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S E Z I O N E S C I E N T I F I C A 
BREVI NOTE 

A note on power séries with intégral coefficients 

by LÉONARD CARLITZ (a Durham, U. S. A.) (*) (**) 

Suinmnry. - A criterion is obtaitted for the solvability m integers a9 = l 
a2, a3,... of the systèm 

n 

***** ^J^J***"-* <W — *> 2> 3' •")» 
where bL, 62» &3» — are given integers. 

Consider the System of équations 

(i) nan = 2 6ra„_(. (r = 1, 2, 3,...) 

with a0 = 1. If the an are arbitrary integers it is évident the bn 

are al&o integers. However the converse is not always true. 
If we put 

f[x) = 2 anxn, g(x) = 2 brx* 

it is évident that (1) is équivalent to 

(2) •$? = ** 
Thus if /(«) is a power séries Tvîth intégral coefficients, its 

logarithmic derivative also has intégral coefficients but the con­
verse is not always true. 

In the second place consider the system 

(3) &„ = 2 rcr ( n = l , % 8,...), 
rln 

If the cn are arbitrary integers it is ^clear that the bn are also 
integers but. the converse is not always true. 

(*) Pervenuta alla Segreteria dell'U. M. I. il 8 settembre 1983. 
(**) Supported by NSF grant G16485. 
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W e shall now show that the Systems (1), (3) are related in the 
following way. 

THEOREM 1. - Given the integers bl9 bt, o31... The an determined 
by (1) are intégral if and only if the cn determined by (3) are 
intégral. 

The proof of the theorem dépends on the the following device 
employed by Schur [1]. If a0 = 1, a,, a,,... are a séquence of 
integers then the numbers c,, c,, c8,... determined by 

(4) 2 an xn = n (1 — xr)c
r 

O 1 

are also integers and conversely. Since 

al = — cl, at = \Jj — c,, a3 = — [A -+- c ^ - c8 , 

and so on, the above statement follows at once. 
Now by Iogarithmic differentation of (4) we get 

00 

2 nanx
n 

o 2? rc,œ'* oo 
T5 = 2 ^ = 2 ^ 2 ™ , . 
2n B x» r = l 1 X n = l r'« 
0 

If we put 

this becomes 

bn = 2 rcr, 

00 00 00 

2 nanx
n = 2 ancc" 2 &ra-, 

0 0 1 

whioh is équivalent to (1). 
The theorem is now immédiate. For if the bn are given inte­

gers and the an are also integers, then by the remark concerning 
(4) the cn are integers. Conversily if the cn are integers the an 

A familial- criterion that the cn in (3) are intégral is furni-
shed by 

(5) 2 u.(r)bs = 0 (mod n) (n = 1, 2, 3....), 
rs -n 

where y(«l is tlw» AFobius fuiii-tioii. Pombining this with THEOREM 1 
we get 
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THEOREM 2. - Given the integers bl9bt9 68 , . . . , the aH détermine^ 
(1) are intégral if and only if the bn satisfy (5), 
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