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An aspect of local property for the convergence
of Jacobi series.

By G. S. PaxpEy (a Chhatarpur, India). (¥)

Summary. - In the present paper the author establishes a condition under
which the convergence of Jacobi series al an iniernal point of the in.
terval (— 1, + 1) be comes a local property.

1. Let f(x) be a function defined by —1<C2 <1 and such that
1
the integra)] / (1 — 2)2(1 + x)Bf(x)dx exists. The JACOBI series corre-
—1
sponding to the function f(x) is

©

(1.1) flX)> S anPe®(2),
n=0
where
_ T+ 1)In+«+8+1) 20 + o + B+ 1
" Tm+ o+ 1)0(m+8 + 1) 2a+B+1
(1.2)

[ 1 — 2)2(1 + 2)BP P (@) - flw)der;

—1

and the JACOBI polynomials Py’ B) (), « > —1, P> —1 are defined
by the following expansion:

— 2wt +
o]
= 3 P3P . tm.
n=0
The ultrasphecrical series
oc
(1.3) 2 buPY )(ac),

n=0
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1
is the particular case of the series (1.1) for the value v =8=%1 —3

2
and the Legendre series

oo
(1.4) Y enPu(x),

n=90

1
is the particular case of the series (1.3) for the value 5 of the

parameter X

Under the condition ¢y, —=o0(r'/?), Youxe (3) proved that the
convergence of the series (1.4) becomes a local property.

D. P. Gupra (1) has extended recently, the result of Youwna to
the ultraspherical series and he has shown that:
1f

bn = o(n*=),

then the convergence of the series (1.3) at an internal point x of
the interval (— 1, + 1) depends only on the behaviour of the
generating funection f(x) in the immediate neighbourhood of the
point.

The object of this paper is to find condition such that the
convergence of the series (1.1) is a local property at any point of
the interval (— 1, + 1).

We are led to prove the following result:

THEOREM: If
(1.5) Gy = o(n212),
then the convergence of the series (1.1) af an internal point x of

the interval (— 1, + 1) depends only own the behaviour of the gene-
rating function f(x) in the immediate neighbourhood of the point.

2, The proof of the theorem requires the help of the following
lemmas:

LeMma 1 (2, p. 194). - If o and £ be arbitrary real numbers, Then

cosl{n—r (a,+p+1)/2|e_(a+%)g]

B at1/2 erz O
’Vl;llz’ltllz (sin é) (008 Ej)

@1) P (cos b)=

0<b<m,
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LeMma 2 (2, p. 167):

(&8 (cos 0) = b—a—1/z . O(n—1/2),
22)
0, a1
g ¥ =73}
5P (cos 8) = On—12),
(2.3)

T 1
O<G£§,a£—§.

LemMma 3 (2, p. 71):

2 +a+B8+1 IFv+ 10y +a+p+1)

(2 B) (@, B)
v=0 Qa+841 : ' +oa+ IV +8+1) - PP, (=)

2—a—8 T'n + 2T(n + o+ B+ 2)
@Cr 4o+ B+2) Tn+ o+ 1)I(n + 6+ 1)

(2.4) =

PRIPY P @ — PP P
t—x )

3. Proof of the theorem. The n th partial sum of the series (1.1) is,

AT+ +a+B+1) v+a+B+1

Swwzmﬁw+m+4W@+B+U' 2utbir

.fu—ﬁmL+mP%”mP%Wmmma

Using lemma 3, i. e., (2.4), we have

_ 2—a—p L(n+ 2w + o+ § +2)
T @20+ a4+ B8+2) T + o+ )0(n + 8 + 1)

S-n(ﬂ’)
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(a, B (& B) (@, 8) (e, B)
/Pn LR V@) = P OP® (et o

t—x

—1

3.1)

—1l4e T—e' X! 1—¢

—xl [+ [+ [+ [+]]

—1e T—g/ B! 21—

=J,+Jd,+J;+J,+J5,

say, having taken e <@ +1—¢, 1 —x—¢' and

2—a—3 I(n+2)T(1n + o« + B + 2)
K”:(2n+oc+{3+ 2) " T(n+oa+ )T + B + 1)N O(n).
Now,
- (@8) ) p(@8) (@8) ) ple®)
J2=an(1—t)°=(1+t)ﬂ- +1()Pn ‘t)__xP OPwi@) ¢
I Y
(3.2)

:Jz,1 —Jz,z, say.

Putting { —cos 6 and denoting
1\ =
lm+1 + (n+B+1)/216 — (m+§)§] by w41, We have

by lemma 1,

x—¢/
J2,1=Kn](1—t)“(1+t tf“ Pl B>(t u,ﬂ)( @)t
—14e
T’
=K, [(1 — 008 0)%(1 + cos 0)8 - Ef(_t_) PEO )
L1+e
COS Wyt1

+ On— 8/2)] . dt

a-1/2 B41]2
(n + 1)y272 (sm 2) (cos ;) 1/2
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X!
B\, 0\ f(¢
— K%j 2e+8 (sin —> (COS é) . t—fi_) xP 2"9 9)(x)

