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On a generating funetion of Laguerre polynomials

Nota di S. K. CHaATTERIEA (a Calcutta, India) (¥) (})

Summary. - 4 generating function for the Laguerre polynomials is derived
frow their recurtion formulae.

Introduction: The following generating function of LAGUERRE
polynomials L(na)(x).:
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is due to DorrscH and follows from
o0 xt
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by means of the LaPLACE transformation. Recently TsCHAUNER
[1] proved the known generating function for GEGENBAUER polyno-

1
mials Cp+?(x), n=20,1, 2..; p> - };:
n ‘ 2
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i
where y = (1 — 2*)?
from the recursion formula. Following the method adopted by
TSCHAUNER we like to prove (1) from the recursion formula of
LAGUERRE polynomials:

(4) n+ 2upts — @20 + 3 + 2 — 2)Upga + (0 + o« + oy, =0
where %, = un(x, o) = L(na)(oc), Uy =1, u, —=a+1— .

(*) Pervenuta alla Segreteria dell’U.M.I. I'8 aprile 1962.
(*) Department of Mathematics, Bangabasi College, Calcutta, India.
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Now using

wne, o) L)
'n +a+1)" Lin +o-+1)

vn(x, OL) f

we derive from (4) the recursion formula for v,(x, «):

5) m+2n+a+2v— 20 +3 +a —2)ppa +0n=0
with
1 o+1—ux
'U():_—a vl:———’
T + 1) (@ + Dl(w + 1)

so that (« + 1)y, — (¢ + 1 — x)v, = 0.

Next multiplying both members of (5) by ¢{» and summing from
=0 to oo we obtain the following homogeneous differential
equation of order two:

(6) tVar(e+1—2)V—(c+1—x—§HV

=@+ 1, —(x+ 1 —apw, =0,
where

Vit)= 2 outn.
Using the substitution "

Vit)y = e'(t)_% W)
we derive from (6) the following differential equation
@ 4°W -+ MW + (4t — o)W =0
Finally using the substitution

Vi=z and 2Vox =y
we obtain from (7) the BesserL differential equation

aw aw
) & B %4 +(y2? — )W =0,

which leads to the particular solutions

W= AJ,yz), W= BY,y2)
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Thus the particular solutions of '(6) are
9) V()= Adelt) g aJa(2 Vi), Vit) = Be‘(t)_%aY¢(2\/5t).
Now since V(O).: v, is finite, we take the particular solution
V(t) = Ae't : “TA2V ).
To determine the normalising factor 4, we notice

1 —4. 2 \/x
Flo+ 1)~ 7 " 2l + 1)’

V(0) = v, =

.‘.
whence 4 =a % .
Thus we obtain the generating function for the LAGUERRE

polynomials

()t

V() = 2.1 Vo, 2)ir = Z m

(10)
— el(tw) g “TA2Vt); (@ > —1).

In particular, when 2 =0, we derive from (10)

Lin(x)tn
(11) 3 Lol _ g W2V xt).
Nn=0 /n
. 1 2 - .
Next using « = —g) X=X and noticing the relation

(%)

Hon(w) = (=220 Ly (a?)

we derive ultimately

) o] (_)nHzn(x)zzn g
2 S Y
(12) 2 T mgn) et cos (zx),
where 2 — 2\/2.
. . 1
Again using « =5 x=2x* and noticing the relation

(2)

H2n+1(x) = (—-)”22"+17L ! an (w?)
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Wwe similarly derive
22

o (—\H Vg 2n+1 —_
Y (=" Honta ()2 =et sin (22).

227120 + 1) !

(13)

3
|l b2
©

Lastly from. (12) and (13) we obtain on taking z = 2:

(=) Hon(z)

=e cos (2z)

(15) OEO (_)nHz-”le(m):e sin (2x);

neo (2n + 1)!

both of which may be compared with the formulae in [2].
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