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The inverse Laplace transform of the Product
1 44 1 Lt
exp [—é a"p”] K., [é a”p"} ) n=2 3 4,..
Nota di F. M. RaaaB (al Cairo U.A.R) (¥

Summary. - The inverse Laplace iransform of
1 1 1 1

exp [— % an p;\ Kny [-2115 p;]
where n =2, 3, 4, ... is oblained by formula (11) below.
1. Introductory.

Nothing is known in the literature [1] of the inverse LAPLACE
transform of the function

1 44 1 48
1) exp|— §a”p” Ky [§ a"pﬂ],

where n is any positive integer greater than one and K,(?) is
the modified BessEL function of the second kind. In this paper

(*) Pervenuta alla Segreteria dell’U. M. I. il 25 novembre 1963.
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it will be shown that the original function, whose LAPLACE trans-
form is the function (1), is the function

1

2 2‘%""‘ "“” Z‘- E Aln; nv), An; — nv): A(n, 2) aem]

il

where p, as usual, is complex, R(p) > 0, E(a) > 0, = is any positive
integer greater than one and the symbol 2 means that in the

. ]
expression following it ¢ is“to be reelaced by-i and the two

expressions are to be added. Also the symbol A(n; «) represents
o+ 1 o+n—1

w0 ”
The function appearing in (2) is MACRoBERT 8 E-function whose
definitions and properties are to be found in [2], pp. 348-368.
The following formulae are required in the proof of the LiAPLACE
transform relationship between the function (1) and (2):

(2], p- 362): p<<gq

the set of parameters ;&,

r .T
@)  Ep; %lg; ple)= ((“) FEZ",),F«( %5 g5 pe: — 1/2),

(12}, p. 363): If p=q + 1

4) E(p;x:q;p:2)= S I I‘(«.—m)lﬂf‘(pz—m)lz'r

r=1 8=1
cqrfpmy i, o, —p +1,.., a4, —pg+1; ¢, —x,+1,

ey ¥y, & — o, 15 (— 1), ..

{[2], p- 894, ex 106): If R{x,,,)>0
[+ o)
je_u“+;"E(p; %,1q; p:2NdA=Ep+1; a,q;p:2)
0

(2}, p. 267):

(6) K,(2) = I\2) — L(2)],

2sxnvn[

where I,(2) is given by ([2], p. 347):

(7) I(2) =T‘(1*1+v) (% z)v e F, (v + :;; 2v +1; 2z)
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([2]. p. 346):
(8) Jae; p; 2) =€, F\(p — 5 p; — 2).

([3]- P; 769 and (4) p. 398): If p > g + 1 and » is any positive integer
) 2 % E[p; na,, 1:p; np,: sein] = (2m)—3—p—0) .
i, —4%
-n Mrila'— aixp’)_% p—a+1
P; Ar; mx), Alr; 1):(s/nr—9) e

2 n—1 =
W T 45 Ale; mp)

s lg

$,—s ¢ 1‘
n

) \ 1 1
=g (n—1( - —= —
2 P—q)nu § a, ”’%lpa s Pt ot

= (2x) r=1

1 ;
-3 ZE[p; Am; nx,), 1:q, Aw: np,): (z/mr—9)ein], ...
i, —it
where the symbols A, 2 have the same meaning as in (2).
Also the following relations will be utilized:

(10) I'(z)l(1 — 2) = n/sin = 2.

2. The Laplace transform relationship.

‘We shall now establish the following LaPLACE transfsrm theo-
rem in which the original function is the function of # is the
LAPLACE transform parameter whose real part is greater than 0:

o

1 1\ . aeir

- 5 - 3 HE A(n; Sl — =
(11) f e ”"_‘_",E[A(n, nv), An; nv) (n 2) T

]

1 1 [ S
n+2 i”

IS 1 404 O
=22 = p—! exp[—éa”p”]Km[éa”p"

’

where » is any positive integer greater than one, R(a)>>0 and
the symbols A, X have the same meanings in (2).
i —
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To prove (11) substitute in the left side = A\p and apply

in which the value of «,,, is set equal to one. This yields

20
1 1\ aeir
- 1 . . <A o Ve o=
[6 {,z_i‘l: E[A(”y w), Aln; m): (n ’ 2) "t
J .
" 1 1\ . apes®

3 i
=(2m) " Vp— E_': E[l, n, —nv %a;pﬂe‘"],
$

by (9) with p=2 and g =1 there.
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(6)

‘We now express each of the last two E-functions in terms of
the value given by (4) and combine the two resulting expressions
by factoring out common terms. The terms which result from
2% in (4) are transformed by means of (10). We also use the defi-
nition of the generalized hypergeometric function to cancel factors

in the numerator and denominator.
Thus we have

o]

1 1) . aeir

—pt : Aln: P . - ) —_—
fe i’Z‘._”_E (75 nv), A(n; nv),A(n, 2). 'n"t]dt

/]

i —_ 1
:(21:)7(”“)1)—‘ )] £(—2—m—)(ap)"lli‘, l%+'m; 14 2nv; — anp

"r (—; — 'nv)

1 (nt1) 1 1] 404
={(2n)* p'. 5 OXp [—— éa"p"] .

4 1

2

Vy =V

by (8)

4 E 4
=(2ﬂ)%‘“+”*“%p—'expl'%aip’_'] 2 sein(- \la;p"

L2 gein (- ) |2

nn [y 11
« S 0(- [w:f ]”vexp[—ia”p"l,F, I§+ nv; 1+ 2nv; a"p"],

|

.‘7]:
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by (7). The result now follows from (6) and (11) is proved.

As particular cases, we take % =2 in (1) and (2). Then the
original function whose LAPLACE transform is the function

1 L 17, 1 Lt
12) exp[—éa*p’}lfzv léa‘p’],

is the function

(18) 2_%'&"‘1) s g
i [

s

v v-}-l -_—y —v+11—' &—;ae‘"
- R 24 174t )

Also when 7 =3, then the original function whose LaAPLACE
transform is

1 1
(14) exp [— 5 a%p%] Ky, [é a%p%] y o
is the function

(16) Pr-3 32 —,E(v,v+_, V=g — Y, — V4 =
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