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A note on the solution of polynomial congruences

Nota di RicEARD BELLMAN (California U.S. A.)) (¥)

Summary. - The number of solutions of the congruence
1) f(x) = 0(p),

where f(X) = xn + a,x0—1 4 ... 4 an, may, as is well known, be expres-
sed in the form

P e2711!]‘(:0:)/;» ,

N=1
Ptz

where t and x run independently through the values 0, 1,3, ..., p— 1.
This result is an immediate consequence of the relation

f mWIP —0, y=0(p),
=p, y=0(p).

In this note we wish to present an allernative expression for the
number of solutions of (1).

1. Introduction.

The number of solutions of the congruence

(L.1) f(=x) = 0( p),

where f(x)=2z" + q,2""! + ... +a,,, may, as is well known, be
expressed in the form

(1.2) N=-=- 2 emtfix)p,
te

R

where ¢ and x run independently through the values 0, 1, 2, ..,

(*) Pervenuta alla Segreteria dell’ U. M. L. il 24 dicembre 1963,
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p — 1. This result in an immediate consequence of the relations

(1.3) Zermiyle =0,  y0(p),

=p y= O(P)'

In this note we wish to present an alternative expression for
the number cf solutions of (1.1).

2 An equivalent vector-matrix congruence.

The equation f(x)=0 is readily seen to be the characteristic
equation of the matrix

0 1 0 0
. 0 0 1 0
2.1) A= ,
—Q, — @y —Opyey .. -~ 0y

see [1], p. 226.

Using arguments completely analogous to that for the complex
field, we see that a necessary and sufficient condition for a non-
trivial solution of the vector-matrix congruence

(2.2) Az = \x(p)
where z is now the n-dimensional column vector with components
X, . Xy, -y X,, and A is a scalar, is that

(2.3) &) = 0(p).

Each root of (2.3) generates a ray of solutions kx, where k=
=12 ...p—1.

Let ¢ be an n~dimensional vector \vith components §,, ., ..., {,

3. Multidimensional exponential, sum.
and let (}, x) denote, as usual, the ve&‘tor inner product. We can
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then write, as the number cf nontrivial solutions of (2.2),

2ni
— (t, Az—22,
, p( )

e y

3.1 3
t

8|t

where (u, v) denotes the usual in inner product and X’ denotes
the fact that x = 0 is omitted in the summation.

Since each solution of f(A\)=0 generates p — 1 solutions of
(2.2), we have

2mé
Ss3 T(z, Az—)z)

3.2 N=— =
(:2) pi(p—1)ts

We eliminate the prime by writing

3.3) : 1 5 op hAsa__ D

TP —ee p—1

Summing over the scalar i first, we have finally
1 s it Azmp __ P

3.4 Ne=e—/—/—— p
64) PP — V), zy=op) p—1

If 4 is symmetric, we write {==4 + v. £=u — v, and obtain

6n Vel Zesecan__1
. pn—l‘p — 1) (u, w)=(t, t)(p) p—1

This, in turn, may be written

ani
(3.6) N1 5| s ep ™M _P_

-p(n—l’( l)—l’ ; (%, u)"="k(P) p - '1

an interesting formula.
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4. Example.

Consider the congruence
4.1) 3 a=0(p).

The corresponding matrix is

0 1 0
4.2) A= 0 0 1
—a 0

Hence. the number of solutiong of (4.1) is given by

(4.3) Ne=—> 3 e%"‘(«mm—ow N A
pip—1)s p—1

)

where the.set of values S is determinea by

tx, + ty, + s =0,
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