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A note on Bessel polynomials

Nota di S. K. CHATTERIEA (2 Calcutta, Tndia) (™)

Summary. - In proving GROSSWALD'S theorem CiviA states that the re
sult yy,(x) > 0, € =< — 1, follows from the result y,,(x) has a real
zero x, (f any) > — 1/4 Here an independent proof 1s given.

Kranu and FRINK [1] comsidered a system of polynomials
You(x), =20, 1, 2,...), known as the Brsser polynomials, where
Ya(x) is defined as the polynomial solution
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of the differential equation

£2) ay’ + 2@ + Ly’ — nin + 1)y = 0.
These polynomials satisfy the recurrence relation

3) Ynfa() = (20 + Dy, () + yu—(x).

In a paper [2] B. GrosswaLp proved the following theorem:

(4) — For even m, the BESSEL polynomial y,(x) has no real
zero. His proof mainly depends upon the following facts:

() — All coefficients of #.u(x) are positive and therefore any
real zero of y..(x) has to be negative;

1
{6) Any real zero x, of y..(x) satisfies xy > — 4

{*) Pervenuta alla Segreteria dell’ U.M.1. il 27 giugno 1962.
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) 1
t7) Yaufe) = (1 + x)2%/(2n) ! for —i < x < 0.

Recently J. A. Cima |[3] remarked that the proof of (V) by
GrOSSWALD is incorrect, however the theorem (4) is true. The
proof of (4) by Cima depends upon the following facts:

{8) Yenl) > 0 for =0,

which follows from the fact that all coefficients of the BrsssL
polynomials are positive;

{9) Yanl() > 0 for << —1,
which follows from (6);
(10) yzn(x) > 0 for —l<ax<< O,

which is proved by induction. Thus it is quite clear from the

scheme of CimaA’s proof that we mneed not prove #,ux) >0 for

1
r=—7y- It is sufficient to prove thal y.u(x) > 0 for < — 1.

The object of this note is show that the inequality (9) can be
proved readily by means of the representation

{11) Yol X)Y2n -2()
5 . 2n N
= Yanl®) + (40 + 3)x® ¥ (2k + Lyyx(xj + (4n + 3)x(x + 1).
Jom=1
First we nofice that

Yon(2)an | o) == Yan(@) -+ (490 + 3)TYon(2))f2nr1()

Now we have [4]

Yol YY) =1 + kﬁ @k 4+ l)yi(w)
=0
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Thus it follows that

Yon(2)Y 2n-2()

= yan() + (4n + B)a? s 2k + Lyk(x) + (4n + 3)x
k=0

= (@) + (A - 3z S (2 + V() -+ (41 + Dalw + 1),
k=1

which is (11).

Now to prove (9) we tirst observe that for w =1, y.u(x) = y,(2) =
=1+3x+3x?=1 + 3x(x+1)> 0 for x << — 1. Next assume that
Yon(x) > 0 for << — 1. Then from (11) we at once observe that
the right member is positive, since & < — 1; again yulx) > 0 for
x << — 1. Consequently yauiox) > 0. This completes the proof of (9).

Lastly from (11) we deduce the following inequalities:
(12) Yont2(%) = Yan(®); for r<—1, >0

(13)  Yanie(@) > | L + (40 + L)dn + 3)x® | yanlx); € << — L, 2 > 0.

2n
(14)  Yan(®)yanpolx) > (40 + 3)x? ki 2k 4+ 1)y12c(a:); z<—1, x>0

(15) ygn(x)y2n+2(x)>y§,.(x)+ (4n + B)a? :Zn (2k+1)y,2¢(a:); x<<—1, 2>0.
=1
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