
BOLLETTINO
UNIONE MATEMATICA ITALIANA

Richard Bellman

A note on differential approximation and
orthogonal polynomials.

Bollettino dell’Unione Matematica Italiana, Serie 3, Vol. 18
(1963), n.4, p. 363–366.
Zanichelli

<http://www.bdim.eu/item?id=BUMI_1963_3_18_4_363_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamen-
te per motivi di ricerca e studio. Non è consentito l’utilizzo dello stesso per
motivi commerciali. Tutte le copie di questo documento devono riportare
questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=BUMI_1963_3_18_4_363_0
http://www.bdim.eu/


Bollettino dell’Unione Matematica Italiana, Zanichelli, 1963.



À note on differential approximation and 
orthogonal polynomials 

Nota di B I C H A B D B E L L M A N (California US .A. ) (*) 

Summary. - The problem of approximattng to a given fonction by a sunt 
of eocponenttals of the form 

S 6,eM, 

tvhere the coefficients and the exponents are both unknown, is treated 
m a new tvay iw this paper. 

1. Introduct ion. 

The problem of obta in ing an exponent ia l polynomial of t he 
N 

form 2 6,ex** w h i c h closely approximates a g iven function f(t 

(*) Pervenuta alla Segreteria deîl'U. M. I . il 5 giugiio 1963. 
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in an interval a^t^Sb is a problem of some difficulty if we 
allow both the coefficients and the exponents to be unknowns. 
Jfjither of the criteria of fit. 

N 

<1.1) max | /*<« — 2 bteW | , 

or 
b 

U.2) [ l f (t) - I bte^ | 8 dt 

lead to difficulties ; see LANCZOS [1]. 
In this note, we wish to consider a différent way of measuring 

the cloeenesB of fit) to a sum of esponentials. If fit) were a func-
N 

tion of the form 2 bte
x^, it would satisfy a linear differential 

1 = 1 

-équation of the form 

<1.3) f W -+- c,f (^-1) -H ... •+- c/v/ = 0. 

Hence, let us attempt to détermine real coefficients c, which 
minimize the intégral 

ou 

1.4) f if<N> -+• c,f <»-*> ^ ... -H c , v / m 

"We call this differential approximation. 

Résulta of the type we obtain hâve applications in the fields 
of control theory, circuit synthesls, and numerical analysis. 

2. Courier transforma. 

I t is clear that we must impose some conditions ou the 
function f(t) in order to pose the problem. 
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Assume then that /<*> € L*(— oo, oo) for h — 0, 1, 2, .. , N. 
Then if 

oo 

(2i) * « = î i = / M*11*, 

oo 

\ 2TT J 
—00 

we hâve 

oo 

(2.2) / '* '(« = - £ = f (—is)kg{8)er^*da. 
V2TT / 

Using the PLANCHEREL-PARSEVAL formula, we hâve 

(2.3) I (/W H- c , p - i ' -H ... •+ Cjy/)2cW 

oo 

= / I 0<S) I 2 I C ^ — « < * - ! •+• (— *S)SCiV-2 •+-... I 2ds 

: / I 9(8) I '[(Ctf — S2CJ\_2 H- .. .)2 -H S*(CA_i — S2C,V-3 -H ...)']ds. 

3. Orthogonal polynomials and minimization. 

It is clear that a change of variable reduces the problem to 
that of finding the orthogonal polynomials associated respectively 
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wi th the we ight fonctions | g(s) l and s! \ gis) | 2. Since thèse 
orthogonal polynomials can be constructed in a systematic fashion, 
we hâve a simple w a y of obtaiuing the coefficients c,, and fur-
ther measures of the asymptotic behavior as iV—«-oo; see SZEGO [2]. 
A direct treatment of the question of minimizing the quadratic 
form of (1.4) would not be simple computationally for large N 
(although a SCHMIDT orthogonalization could be used), and would 
not readily furnish asymptotic behavior. The tecnique presented 
above is most useful in connection wi th the treatment of various 
classical functions where g{s) has a simple analytic form. 

Similar results can be obtained for the case where the interval 
is finite or Be mi-infinité, but not of the same simplicity. 

4. S tab i l i ty . 

The study of the précise connection between the solution of 
the l inear differential équation 

(4.1) # J -+- c,t*,JV-D -+- ... H- CNU = 0, 

and the function fit) leads to a stability question which w e shall 
study elsewhere. 

REFERENCES 

[1] C. LANCZOS, Applied Analyste, « Prentice Hall, Englewood Cliffs», 
New Jersey, 1956. 

[2J G. SZEQO, Orthogonal Polynomials, « American Mathematical Society 

Colloquium Publications », Vol. 23, New York, 1939. 

See also 

J. H. LANING and R. H. BATTIN, Bandom Processes in Automatic Control, 
« Me Graw-Hill Book Co. », Inc., New York, 1956. 

O. JAROGH, Approximation by Exponential Functions, « Aplikace Mat.», 
Vol. 7, 1962, pp. 249-264. 


