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SEZIONE SCIENTIFICA
B R E V I NOTE

Approximation To The Generating Function

By The Cesàro Means of lts Ultraspherical Series.

By B. C. SINGHAI (Sagar, India) (*)

Summary. - The author has extended one of the résultes of Obrechkoff « On
the approximation to the generating function by the Cesaro means of
its ultraspherical series ».

1. Let f(Ü, cp) be a function defined for the range 0<ç6<7r and
0 < cp < 2-7T ; the ultraspherical series corresonding to it on the
sphère S is

V [sin2 6' sin2 (cp - <p')]W

where
cos w = cos 8 cos 8' H- sin 8 sin 6' cos (cp — <p').

The LAPIJACE series is a particular case of (1.1) for X = - .

We Write [See also; 3]

[sin2 8' sin2 (cp — 'f')]2 ~ X

and

(1-3) ^ ) - r — A m

X

<ï>0(x) =

?p(») = r(P + l)an><Pp(x), p > 0 ;

*) Pervenuta alla Segreteria dell'U. M. I. il 19 dicembre 1961.

Il
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and

— d

choc

The absolute integrability of the integrand in (1.2) is assumed
throughout.

OBRECHKOFF [2] has proved the following result on the order
of the CESÀRO means an of the series (1.1):

THEOREM 1. - If p>0, 0 < a < l , such that

then, for each k,

j3 + ^ + l> fe> | ) + ^ H-a,

we have

* - * = < > & ) •

We shall prove the following theorem:

THEOREM 2. - If

and

[ ( ) H " 1 ] , t - 0 .

for — 1 < r <Z ^̂ > and any p > 0 then

where

X -h [P[ -f- 1 ̂  fc > p -f-1.
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2. For the proof of the theorem we shall require the follówing
Lemmas :

k

LEMMA 1. - If £«((»>) dénotes the n t h
 CESÀKO means of order

of the series

(2.1)

Then we have, fór X > 0 and p ;> 0

(2.2)

for 0 < o> < -K, k > 0 ;

0

for 0 < w < ; a < 7T ;

and

LEMMA 2. - If vj be any fixed positive constant less than
then we have

l 1c

— A= \ cp(w)/Sn((2.3)

for k > X.

LEMMA 3. - For a non-intégral

(0 <c o- <c 1). w e h a v e

(2
71

.4) ƒ ^(wjSÎf

Lemmas 1 and 3 are due to OBRECHKOFF and for 2 see
KOCUBETLIANTZ [1] and OBRECHKOFF [2].



162 B. C. SINGHAI

3. Proof of the Theorem. - In view of Lemma 2 it will be
sufficient to prove that

n
ƒ <p(w)S*(w)dw = O[(log »)»•+!]."

o

Integrating foy parts m times we ha e

71

= [ s (—
L p = l

Also, for a non-integral

p = m -i- <J (0 <; o- < 1),

have

= ƒJ
0

T)

s (
p=i

= ƒJ -f- J2 -f- J j .

(3.1) J2 = o(l) as W-^CVD

and

(3.2) Jg = o(l) as n -* oo

since /b > j? -+- X [see 4].
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Hence
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= o(t) -+- (— l)™*1 / 4>

: °U) + (f(^Tl)J

W r i t e

n fj

= ( ƒ-*-/ j

Now

(3.3)
1 n

=o [ ƒ

up+i. U2X ( log - JJ

= 0[(lo
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(3.4) J'^ol/M—^V^-J^l as>-nt(l\P+1 nl+P~k

2 ~~ \\n) /l\H*+i

Thus

(3.5) Lx = O[log n]*+i].

n

= J I

*

ƒ [log - \
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(3.6) kx — o(l), since fc>A+jo

and

(3.8) h = O(nx+P-fc) • / __ , , , , . du

- 0(1) H- 0(1)

= 0(1).

Thus

(3.9) L% = o(l) -4- O[(log nr+! ] -h 0(1)

Combining (3.1), (3.2).,. and (3.9) the resuit is proved.
I ani much indebted to Prof. M. L. MISRA for his kind interest

in the préparation of this paper,
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