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SEZIONE SCIENTIFICA
B R E V I NOTE

The summability by logarïthmic meaus of the
ultrasphericaï series.

by B. C. Snsr&HAi (a Sagar, India) (*)

Summary. - In ihis paper the author studies the summabihty by Riesz
logarithmic means of order one for ultrasphericaï series.

1. Let f(6; ©) be a function defmed for the range 0 < 0 < 7 t ,
Q < <p ^ 2T: on a sphère S. The ultrasphericaï series associated
with this fanction is

(f
's [sin* 6' s in J (cp — cp')]2

where
cos w = cos Ô cos 8' -+- sin 0 sin 0' cos (cp — a/).

P„ (x) is defined as follows :

oo

(1.2) (1 - 2P(x
M—0

We suppose throughout that the function

(1.3) flö'. «p'([sin*0'sin*(<p — <p') T

is integrable (JL) over the whole surface of the unit sphère.
The generalised mean value of /"(o, ©) is defined as follo^vs :

sin2 8' sin2 (<p — o')]2

Pervenuta alla Segreteria dell' U. M. T. il 4 Settembre 1961.
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256 B. C. SIGHAI

where the intégral is taken along the small circie whose centre
is (6, ep) on the sphère and whose curvilinear radius is w.

We write
m n\

sm{o>) = 2 (fc -4- X)Pfe }(cos w)
k

logn m=1 m

and

ƒ(*

DÉFINITION. - The séquence of partial sums \ Sn\ is said to be
summable by HIESZ logarithmic means of order one or summable
(12, logn, 1) if

h m
logn ks=1 k

exists.
The object of this paper is to prove the following theorem :

THEOREM. - If 0 < X < 1 and

then the series (1.1) is summable-(i?, logn; 1) to the value zéro.

For X = ÖJ w e ge^ a corresponding resuit for LAPLACE series.

2. We require the following lemmas :

LEMMA 1. - If, as t—-0,

then
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PBOOF. - We hare

t TT

o t

= o(tlog\).

LEMMA 2. - If o < w < - and 0 < X < 1, then

(2.2) L»zzQ „

1 ; nV } \ logn /

PKOOP. - From SZEGÖ [3] we have

£° ) for 0 <consequently
( m

( fc=o

It follows that

m

LEMMA 3. - For — <

n^ '

0 L—i[log
(sin tû)H-6L o

log n / «o \̂  [log M " oi(sin
L \ 2 / J

L ( s i n tû)H6L o [= . . . . l
[log n x } \ [log n &x (sm w)*—

where e > 0 such that X -t- e < 1.
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PROOP. - "We have [[1], Lemmas 8 and 9]

sm(«>) sin (w) =

r r o •wncot2J ism2
-+- O[wix-~1or-'1

Therefore

~j e . e

2/ \2

m

S U-+-
2 cos

1 H-

l1

2 I sin mw

n

- s (msin W)I-E

= 01 »• •« •

s in

s m 2

1—2)

m = 2

cos
.1—Î
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— J sin !

O

H) (0 - H X •?.

0 L-T7T
sin

0

Therefore

r 1
\logn ( . o> o log n w(sin

O
(sin logn

4. -
TT

^ . we have

The proof follows from Lemma 3.

LEMMA 5. - For TI • and O < X < 1 we have

PBOOF. - We have [[3], putting o = O in équation 2.2,]

(sin w)?- ! sw (o)) I < — —

• sin n



260 B. C. SÎGHÀT

3* Proof of the theorem. -

The mth partial sum of the series (1.1) is given bj

Sm-RF) =
ûl S M S H- ^ o

Without loss of generality we may set

f(P) = /(O) = 0

conseqnently
7T

Sm — ƒ 4>(w)sm(w) sin
o

Let tn be the first logarithmic mean of the series (1.1), then

l » r sn,{ü>)
tn — 2J / <ï»(w) —-— - s i n «

1 logn m==1 J v ; m
o

7T

o

-

2J —— • sin
m=1 m

7T

ƒ
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= ƒ

1

- ƒ

= 0(1) as by Lemma 1.

X

=ƒ

(3.2) = 0(1) as n—.oo.

i« = ƒ ƒ (sm

•ƒ

7T

(sin

(3.3) = 0(1) as %^oo.
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And

jé = f
4 J

l ; i \ l g W

(3.4) —0(1) as w —oo.

Combining (3.1), (3.2), (3.3( and (3.4) the theorem is proved.

I am much indebted to Prof. M. L. MISRA. for his kind
interest in the préparation of this paper.
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