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SEZIONE SCIENTIFICA
BREVI NOTE

The summability by logarithmic means of the
ultraspherical series.

by B. C. SinemAI {a Sagar, Tndia) (¥)

Summary. - In this paper the author studwes the summability by Riesz
logarithwmic means of order one for ultraspherical series.

1. Let f(6, ) be a function defined for the range 0<<6 <<=,
0<<¢<"2r on a sphere S. The ulfraspherical series associated
with this function is

. 12 [
(L) f6, o)eo,- 2 (n+)\)U

7n=0

Plcos o)f(¢, ¢')ds’

> r> 0.
'S [sin? 0’ sin® (0 — )T
where

cos » — cos 8 cos 6’ + sin 0 sin 4" cos (o — @),

and Pf.)‘)(x) is defined as follows:

8

(1.2) (1 — 2pp + p)~ =
”

"Pp), 1> 0.

Il b4

0

‘We suppose throughout that the function

i
r—+

{1.3) flo’. o' ([sin? 8" sin® (0 — o')|

¥

is integrable (L) over the whole surface of the unit sphere.
The generalised mean value of f(6, o) is defined as follows:

Dt o) -
(1.4) f(w\::a(%);%;% [, eY)ds

1 ’
1_5
Co [sin® 6" sin® (¢ — ¢)]?

(*) Pervenuta alla Segreteria dell’ U. M. T. il 4 Settembre 1961.
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where the integral is taken along the small circle whose centre
is (6, ¢) on the sphere and whose curvilinear radius is o.

We write
S )

S'm((”) = 3 (k -+ )\)Pk (OOS 0))
k=0

Ln(‘”):log” m smT(w)sinm

=1
and
') .
d(w) = TS B f(w) « (sin w)22—1,
r ‘—) r (— 2
2 2

DEeriNtTION. — The sequence of partial sums {8, | is said to be

summable by Rirsz logarithmic means of order one or summable
(R, logn, 1) if
. 1 8 Sk
lim logn kzl k
exists.
The object of this paper is to prove the following theorem :

THEOREM. ~ If 0 <A <1 and

" v | 1
f prEsy du:o(log?), as £—0,
t

then the series (1.1) is summable—(R, log#n, 1) to the value zero.

1
For )‘ZQ’ we get a corresponding result for LAPLACE series.

2. We require the following lemmas:
Levma 1. - If, as £— 0,

ks

| (u) | (1
f ?‘l’l— du=o(log—t)
t

then

(2.1) jt l?%v)—‘duz o(tloglt)



THE SUMMABILITY BY LOGARITHMIC MEANS, ETC.

Proor. - We have

[ e[ f ][ ]
= o(t log%) .

1
LEvMMaA 2. - If ogmg; and 0 <) < 1, then

n2ri 1. w)

2.2) L, (0) = 0( fogn

Proor. - From Szred [3] we have
9)(00s w)= 0n*-1) for 0<<w<<m,
consequently
m
Splw)=03 X (k—+X). k3
k=0
= O(m?2r+1),

It follows that

1 2 Om21) .o
logn p—, m

—0 ('nﬂ-l-l . o)) ‘
logn

1 1
Lemma 3. - For —<o<<m— -
" n

L,,(w) -

1 1 L !
Ln(w)= 0 [log P . ).] +0 {logn " o(sin o) ]

o (sim )

1 1
(sin v) +°]+ 0 [log % wk (sin w)l—EI

-i—O[l

where ¢ > 0 such that A + ¢ < 1.



