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Some g-identities related to the theta functions

Nota di LEoNARD CarRLITz (a Durham, U.S.A.) (¥ ()
Summary. - The identies (8), (22), (23) are obtained.

1. It is familiar that if

© oS
F)= Il 1— ¢ 'a)(1 — g 'x~)= & 42"
0

—
where |g| <1, then
1) F (x) = — zqF (¢*x),
so that
A, =— @A, = (—1)"¢" 4.

Thus

[ee]
Flo)=A4, 3 ¢“x".
—0

If we put
[e o]
2) Flx)yt= 2 Cx"
—
and apply the same method we apparently get
¢" 0, =—Cmy,  Cu=(—1yg~.
It follows that

(F@)== 2 (— 1)'qg~".

This result is obviously false, the right member never converges.

(*) Pervenuta alla Segreteria dell’U. M. I. il 4 aprile 1962.
(1) Supported in part by National Science Foundation grant G 16485.
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The explanation of this curious situation is that the right
member of (2) converges only in the ring

lgl<lz|<lgl™!

and it is therefore not permissible to apply (1).
We may however derive a valid expansion for (F(x)j—! in the
following way. Making use of the familiar identity

ﬁ 1—q*x)~! = OZ}O 2
) o= my
where
3) m)!'=01—q")..(1—g™), 0)! =1,
we get
(e o] q"x" O? qsx—s
Fx)) ! = =— Y
(F () rEO (1)1 520 ()
qr+s

It follows that

ey B e B O
(4) (Fla)™ =1+ 2 g"@"+a™) X o o

Now on the other hand it is known (see for example [5, p. 489,
ex. 14]) that

1 S
- =za, + X a, cos 2nz
T Bz q 207 T ’

6) a,= 2,§ (— 1) q("" %)(2’””4“%) — 2q’:‘ $ (— 1) grérFronarty,
220 r=o ’

ol

Kk

0,0, 9 =¢q
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(B) becomes

1 1 — g*)? 1 1 )
4 . P— -\ tniz —2nis
q I;I(l — g Tets) (I — g—le— ) 2“0 + 3 ‘;‘ a.(e + € ).

Replacing e** by x we get

i )3
) qi ﬁ (1 Q") 1
1

o
_ = U3 —_
A=l —g ) 1% 5;’ @, (" = @),

Comparing (7) with (4) and using (6) we get

X q” _ Ioi (] . qzr)? — § (_ 1}v~qr(r+l)+2nr (7’/2 0)
s=o (8)! (M + ) ! vy r=o0 ’

@®)

‘We shall now give a direct proof of (8).

2. Put
(o) 0
) O —gwt) (1 — g*a—'t) = I (— 1)"2" L, %),
[ ~—Q0
(e [ee] .
(10) II (1—q®xt)~ 1 —q*x—'t) = X «* L, (t, ¢°).
1 —Q0

The fuﬁctions L,(t), I,(t) were introduced (in different notation
by JacksoN [3, 4] and have been discussed recently by HauN [2];
see also [1]. It follows from (9) and (10) that

o] q"(r—l)+(’n—r) (R—r—1) n+2r

(11) Lib =2 “—mra@m+nr

tn+2:-

(12) i.(t’ q’) :,’.EL (7)“!‘——(70 - ,r) 1 )

where for convenience we put

Using (11) it is not difficult to verify that

1 — q?11+7tz
(1 — q‘2n+2wt) (1 _— q’.’nx—lt) ’

[eo] o2}
2 gVt Lg%, ¢) = II
—c0 1
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which implies
(13) Ligt, ¢*) = q"*L,(t, ¢ 11 (1 — g*t?).
1

In particular, for { = g, (13) becomes

(14) Lig% 9 = ¢*Q L(g, ¢°),
where
(15) Q=10 (- g

In Jacomr s identity
(16) ot @ — gyt — g = B (= 1ygra,
replace x by qx. Then
QT (L —gre)t — gt = 3 (= g,
so that
QI (L — g™ )t — g o) = (L—a ) 3 (— 1ygtrrar.
Comparing thi; with (9) we get
(17) QL g9 = g B (= 1ygovea,
Thus (14) becomes
(18) QL @)= 3 (= 1yt

But by (12)

L @) =2

n+42r
q

)

so that (18) is identical with (8),
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3. It is evident from (9) and (10) that
It @)=Lt ¢, It ¢)=L{t ).

