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Operational Dérivation of Some Formulas for the Hermite 
and Laguerre Polynomials 

by W. A. A L - S A L A M (*) 

Summary. - Vartous generating fonctions and formulas are âerived 
means of the operators e—D* and D". 

1. The Hermite polynomials \Hn{x)\ may be defined by means 
of the Bodrigue's formula 

(11) D«|e-»8 | = ( - 1)" e—> Hn(x\ D = DX = djdx. 

Another operational représentation, mentioned by GOTTLD and 
H O P P E B [4], is 

(1.2) €^D^]xnl=Hn(xl2)9 

W e shall employ thèse operators to obtain, in a simple and 
rapid manner, Various properties of the Hermite polynomials. One 
of thèse, namely formula (1.7). is believed to be new. 

To start wi th let us operate on the identity 

oo *n 
e*' = 1 xn — 

n—O »! 

by means of e~Da. The familiar shift rule gives for the left hand 
eide 

er-& e*( = ext e-C^+V |1 | 

(*) Pervenuta alla Segreteria dell'TL M I. il 24 maggio 1983. 
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On the other hand the right hand side yields 

2 HJx/2) - i 

We thus arrive at the familiar generating function 

(1.3) e«*-'a = .2 H„(xj tnln\ 

which is often used as a définition of the Hermite polynomials. 
This dérivation may be interepreted as a simple proof of (1 2). 

Another way of deriving (1.3) is the following : We hâve 
formally 

oo ( _ ! ) » $ " 

«-o «*! 

Now multiply from the right by e~*8 we get for the left hand 
side by TAYLOR' S theorem 

The right hand side gives 

oo in 

Combining thèse two expressions we get (1.3). 
We shall now dérive *be Mehler formula 

(1.4) 1 ^ Hn(x) HM = (1 - n- 1 ' 2 exp 
2xyt — t*{x% -+• y*) 

2(1 - F, 

by means of this method. 
We need the formula [3], 

(1.6) e»i>f e-fc* = (1 -+- 4afc)-i/2 exp r hx1 

1 -+- 4afc 
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which may be proved by expanding eaD* and e~kx* in their power 
séries, performing the differentiation opération and then su m-
ming the resulting séries 

Now replace t by tDv in (1.3) and operate on both sides 
e—y2. We haVe front the left hand side 

expj2x*Dî,—t*D*y\{e-v*] = e**tD
y 

VI - 4 * :2exp 1 — U* 

V l — 4«* exp 
(V -H 2xt)x 

1 - « * 

The right hand side gives 

*a 2 l — L Rn{x) Hn 
n=0 W ï 

Combining thèse two sides we get (1.4). 
We also mention that (1.4) can be derived by operating 

on e—^—y* by means of the operator e~tD
a.

D
y. 

A third variation of this method is to replace t by ty in (1.3) 
and operate on both sides with e-D*y. 

Other generating functions can be obtained in this manner. 
For example if we operate on e~*-* by means of D* e— tD we get 
[5, p. 197], 

(1.6) 2 
ti<=o w ï 

tn = e2xt-t* Hk(X — ty 

On the other Jhand if we employ the operator Dk er-tD* we get 

This formula may also be derived by operating on etx by means 
of Dk e~D2. To the best knowledge of the writer formula (1.7) is 
new. The cases fc~0, k=l are given by EOONEY [6]. 
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We now dérive the formula [2] 

(1.8, Bm^JjBm^^ = fc2o(^l)«^(^)ff2k(*/2)ff2M_2k(î//2). 

Operate on both sides of the identity 

(x H- y)m(x — y)m = (as» — y*)m = 2 (— 1)»*+* ( )xik y™~* 
k-o \ IC I 

-2k 

with the operator e—D
x ~~Dy = e~Dv &~Dy • 

The right hand side gives the right hand side of (1.8) To eva-
luate the left hand side we first rewrite 

1 ,~ _ . 1 
Jy — 2* Dl+Dl= « (A. + ^ •*- s (B. - VyY 

We then make the change of variables as-+-«/= uy x—y = v. 
Thus the left hand side becomes 

|«p(-g*)- ||«*p(- s * H = 2mH-[vèHm{vè 
and thus (1.8) foliows. 

In a similiar manner the identity 

™ /2m\ , 
" ' * -fc

 tJ2tn—2k (x -+- 2/)2« -*- (x - t,)*» = 2 ̂ 2 ^ a J a** ^ 

yieldsthe formula [2] 

2»*-1 tfl2m(aî -H t/) -+- H2m{x - y)| = JB^ ̂  2fe j ff2k(V 2 x) if2m-2&(V 2 t/) 

2. The spécial Laguerre polynomials \LJa"n^(x)\ possess the 
Rodrique's formula 

(2.1) D" [x° e-*>] = n! »«-«e-œLn<°-">(a;) n = 0, 1, 2, 3,... 
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We have by TAYLOB'S theorem 

e^[a;0e-J(] = {x -h t)a e-*-' 

Thus we get the generating, due to Erdelyi, 

(2.2) (1 -+. *|» e-*' = H " Ln'a-»>(x). 
M = 0 

If now we replace t by ÊJDy in (2.2) and operate on y$ e~v we 
get from the right hand side 

| / ° r » U ! {t/y)n £„<«-»)(») Ln(P-">(«/). 
«=o 

The left hand side yields 

(2.3) (1 H- tBy)» e-~*tDy[y? e-y] = (1-+- tDë)*(y — a;*)0 e-»+«* 

Now replace y — xi by M then Dy=Du aud;(2.3j-becomes 

(1 -+- <Dtf)
a e~*tDy [yte-y] = (1 -+- *D«)°[MP e~M] 

= e-«(l -+- tDu — t)a[ut] 

= e-»(l _ f)*(l H- j - i - Dtt)«[MP] 

= e-Mji _ *)»wp 2 J F 0 [ - a, - P; - ; 

(1 — < ) « ] ' 

Hère we need to add the assumption tnat either a or p is a< 
positive integer. In this case the tF0 is a finit8 séries and may 
aè writter as a j-F, by summing backward. We get, after some 
réduction, the formula [1, p. 151] 

2 n ! tnLn(^-^ 
= 0 

,x)L,<»-»)(y)=e-iit ) 
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