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SEZIONE SCIENTIFICA
BREVI NOTE

A note on power series with integral coefficients

by LEoNARD CARLITZ (& Durham, U. S. A)) (¥) (¥

Summary. - 4 criterion is obtained for the solvability in integers aq =1
@y, @3,... Of the system
%
na, = Elbrafz—r =1, 3 3,..)

where by, by, b3,... are given integers.

Consider the system of equations

n
(1) na, = =
r—=1

ba,_. r=1, 2, 3,..)
with a,=1. If the a, are arbitrary integers it is evidemt the b,
are also integers. However the converse is not always true.

If we put

o ‘0
flx) = 2 a2, glx)== 2 b,x"
n—o0 r=1

it is evident that (1) is equivalent to

[

2 ® — = g(x).
] fla), — 9

Thus if flx) is a power series with integral coefficients, its
logarithmic derivative also has integral coefficients but the con-
verse is mot always true.

In the second place consider the system
3) b.= = re, =1, 2 3,..),

rin

If the ¢, are arbitrary integers it is clear that the b, are also

integers but the converse is not always true.

(*) Pervenuta alla Segreteria dell’ U, M. I. il 8 setiembre 1993,
(**) Supported by NSF grant G 16485.
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‘We shall now show that the systems (1), (3) are related in the
following way.

TrEOREM 1. - Given the inlegers db,, b,, b,,... The a, determined
by (1) are integral if and only if the c, determined by (3) are
integral.

The proof of the theorem depends on the the following device
employed by Schur [1]. If ¢y=1, a,, a,,.. are a sequence of
integers then the numbers ¢,, ¢,, ¢;,... determined by

[0 0] (o]
@ S g2t = I (1 — z"),
0 1

are also integers and conversely. Since
¢ 2
@)= -—20C;, Ay = 2 — Cyy Qg =— — 3 -+ C,C; — C3,

and so on, the above statement follows at once.
Now by logarithmic differentation of (4) we get

o]
z na,x” v o
° Tc,:t"z S a* 2 re,.
1 1-2 n=1 rin

8

Il

® ”r
2 a,x"
Q

If we put

b, = 2 re,,
rin
this becomes
o] (o]
z na,x"= X a,x" £ b,
0 0 1
which is equivalent to (1).

The theorem is now immediate. For if the b, are given infe-
gers and the a, are also integers, then by the remark concerning
(4) the ¢, are integers. Conversily if the c, are integers the a,

A familiar criterion that the ¢, in (3) are integral is furni-
shed by
(5) X w(r)bh, =0 (mod n) m=1, 2, 3...),

rs —-n
Where u{w) is the Mabius funetion. Combining this with TuEoreM 1
we get
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THEOREM 2. — Given the integers b,, by, b,, ..., the a, determined
by (1) are integral if and only if the b, satisfy (b).
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