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SEZIONE SCIENTIFICA
BREVI NOTE

Approximation To The Generating Function
By The Cesaro Means of Its Ultraspherical Series.

By B. C. SinerAI (Sagar, India) (*)

Summwmary. - The author has extended one of the resultes of Obrechkoff « On
the approximation to the generating function by the Cesaro means of
its ultraspherical series ».

1. Let f(6, ¢) be-a function defined for the range 0 << 6 <<= and
0<<9¢<<2xn; the ultraspherical series corresonding to it on the
sphere S is

f(9', ¢)P3(cos w) sin 6'd0’do’

1 ®
(L1) — f(6, 9)oog. T (m+1 P
"=0 s [sin? 6’ sin? (0 —o )2 —*
Wwhere
cos » = cos 0 cos 8" + sin 6 sin 6’ cos (¢ — ¢).

1
The LAPLACE series is a particular case of (1.1) for A = 5
We write [See also; 3]

1 ' 9)ds’
(1.2) flo) =5 / 18, ds

STy "
sin o) [sin? 6’ sin® (¢ — ?’)Jé"“ A

and °m

AF()\) .
1.3 o w) = |f(») — o~ Q) ’)\;
(1.3) ( [f( ) F(%)r(%)+)\)](81n )

x

1
Pp(x) = ITp)/(w — t)p—lo(t)dt;

Dy(x) = 9(x)

op(®) =T(p + Na—Pdp(x), p=0;

(*) Pervenuta alla Segreteria dell’ U. M. I. il 19 dicembre 1961.
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160 B. C. SINGHAI
and

d
Ppl) = 5= Ppprl@), —1<p <O0.

The absolute integrability of the integrand in (1.2) is assumed
throughout.

OBRECHKOFF [2] has proved the following result on the order
of the CESARO means c,’,c, of the series (1.1):

TEEOREM 1. - If p=>0, 0 <<« <1, such that

¢
/ | op(t) | dt = O(F1+2r+0)
V]

gptalt) = o(tPts),  t—0
then, for each £k,

P+Hr+1=k>p+ A+

we have
k 1
Gy — A == 0 ('}F) .

We shall prove the following theorem:

TarEorEM 2. -~ If

t .

DH(t) = f ffit?)i dt=0 [(IOg _1t>¢+1}

and

2 Ly
cpp+1(t) =0 [t <log 2) J, t— 0.
for —1 <r <~ and any p =0 then

on — A= 0[(log m)r+1]

where

A+[P[+1=k>p+ A\
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2. For the proof of the theorem we shall require the following
Lemmas:

LrevMa 1. - If Sﬁ(w) denotes the nth CEsSARO means of order

k=0 of the series

@.1) 2 (1 + NP P(cos w)

Then we have, for A> 0 and p =0

O m2+r+1) for 0<<w<<=x, k>0;

nhtp—Fk 1
0 (w‘_k+x+"'i) + 0(mz>

%
P} Sy
_d_M: for 0 <<o<<a<<m;

(p)
22)  SPw)="73"%

ni+p—k
O (/;/vkﬁ-)-_li) for 0<0)Sa'<1t

and A + 1+ [p]=k.

LEvma 2. < If 7n be any fixed positive constant less than =,
then we have

2.3) on — A = | ¢(0)S(w)dw + o(1)

v

L]

for k> A

Lemma 3. - For a non-integral

pP=M—+c 0 <o<1), we have
n 0
2.4) j () SP(0)de> = By 1(7)ST ) — / O (t) ST (L.
0 1]

Lemmas 1 and 3 are due to OBRECHEOFF and for 2 see
Ko6GBETLIANTZ [1] and OBRECHEOFF [2].
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3. Proof of the Theorem. - In view of Lemma 2 it will be
sufficient to prove that

n
f 9(0)Sh(w)dw = O[(log n)r+1].

0

Integrating by parts # times we ha e

/(p(o))Sﬁ(m)dw
= [ 2 (— 1)P~1¢p(w)S(yf—1)(w)} + (—1)m ’ CIlm((o)S;m)(w)dw,
p=1 0

0

Also, for a non-integral

p=m+oc (0 <o <1
we have

7 = [ofw)Shw)ao

| 2 (— v+ (= 1 | sl
p= 0

n
_f(bp(m)ssf)((o)dw %
0

=J,+Js+J;.
3.1) J,=o0(1) as ® — o
and
3.2) Jy=o0(1) as # — oo

since £> p + X [see 4].
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Hence
-
J = o(1) + (— 1jm+1 ] ®p() S () due
[}
( 1)m+1 K
= 0(1) -+ [TZ"T 12) up%(u)Sﬁf)(u)du
(— fymtt
(1) + m L, say.
‘Write
( /-;-] ) uPop(u)S u) du
= L1 -+ L2 , say.
Now
1
1 n
33) Ly = (01100800 — [ 0110050
’ 0
=J1' _ le
1

J,{:O[ f P,y () SEH )(u)du]

0

S~

1\r+1
=0 [ ] up+1. 2 (log a) . O(%21+?+2)du]

0

= O(log m)"+1].
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(8.4) Jy =0 [<;1®)p+1 (?S:—:k—_; fpp.m(i)} as A +{pl+ 1=k
n
= Of(log n)r+1].
Thus
(8.6) L, = O[log n]"+1].
Now

0
L,= / upcyp(u)ng)(u)du

”n

" nrt+p—=k
:[| ¢plee) | - 0(uk+l¢1)ul’- du

O +p—k) . f I“’l(_m wp-+—k dy

= O(m+p—k) - [P*(w) - %p+1—-k]11
K
— O(nr+p—Fk) j D¥(m) » up+r—k—L. dy

2 -

= O(n*+p—k) . d¥()gr+p—k

1 1
Abp—k , Pk . ——
+ O(nA+p @ (n) prE—

0
+1
—+- O('nl+p—kJ . /(log i)" . uP+rA—k=1dy

i

=k +k,+k;, say
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(3.9) k,=o(1), since k> -+ p
3.7) k, = O[(log n)+1]
and
i 1
(3.8) ky = Or+o—k) . ] R G
1

1 a
= O(nl—Hﬂ—k) . [ﬁ__p__)]l

= o(1) + O(1)
== 0(1).
Thus
(3.9) L, = o(1) + O[(log »n)r+1] + O(1)
— Of(log n)+?]

Combining (3.1), (3.2)... and (3.9) the result is proved.
I am much indebted to Prof. M. L. Misra for his kind interest
in the preparation of this paper.
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