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A note on the solution of polynomial congruence» 

Nota di R I C H A R D B E L L M A N (California U. S. A.) (*) 

Sammary. 'The number of solutions of the congruence 

(1) rt«)-0(j>), 

where f(x) = xn H~aixn—1 -*- ... 4. an, may, as is well knoron, be exprès-
sed in the form 

N=~ Z ^ W * , 
Pt.x 

where t and x run independently through the values 0, 1; 2, ..., p— 1. 
This resuit is an immédiate conséquence of the relation 

2 .«*«»# = 0, yj=0{p), 
t 

= p, 2/=0(p) . 

Jit £/ws note we wîsh to présent an alternative expression for the 
number of solutions of (1). 

1. Introduction, 
The number of solutions of the congruence 

11.1) f(x) = Oip), 

where f{x) = xn -+- a^"" 1 -+-...-+- a n , may, as is w e l l known, be 
expressed in the form 

(1.2) N= - 2 e^i^aj/p 

w h e r e < and x run independeutly through the values 0, 1, 2, ..., 

(*) Pervenuta alla Segreteria deir U. M. I. il 24 dicembre 1968. 
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p — 1. This resuit in an immédiate conséquence of the relations 

(1.3) 2 e27T.̂ /p = o, 2/4=0(2?), 

In this note we wish to présent an alternative expression for 
the number cf solutions of (1.1). 

2 An équivalent vector-matrix congruence. 

The équation f{x) — 0 is readily seen to be the characteristic 
équation of the matrix 

(2.1) A = 

0 

0 

,1 

0 

0 

1 

— a„ — att_! — a„ U w n 

0 

0 

o4 

see [1], p. 225. 
Using arguments completely analogous to that for the complex 

field, we see that a necessary and sufficient condition for a non-
trivial solution of the vector-matrix congruence 

(2.2) Ax = lx{p) 

where x is now the n-dimensional column vector with components 
xx, a;,, ..., x„, and X is a scalar, is that 

(2.3) m - «(py-

Each root of (2.3) générâtes a ray of solutions kx, where fc = 
= 1,2, . . . , p - l . 

3. Multidimensional exponential,sum. 

t Let t be an w-dimensional vector with components tl9 h , »• > tn 

and let (£, x) dénote, as usual, the vector inner product. We can 
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then write, as the number cf nontrivial solutions of (2.2), 

(3.11 2 2 2 'eT ( ^*- X a ! > , 
t X x 

where (u> v) dénotes the usual in inner product and 2' dénotes 
the fact that x = 0 is omitted in the summation. 

Since each solution of f(k) = 0 générâtes p — 1 solutions of 
(2.2), we hâve 

(3.2) y = » _ 2 2 r , ? * ^*> 
i»"(P - 1) i i • 

We eliminate the prime by writing 

( U ) JV = - 1 — 2 6 f A J W * * 

Summing ove'r the scalar À first> we hâve finally 

(3 4) v = - v e2ni{t AX),p — — 
PM-Mj>-l)(t*,=o(p) p - l " 

If .4 is symmetric. we write $ == « -t-1>. se = w — «, and obtain 

(3.5) V = • 2 ri P 
2£[(u9Au)-{o,Ae)} 1 

Kp) P — 1 

This, in turn, may b*» written 

(3.6) JV = 2 | 2 e f ( M j w ) l î P 

pt — V(p—l)k ( M ) W ) = & ( p ) j ) — 1 

an interesting formula. 
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4. Example. 

Consider the congruence 

(4.1) *i* + a = 0{p). 

The corresponding matrix is 

(4.2) 4 = 

0 1 01 

0 0 1 

— a 0 0 

Hence. the number of solutions of (4.1) is given by 

(4.3) N = _ _ X
 s e^('*f#*—W, 

pHp- i)é~ p — i 

where the set of values S is determinea by 

tixi -+- ttxt -+- t3x3 = 0. 
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