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A note on Bessel polynomials

]NTota di S. K. CHATTERJEA (a Calcutta, India)

8nmmarj. - In provzng GTROSSWALD1 S tkeorem CÎVTA states that the re
suit y%n{x) > 0, x < — 1, folloros front the resuit y%n(x) has a real
zero x0 (tf any) > — 1/4 Hère an independent proof is gtven.

and F U I N K [1] considered a System of polynomials
tfw(x), (n = 0, 1, 2,...), known as the BESSETJ polynomials,
yn{x) is defined as the polynomial solution

of thc differential équation

(2) xhj" H- 2(x -H l\y' — n(n -4- l)t/ = 0.

These polynomials satisfy the récurrence relation

43) 2/»+i(») = ("2w -

î n a paper [2] E. GROSSWALD proved the following theorem :

(4) - For even n, the BESSEL polynomial yn(x) has no real
. His proof mainly dépends upon the following facts :

(5) - All coefficients of y2n{w) are positive and therefore any
real zero of y2n{x) has to be négative;

{6) Any real zero xa of y2n(&) satisfies xQ > — .\
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(7) ij2n(x) > (1 -H x)**/{2n) ! for - j < x < 0.

Becently J. A. CIMA [3] remarked that the proof of (7) by
CTROSSWALD is incorrect, howeyer the theorem (4) is true. The
proof of (4) by CIMA dépends upon the following facts :

0 for x>0,

which follows from the fact that ail coefficients of the BESSEL

polynotnials are positive ;

19) y2n(x)>0 for x< — 1,

which follows from (6) ;

(10) ytn{x)>0 for - _ l < x < 0 ,

'which is proved by induction. Thus it is quite clear from the
scheme of CIMA.' S proof that we need not prove yZn(x) > 0 for

3c<—j. It is sufficient to prove thaï 2/2«(#)>0 for x<— 1.

The object of this note is show that the inequality (9) can be
proved readily by means of the représentation

2 2H o

= yinix) -+- [4tn -+- 8)x2 S (2k -+- l)2/fc(x) -+- (4w H- B)x(a?

Mrst we notice that

i a(scj = t/2«

•we have f4]
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Thus it follows that

S (2k -+- l)t/|(a?) -+- (4» H- 3)as

- (4» -

which is (11).

JSTow to prove (9) we first observe that for n = 1, y2n{x) = y%{x) =
= 1 -t- 3as -i- 3x* = 1 + Sx(x -+- 1 ) > 0 for x ^ — 1. Next assume that
2<2n(a5) > 0 for # < ; — 1. Then from (11) we at once observe that
the right member is positive, since x <Ç — 1 ; again 2/2nl#) 2> 0 for
a 5 < — l . Consequently y2n+2{x) > 0. This complètes the proof of (9),

Lastly from (11) T ê deduce the following inequalities :

(12) y2n+2(x) > y2n(x) ; for x < — 1, os > 0.

(13) 2/2«+2(a;) > i 1 -+- (4n -H i){4n -H 3)a;2 | y8tt(aj) ; x <ç - 1, x > 0.

(14) 2/2n(o%2K+2(a0 > (4» -i- 3)x* ï (2& -*- l)yi[œ) ; x < — 1, x > 0
fei

2n

(15) 2/2n(x)t/2W+2(a;)>2/I«(a;)+(4n-+3)a;2 S
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