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‘Summation of a special F,

by L. Carvrrz (a Durham, U.S.A.) (¥)

Summary, - It is shown thal
1 1
—n, é(“—"l)r §a+1) A 4n;

. Ax—al)y,
Fs 1 1 T A2,
a4 1, §(7L+1), §k+1

1. Consider fhe sum

. 7 (— fn,)r(oc —+ 1)ér()‘ —+ ")r
A, (x, N) —rEo r! (@4 1) A+ 1),

1 1 -
— N, é(ot—i-l), §%+1,)\+'}’b;
=4F3 . 1 1
oc+1,-§(7\+1), é)\—e—l

which incidentally is Saalschiitzian. We shall show that

M — ),

(1) A,,(oc, )\) = m .

If we put
faley, X)= Zn] (—1y (:f)(oc + 7 + 1), + 27 + 1), (A 4 2n),
r=o

where it is understood that the term on the right corresponding
to r=mn is

(—1)™x +n + 1),,
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then it is easily verified tha.t (1) is equivalent to
@ falty =0 —a),.
Now we have
folx+1, ) — fulx, X

n

:éo (— 1y (r) flo+r+2),— (@ +r+1), |« Q+2r +1),_,_,(A+2n)

= % (—1r (:b)r(« 7 4 2 (N 4+ 27 + 1),y O\ + 2m)
=0

r
n—~1 n — 1
=—n 3 (— 1)7( ’ )(oc + 7 + 3),(A + 20 + 3)—yp—s(} + 2m)
r=0 :

which evidently implies

3) fulo 41, 3) — fule, M) = — Wf oy (@ + 2, X+ 2).

Clearly (2) holds when # =0. Assuming the truth of (2) for all
values less than », it follows from (3) that

(4 fule +1, ) — fule, ) = — n(h — @), _,.

If we keep A fixed and note that f,(x, 1) is a polynomial in «,
it is clear from (4) that

(5) fn(a') )\) == ()\ - ¢x)n + gn()‘),

where g,(}) is independent of «. We now take « =12, so that (b)
becomes

200 ) = g.() (n > 0).
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But
A 2n)(M)n
£a0, 0 = &2 4 5y
()\ -+ 2n)(), 3 (— ), + n),
A o T +1),
and

'z (=n),d+n), (1L—mn)

-

rmo T O+1), O+ 1), =0

for » > 0. Hence g.(}) =0 and (5) reduces to (2).

2. We have

$ O+ 2m e 2%)(1)

r= 0

An(x, )"

()‘ -+ 2’”’)()‘)*- n (0!. + 1)2"()‘ -+ n)r
R K Wl i

WZO

x (0{' + 1)27tr O? t"—r
T D0+ D, 2, =1t 200,

— bt (d. -+ 1)2r(k)2r OO
—r—o 'l'" (&' -+ 1) ()‘ -+ 1)2r n=0

. ()\ + 2r + 2n)(A + 27),

1 (o + 1), 8
=2 @+ 1,00+ 2n) |

(+2r),,
()\+2)2 —n_

O+ 2r + 1),,

+2t()\+2)2 1



SUMMATION OF A SPECIAL F'3 93

— °§ (2 + 1),,87

Z. r—!—m f (1 — = —2r 4 241 — )—r—2r—1}

It accordingly follows from (1) or (2) that

®©  (x—+ 1),,8r 1+ _ s
L 3 T o paes =M — b,
that is
) ® @b, (Lt
(6) e, == 1+t -

The steps are reversible so that (6) is equivalent to (1).
If we put

z=1H1—1t)"*,
then

2 144 S

1—i= —— =Vi+4
1+Vi+d' 11—t Vi+ds
and (6) becomes
@ g @+l 1 (1 + Vi 4z)_°‘
rmo !+ 1), VIy 4z 2

The formula (7) is well-known (see for example [1, p. 101, (6)]).
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