be the third approximation to be determiued in the 
infinité région exterior to the square Lx subject to 

(2.15) L(V»)\Ll = f\Ll-L(V»)\Ll. 
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TJsing (2.14), (2.7) in the above equatiou and then multiplying 
the resulting équation by d<s j 2TÛ(<T — Ç) where Ç is a point outside 
the unit circle and integrating we find 

00 

*/«(£) = a?m/¥ + a'm 2 HAna
4"R~^ . 

(2.16 ) 

{p=n+l\P/ p 0\P/ ) 

For the first two approximations we find from (210) and (2.14) 

(2.17) *(«) = a-m 2 H4n(lftf
in — z4tl / R*"). 

i 

I t is easy to prove that 

(2.18) I = TzaA( 1 - 4m* — 3m4) / 2, 

(2.19) D0 = ^a4m* —H2HiKa4nR~^\( 4 n ) « * + i - ( 4n \m
n-l\ 

(b) - Cross-section bounded extemally by a Quartic curve and 
internally by a circle. 

The boundary conditions for the torsion problem are 

(3.1) ¢(£) + <P(t) = tt on the quartic curve L% 

(3.2) = J2* + C! on te circle Li . 

The constant on the outer boundary is taken to be zéro. cx is a 
constant to be determined. 

First approximation. 

Let On) be the first approximation to be determined in the 
finite région interior to L2 subject to the condition 

(3.3) £(«.»>) | is = n ^ -

The above équation becomes 

(3.4) &l\t) + &l\t) = 11. 
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Conformai Transformation. 

The function 

(3.5) z = Kj(l+pt + ml% 6 > 0 , | p | < 2 , | m | < | , 

maps conformally the région interior to the quartic curve on to 
the unit circle in the Ç — plane. Since we hâve to express Z in 
terms of z let us take 

(3.6) Ç = S a / , Ç2 = 2 Aa*\ AH = Za^a,.. 
o o Y = 0 

Using (3.6) in (3.5) and comparing like powers of z we can find 
the constants an . 

/ a0 = 0, a, = 1/6, a 2 = p / 6 s , a3 = (p% + m) j 63 

(3.7) | a4 = (p3 + 3pm) / 6<, a5 = (jt>4 + 6p'm + 2m2) / 65 

( afl=(p5+10p«m+10pwf)/6fl, a ^ p 6 + 1 5 p 4 m + 3 0 p W + 5 m 3 ) / 6 7 etc. 

Using (3.5) in (3.4) we find 

(3.8) *,n)(<0 + *!(l)(<r) = 6 V / ( 1 + !><* + mc72)((7? =t=p(j + m) 

where c is point on the unit circle and £ = 6<T/(1 + pa -\- ma'2) s 
Multiplying (3 8) by daj2m(a — Ç) where Ç is a point inside the 

unit circle and integrating we find 

(3.9) ^">(î) = b*k (1 + m) — (1 — m)pÇ — m(i + m)Ç* 
1 + j r t + mt* 

Using (3.5), (3.6) in (3.9) we find 

(3.10) &»(*) = 6&[(1 + m)b — 2pz - 2m(l + ) 2 a / + 1 ] 
oo 
2< 

0 

Second approximation. 

Let ^ 2 ) be the second approximation to be determined in the 
infinité région exterior to the circle Lx subject to 

(3-11) L(&*>)\Ll = f\Ll -L(*»>] II,. 
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F r o n (3.10) a n d (3.11) w e find 

<!><•?)(£) + 4>tt)(t) = (Ri + Cl) _ 
(3.12) 

—bk[2(1 + m)b - 2p(t + R^jt)-2m(l + m) 2 aB(*' i+1 + JRï,l+ s/*' i+1) 
o 

M u l t i p l y i n g (3.12) by dtj2-ni{t — z) w h e r e z is a poin t outs ide 
t he c i rc le Ll, w e find after i n t ég ra t ion 

(3.13) <t>{\(z) = bk[2pRsjz + 2m(l + m) 2 a n j R 2 " + î / ^ t + 1 ] . 
o 

F r o m (3.12) a n d (3.13) i t follows tha t 

(3.14) R' + c, = 2 ( 1 + m)kb2. 

.41so 

(3.15) k = 1 / 2 ( ( 1 + mf — p%) . (1 — m) 

F r o m (3.10) a n d (3.13) w e find 

(3.16) <t>{z)=bk[(l+m)b—2p(z-R2lz)-2m,ll+m)™an(zn+i-R*"+V+l)]. 
0 

Spécial case. 

Bj w r i t i n g p = 0 w e get the resu i t for a cross-sect ion bounded 
e x t e r n a l l y by a B O O T H S lemnisca te section a n d i n t e r n a l l y by a 
circle . The fo rmula (3.5) becomes 

(3.17) z = KI(i + mV), 6>0, w < l 

from w h i c h w e h â v e 
i 

(3.19) 2mzl = 6 - (62 — 4 m s ? ) 2 . 

W e can eas i ly ca lcu la te the tors ional r ig id i ty . 

REFERENCES 

[1] I. S. SOKOLNIKOFF, Mathematical Theory of Elasticity, 2nd éd. 1956, 
art. 87. 

[2] D. I. SHERMAN and M. Z. NARODETSKI, Torsion of certain hollow pri­
smatic bodies, Inzh. Sbornik. Ak. JNauk p. 17-47, (1950). 

[3] W. A. BASSALI, J. Mech. Phys Solids. Vol. 7, p. 272-281, (1959). 