268 B. C. SIGHAL

Proor. - We have [{1], Lemmas 8 and 9]
1 1
. "(z)r5+2)
Sp{w) sin (w) = ———W
-2 1—2) AT (g
[R ; O wd (cot (3)1 (sin (i)> (m+)\+ ;) e® .p ( 2) °! ]

2/ ‘) S

4

+ O[m*—to—(sin »)—7 + m—1(sin v)=" =1 + mr—1o—(sin w)—1}].
Therefore
1

(1
% Sm(w)sinw l(é)r(é + k) O =1 w\1—24]} N 1 Aw
2 m =TT co Q) sm§) '0053 +§)w+ —:)—g

R 1\ * y
A+ = .
2 2} cos mw . 1 Am )
m§1 <1 + m ) mr—? % - %Sln ! ()\+ ,;5)(:)—1— ) S

LY
n "+ 2) sinmw
¥ \1+ —/ . 4 }
1 m mi—~ )

i 1 2’3 1 1 1
FE s ep s o T2, mie (msin o)i—  (sine)
» 1 1 i
Ly 1 1 §

ey MA—2—¢ " (my sin w)f  wA(sin w)i—

2

:0[( 1] F@F(‘;*"‘)( w)x—;.( w>1_2>

" );‘J -+ 0 eotg sin 5
Hcosg()\+£)m+)f‘

2 2 |
1 1\ 2
)\()\+§>+)\()\—1) <>\+§> . zcosmw(

m L® m ) 5 mi—? S




THE SUMMABILITY BY LOGARITHMIC MEANS, ETC.
1

259

) ml-—l

1
- 53111;(7\+§)m+ )\_gg m%z %14_)‘—()‘”+§) +m€sinmmﬂ

1] 1 1
+ Ol |+ O] 0]

wMsin w)l—EI
Therefore

L —0 1 1 0 1 1
o) = [log’n . ( . )7‘ } + llog'n, " w(sin w) J
oh {sin

0 1 1 0 1 1
+ llog n " (sin wpte] {log % wi(sin o))l“ﬁ]

1 T
Lemya 4. - For,;&_<_ w3, we have

1 1 1 1 1 1
L"(b)) =0 [@‘;”: . u“_%)l"')* ] -+ 0 l:‘l‘ag“lyi . (y))_l‘E:l + 0 [log n . (,)l+1—8:' .

The proof follows from Lemma 3.

, LeMMA 5. - Por w—%gwgn and 0 <k <1 we have

Ly(w)=0 [ n }

log
Proor. - We have [[3], putting s =0 in equation 2.2,]

+Ar
(sin w)* i s, (0) | << LA——!F-

(D)

sin &
2
% Splw) . 2 C.(sin w)i—24%
> f )SIDO)é pH (—l——%
m=1 M =1 . ®
'm,-Slllj?

@
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Thus

In(®)=0 (%)

3. Proof of the theorem. -

The mth partial sum of the series (1.1) is given by

ks
1T
S, —fP)= _—1*‘—\21—“ /S flw)=— £0){s,,(w) + (sin w}2> « dw.
2I‘(§) r (§+>) K

Without loss of generality we may set

f(P)=H0)=10
consequently

k1S

S, :f@(w)sm(w) sin wdo.

]

Let ¢, be the first logarithmic mean of the series (1.1), then

1 1 -
t, = —— D(w) Sal®) - sin odw
logn ;e . m
0

ki
1 7
— [Cl)(o)) . X Snl() . sin wdw
logn m—1 MW
0

= f ;p(o»)L,, (w)do.
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Now

1

L,= f ®(w) L, (0)d o

i
n
A B
o[ () g,
o

logn

{3.1) =0(1) as ®-—>oco by Lemma 1.

oo

~f | &) |- (logn UlJlr) )dw + o(1)

)=

1 | ®(w) |
= (log n) »1+2 do +o(1)

-

(3.2) =0(1) as

Lﬂ:o(loén)[f RO )d+f <”|<I>(w)l

(sin »
w* « | sin 5

w |

I ‘le) u

ok .« (sin w)r—

"‘f (sii:(ff))ﬁe’ “"/

A

w s

(3.3) =0(1)

as nN— oo,

261



w
D
(Y]

B, C. SIGHAI

And
L, = [ | (b(o))t . 0(16%— ) dw
e b
(3.4) =0{1) as #n-oo.

Combining (3.1), (3.2), (3.3( and (3.4) the theorem is proved.

I am much indebted to Prof. M. L. Misra for his kind
interest in the preparation of this paper.
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