We show that if

(19) 6, = ozo (— 1)rgrorrvrnirtn
r==0 .

then

(20) Gy, == Gy«

It follows that (8) holds for all integral =.

To prove (20) we observe that

oo 2n—1
G, = s (_ 1)rqr(r+l)+n(2"+l) — 3 (_ l)rqr(r+1)—-—n(2r+l)

r=0 r=0

oo
+ = (_ l)rqr(r+l)+n(2r+l) .

r=0
But
2n-—-1 2n—1
S (__ l)rqr(7'+l)—n(21'+l) —_— q-—v_l > (_ 1)rqr(r+l—2n)
r=0 r==0
2n—1

____q—n h (_ 1)r+1q(2n-—1—,r)(—r)
r=0

2n—1
_ q—n rEO (_ 1)rq(r+l—2n)

and (20) follows at once.

It is clear from (6) and (19) that () can-be written in the
following way.
3

F = Gy + 2 0, (e 4 e—Miz),

b.(2, q)

In view of (20), this becomes

QS 00

—_ Gn e‘.’m’z .

0z @) —oo

(21)
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4. If we replace ¢* by g, (8) becomes

oo q o ) o0 L (et 2)tnr
3 —>2— I @—qg1l—qg"*")= = (— 1)rg?
s=0 (9" ") e ( ) ) r=0( y'a

where

(@ = (1 —a)l—ga)..(1- ¢ "a) (a)=1.

This suggestes the following more general identity :

@ I-2 0 a—gi- g —-2 —1yg? ar.
o @), r]gl 1 —a) a) ( yq a

This identity is indeed true and can be proved rapidly as
follows. We have

oc qs qs
> —qg'a) = 2 H 1 r+sa
s=0 (q)s (a)s r=o I a—ga= s=0 (9)s r=o ( )
00 S o0 %n("—l) N '3
—3s 2 5 (— 1) q (9°a)
s=0 (Q)s n=o0 (@)
%n(n—\) n 0o (n+1)s
=3 (1L 2 54
n=o (Q)n §=0 (q)x
oo %n(n—l) " o
= I (_ 1) L_a_ I (1 — qn+r)—1
n=0 ( )n r=1

oo 1 yin—1) o0
— 3 (_ 1)nq£ a” H (1 — qr)—l
1n=0 r—1

This evidently proves (22).
The identity

§(Mw I 1—qa)(l —qux

23
(&3) s=0 (¢):(@); r=0 1—qbx

— T (gt @
n=

Y 1 (Q)n(bw)n ’

reduces to (22) for b= 0, x=a.
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To prove (23) we take

T B = © Dar =
p 0 (1—gqga) = = I (1—qgta
s=o (q)(a)s r:o( ) 7a) s=o (Q)s r:o( 1 )
josd (b) a5 o %11(71—1) .
=3 BT 5 @9
s=o (g)s m=o (9)
Lm—n .
oo 2 n 0o
=% mp T O
n=0 (q)n §=0 (Q)s
0o é'm"—l) n o | — gty
=3 (—1ypl__ % -4 X
n=0 (@) r=o 1L —q"*"bx
_ o 1 — q”bx °§ - 1)11(1;01(11—-4) (x)"a”
r=o 1 —¢q@ ne (9).(b),,
This proves (23).
‘When b = 0, (23) becomes
oo 28 oo oc “,r(r—-l) (m),
{1 —-—gal—gaxy= = (— 1)qg? —=
o @) s=0( q a1l — g'x) (=1 @,

In particular, for a == ¢!, (24) implies

(25) Q :ﬁ:O (1 _ qlrx2)f(x q )._xn 2‘ ( ) 1(1+1)+2nr(i Irﬁl(l _q2sx2_

r==0 r=0 r)! s—o

which reduces to (18) when x —=gq.
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