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An integral representation for the product of two
generalized Bessel polynomials

Nota di S. K. CHATTERJEA (a Calcutta) (¥)

Summary. - The product of two generalized Bessel polynomials 15 repie-
sented by a double inteyral.

1. Introduetion.

A few years ago WaTsoN [1] gave an integral representation
for the product Ls;',’)(w)Lff‘)(x), where Lf,“)(m) denotes the general
LAGUERRE polynomial of degree n. CArLITZ [2] has recently pro-
ved the following formula

a-+B+m--n
rgtemply =2 M o U6+ n )
n(> mj2
(1.1) f / elm—n)oi+(a—p)6s cogm+n ¢ cosatf 6 .
—nl2 —n/2

xed-o1 4 ye—(0—ph
. Lﬁ,fiﬁ)( cos:: - cos 0) dod.

This formula is therefore a generalization of WATsoN’s conside-
ration. CarLITZ [2, p. 28] has also proved that

Ca)C(d) Tle+d+1)
Fa + b) F'ic + 1)T(d + 1)

(1.2) = aizf

Pla; c+ 1; 2)db; d+1; y)=
/2

,
j ta—l(l — t)b—-lew—d)ei cosc-l-do .

—n/2

c®@+b; c+d+1; 2cos 0 (xted + y(1 — t)e—0))dods

(*) Pervenuta alla Segreteria dell’U. M. I. il 17 giugnoe 1963.
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where P(a; c; x) 1s defined by

5 (@), 2
r=0 (c)r ;'_!

®(a; ¢; x)=

Here we propose to give an integral representation for the
product of two generalized BESSEL polynomials. In the terminology
of KraLL and FRrINK [3] the generalized BESSEL polynomial is

(1.3) Yulx, @, b) =,F(—mn, a — L +n; —; —a/b).
In this connection we mention AL-SaLaM’s result [4]:

(1.4) YO (u) Y w) =

[¢e]

— n! —iia (a,o)( ( .t_)

=i wasn /e £*Pl O (1 4 ¢ u+v+uvz)dt
0

where Y\®(x)=y,(x, «+ 2, 2) in the notation of KrRALL-FRINK.

But the results of CARLITZ suggest that the product of two
generalized BESSEL polynomials can be represented by a double
integral involving another polynomial of the same kind.

2, Polydomials related to the Bessel polynomials.

We first consider the polynomials ¢ (c, z) related to the BESSEL
polynomials y,(x, @, b), where @ (c, x) 1s defined by [5]:

(2.1) P.(c w):(;_)?zFo(— n, C+n; —; x)

To obtain the KRALL-FRINK generalized BESSEL polynomial,
we introduce the redundant parameter b by replacing = by (— x/b),
put c=a —1 and multiply ®,(a - 1, —z/b) by m!/(@ — 1)

Now it follow from (2.1) that

T () (Ompr _Tle+r)
@2)  @le, ;)= B Lo e ((")' = F(?)—) '
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Then we derive
D,(c, zD,d, y)=

w i‘: (— )ty T(c + m + r)[(d + n + 8) 1
T a2y rls! T(c)T(d) ‘m—r)(n—s)!"

In other words,

(2.3) Ferd,(c, x)@,(d, y) =

o 2 (=1t y Det m+r)T(d+n+8) (n+n—r—8)! T'(c+d+m+n-+r+s)
_ 3 3 Y
T esoeme  r!8!  T(ctd+min+rds) (m—r)in—s) (m+n—r—s)

Now we notice the results [6]:

/2
(2.4) I%(%_-:_)l) = 2—:-': f e(p—v)bt cogptv d6, (e +v>—1)
—n/2
and
1
(2.5) I[.“(:’—_l:_(vv)) =/t#—1(1 — tp—dd, (#>0, v>0)
0

It follows therefore from (2.3) that

T{e)M(@)D,.(c, )D.(d, y) =

1 w2
2m+n
= p= f /tc-i""—l(l - t)d+u—1e(m—u)0; cos™+n g .
0 —‘nlz
(2.6)

min Te+d+m+n+k)

¢S (— 1) k.

k—_o( 2 E'm +mn— k)! (2 cos 6)

p) (") @) | YLl — #) [ e——dbdt, (¢ 0, d_ O).
r+s=k \T )
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In other words,

T{e)r(d)
I'(c + d) q)m(cy x)@,,(d, 7)) =
1 /2
oIm-t+n
2.7 = tetm—1(1 — )d+n—1g(m—n)bs cogm+n g .
0 —n/2

"8 (— 1)4(C + Dympnik [whe—0t 4 y(1 — t)eds\k
‘kio Elm+n - k! ( 2cos 6 )dOdt.

Finally using (22) we derive

I'(c)r'(d) B
W_,_ d) Q,.,((‘, x)d)"(d, y) =
1 /2
2m-+tn \
2.8) = f ftc+m—1(1 —— t)d+n—1g(m—n)Bs cogm-+n g .
0 —n/2

xte—0 4+ y(1 — t)eds
. q>m+,,(c +d, . cfi ! ) )dedt. (>0, d>0)

3. Formula for the product y,(z, a, ). y,ly, a’, V).

In this section we express the formula (2.8), which is our main

result, in terms of the generalized BESSEL polynomials. Indeed
we derive from (2 8)

Fla—1)la' —1) m!

n! s ,
r(a_’_al_g) @— 1),,,(1)“(a—1’ '_x/b)(a_'_l_)"q)n(a -1, -?//b)———

1 n/2
tn! m-+n
“la- 11"; .(Z" 1) : ™ j totm—2(] — t)jo'+ v—2g(m—n)0s cogm+n § .
m —
0 —n/2

T (a +a —2, — igte—e'-e- g—,(l — t)e°" /2 cos 6) dode.



AN INTEGRAL REPRESENTATION FOR THE PRODUCT, ETC 381
i

Now using (1.3) and (2.1) we easily obtain from the result
just now deduced from (2 8):

Cla+m — 1)I'(a"+n — 1)
Fe+a +m+n—2)

ym(x) a) b)?/u(?l’ a’” b'):

1 /2
m-+n In!
(31) — 2_ _ﬂ f a+m—2(1 — t)a'-{»n—ze(m—n)el cos™+n § .
T (m-+-n)! :
0 -—nj2
b'txe—0 + by(1 — )ebs ) .
.y,,.+,,( oo . a+a —1, bb)dedt.

Next we know that KraLL-FRINK simple BESSEL polynomial
Y.(%) is obtained by putting @ = b= 2. Thus we potice that

Ynl2s 2, 2) = y,(x).

So using a =b =a'=b'==2, we derive from (3.1)

(8:2) Yul@lY(y) =——m+n+1).
Fore te- 0 y(1— #)e8
0t N o(m—n mi-n xie~ '+y _ )e ¢ >
f ft (1 — t)"elm—m)os gogm+ 0ym+,.( o , 3, 2) dodt.
0 —n/2

From (3.2) we thus observe that the product of two simple
BESSEL polynomials is represented by a double integral involving
a generalized BESSEL polynomial whose first parameter <a» is 3,
while the redundant parameter <b»> remains the same.
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