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Some g-identities related to the theta functions

Nota di LÉONARD CARLITZ (a Durham, U. S. A.) (*) (*)

Summary. - The identies (8), (22), (23) are obtained.

1. It is familiar that if

F(x) = O (1 — qtn-lx)(l — qtn~lx-l)= 2 Anx
n

o —oo

where | q | < 1, then

(1) F (x) = — xqF(q*x).

so that

An = — q*n~~lAn—i = (— l)nqn AQ.

Thus

oo

u \*A>) — -^-o ^ y •& ••
—00

If we put

—oo

and apply the same method we apparently.get

It follows that

This result is obviously false; the right member never converges.

(*) Pervenuta alla Segreteria delPU. M.I. il 4 aprile 1962.
(l) Supported in part by ISTational Science Foundation grant Gr 16485.
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The explanation of this curious situation is that the right
member of (2) converges only in the ring

and it is therefore not permissible to apply (1).
We may however dérive a valid expansion for (^(x))"1 in the

following way. Making use of the familiar identity

oo oo r*n

n (i-?«-*)-' = 2 —,
o o

where

(3) («) ! = (1 - g')... (1 - q*n), (0) ! = 1,

we get

CO / ï •"/*•**

\r) ' s=o~[S) l

00 nr~*~s

= Z xn S q
! (8) !

It follows that

1 /f*(4) l^(^))-1 = 1 + 1 qn(x- H- a!-«) 1 , ,
n=i s=o (S) !(» + S)!

Now on the other hand it is known (see for example [5, p. 489,
ex. 14]) that

(5)

w h e r e

* fl4(0, o) 1

Since

(6) aM = 2'S (-l)"qVT2A'"" r '" r2i==2gY S (
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(5) becomes

1 oo n q-2n\2 i i oo

qi ?(l-g—»a'*)(l-g-'«-'") = 2a» + 2t

Replacing e2*3 by x we get

i oo n a1")2 1 °°

Comparing (7) with (4) and using (6) we get

(8) 2 f̂  i S \ i n (1-«*')*= S ( - i )
s=o (S) ! (n -H S) ! r =i r=o

We shall now give a direct proof of (8).

2. Pu t

(9) 5 (1 - q*nxt)(l — q*nx-lt) = 1 ( -
0 —00

(10) S (1 - 32„x{)-'(l - ««•as-1*)-1 = S »»!,,(*, g2).
1 —00

The functions I„(f), fjt) were introduced (in different notation
by JACKSO^T [3, 4] and have been discussed recently by H A H N [2];
see also [1]. I t follows from (9) and (10) that

OO oKr—1)-K«—r)(n—»—1) g«+2r

(11) Ut, g») = J ( r ) , ( J f w + rT1 .

for convenience we put

Using (11) it is not difficult to verify that

1 — «*

—00
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which implies

(13) Uqt, «•) = q"*l,<t, 2?) 3 (1 - ft*).
1

I a particular, for t = q, (13) becomes

(14) In(q\ qt) = qn2QÏn(q, q%

where

(15) g = 5 (1 - g").

1

In JACOBI' S identity

(16) 6 5 (1 — q*n-lx){l - g-»-1) = S ( - l)nqnxn ,

replace x hj qx. Theu

0 5 (1 — qmx){l — q%n-*x-1) = S ( - l)nqn2+nxn ,
1 DO

so that

Q S (1 - g ' 3 n ^ 2 x ) ( l — g*»-1"*»-1) = (1 —a;~ x ) - 1 S (— I)"gn2+na;n :
1 OO

Comparing this with (9) we get

(17) Qin(q\ q%) = g1ïCn+1) S ( - i)"g

Thus (14) becomes

(18) q~nQlïn(q, q1) = S (— l)-g
r=o

But by (12)

so that (18) is identical with (8),

12
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3. It is evident from (9) and (10) that

!_.,(*, q*) = IJL q% ƒ_„(*, g>) = In(t g«).

We show that if

(19) an = I ( - l)»-gr(r+li + «(tr+l);

r=o

then

(20) a_n = aM .

It follows that (8) holds for all intégral w.

To prove (20) Ave observe that

7_M = 2 ( — l ) Y ( r + l î + M ( ï r + 1 ) — 2 ( ~ l)-gWt-M)-H(2r+l)

oo

But

Q— n 2 ( \\r+\q{1n—l--r)(—r)
r—o

and (20) follows at once.

It is clear from (6) and (19) that (5) can -be written in the
following way.

In view of (20), this becomes

O3



SOME 2-IDENTITIES RELATED TO THE THETA FUNCTIONS 177

4. If we replace q% by g. (8) becomes

oo QS oo oo £

where

(o). = (1 - o)(l - qa)... (1 - $-*a), (o)D = 1.

This suggestes the following more genera! identity :

(22) ^ 7^" ° (l-gr)(l-«'-1a)=2(-l)'gï"^1

This identity is indeed true and can be proved rapidly as
follows. We have

2 ^ V n (1 - g-a) = 2 £ - II (1 - g^'a)
8=o (g).(a), r=o s=o (g), r=o

(g)
1 2 ( 1}

s^o (g), «=o (g)„

i

2
(g)n s-o (g).

oo r /2 nn oo

= 2 ( - 1 ) " g CT O
n=o (Q()n r=i

i«(B_l)
nz: 2 (— l)«g* a n II ( 1 — g r ) - 1

This evidently proves (22).

The identity

reduces to (22) for 6=rO; se = a.
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To prove (23) we take

n d - a ' » ) - 2 i £ r n t 1 -
r=o s=o (q)s r=o

s=0 (g), n=o

in(n-l) - . _ ,

= 2 ( - 1)- 2 — 1 2 ( f̂s (q-'Xy
« = o v (g) . s=o ( « ) , V Ï

= s (_i)-gJ _^ n l~q ox

»=o (q)n r=o 1 — qn+rbx

~~r^o 1 — qrx nlo
 q [q)n$x)n '

This proves (23).

When 6 = 0, (23) becomes

°° X S n " r r v" J-f(»—1) (X)r

In particular, for a = g*8"**1, (24) implies

oo oo j[ r—1
{âOi ^ x i i -L — q x i j-n\X) q~) ' • ^c ^ ( — i j Ö i l 11 — Ö CC •

which redaces to (18) when x = g.
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