2
—1-f¢

COS Wn1
: ‘ 0 )e+1/z +

6 \x+1/2
(1 + 1)1/zm1l2 (sin Q) (cos 5

O(n—sl? ] dt
2

x—z/

B e a2 g\B8—1/2 COS Wnt1 f(¢)
= K”} (sm 2) (cos §) - 2048, (n+ 1)z iz = d

—14¢
T 6\28 t
2a 2
-+ Kn[ (sin é) <cos 2) . 2248 . PP () O(n—sl2) tiilm dt
—1+4¢
I T
*—1/2 —1/2
— O(’}’L) ‘ P&“; 3)(x) f (TVI, 4+ 1)—1/2 / t(slnz) <COS§) { | ;cosO)n+1i -llt%t;{dt
—1-¢ '
7 6\28
: 2a 2 i
+ O(n) EP(»:"G) ()]~ 0(%—3/2)‘/ ; (siné) (cosé> . ’ ! %i dat
—14s
T e\ear, etz |
a, . a-—1/2 —1/2 i ) |
=O0(n32P B))f (s1n :2) (cos §> §| tf— - ‘ | oS Wnqy | dE
~=elafg
T—z! 6 8 | )
2 2 i
+ O(n—1/2 P B)(w))[ (sin Q) <cos g) . “—fit_) I dt

—1e

Z—e! .

0\&—1/2 §\B—1/2 AR
= 0(1) , ! (sin 2) (cosé> E - | cos Wng1 ! * E ﬂ)—' dt

. t— «,
—14¢
r—c/ e
200 6\2
-+ 0(%—1)‘/ (sin %) (eos -2) % ‘ dt
_1.1'_5

= J2,1,1 + J21,2, say.
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By RieMANN-LEBESGUE theorem,

3.3) Ja 1,1 =o0(1).
Also,
T/

—2-f¢
(3.4)
=o0(1), as n — oo.
Combining (3.3) and (3.4). We have
(3.5) Jz,1=o(1).
Treating J» : in the same manner as J, 1, we find that

(3.6) JZ, 2 — 0(1).

Combining (3.5) and (3.6), we have

(3.7) J, = o(1).

Now,

’ t
Ty = [ (1 — &(1 + 8P t”T)x [P P P () —
1—z
(3.8) @8 HPE )t
=dJs,1 — Js, 2,

say.

Now,

1

Ts1 = K f (1 — (e + e ;L1 PERPE® @t

1—t

103
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Putting {=cos¢, 1 — ¢ =cos4, we have, on the lines of Szred,
(2, p. 2563) keeping ¢ sufficiently small

n
T = 0)0l=r) [ | PED | gueta(ons g) | feos ) | d.
0

From (2.2) and (2.3) it follows that:

0
0(1) [ me-ste - 41 floos o) | d.
0

—

Js 1=

s

Kl

0(1)' / o2e+1| f(cos o) | do,

0

_ Y
(3.9)
o (1 — e 0 )
R oz,
o [ (£ bt 181700,
R ozt

But by hypothesis (1.5), We have
I'm+1)Tn+o+B8+1) 20 +a+f+1
T+ o+ )0(n + B+ 1) 2a+8+1
1

} (1 — t)e(l — £ P& P (fdt = o(n1/2)

—1

=
@

06m) [t — Byt + 8 1 P10 100 dt = o)
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or,

(3.10) O(ma/2) f (1 — Bt + 68 | PSPty |« | ()| dt = o(1).

The left hand member is

—14£€ o0 1
own| [+ [+ [+ ]
—1 —14£ 0 1—£

=L+ L+I+ 1,
say, having taken 0 <% < 1.

Now, using lemma 1, we have

I, —Onllz)fu—t + 18 | PP 110 dt

= Ourlz) ((1 — cos )2(1 + cos $)8 | PP (cos ) | | f(cos ¢) | dy

ni2
3§ q{ U\28
. . 20 2 COS Wy
_ / L 5
__O(,nl 2)](;5111 2) (cos 2) NG b B+1/z
o2 ”1/27;1/2(111 é) (COS 2)

O(n—3i2) } | flcos &) | di,

=151 4 %2 say
where t =cos ¢, 1 —{=cosd and

w”=1-2%+(u+ﬁ+1)/2:6—-(oc—f-%)g}.

Now,

R 0(1)[ (sm g)a—uz (cos g)a—;/z cos wy | f(cos ¢) | d¥

/2
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(3.11)
= o(1),
by RiEMANN-LEBESGUE theorem.
Also,
5
q, 206 q, 18
Is, = O(n112)0(n—3f2)f (sin _—)) <cos §) | f(cos §) | dy
/2
(3.12)

=o(l1), as n — co.
Combining (3.11) and (3.12), we have

I, =o(1).
Similarly,
I, = o(1).
Again,
1

I, = O(m2) f (L — te(L + 8| PP dt -

&

13

O(t) [ (1 — tpre=sie(s -+ opi=ah | i) dt,

. 1
if “2_2;

0(t) [t — tye(t + 19 170 dt,

1
if o< —5. 2, p. 253).

We get similar expressions, for I, also,
But by hypothesis, we have

I+ 1, + I, + I,=o(1).

Substituting the values of I,, 1,, I, and I, as derived above, we
have
1

0L [ (1 — tet=at (L - o= | 1) | i = (1),

—1
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(3.13)
¢ 1
1 % 2 — ‘—3 .
or,
0 [ (= ti(t + 18] 1) | @t = (1),
(3.14) -
if o << — % .

Using (3.13) and (3.14), we see from (3.9) that

(3.15) Js,1 = o(1).

107

Js,2 can also be disposed off in exactly the same manner as

Js5,1 and combining with (3.15), we have

(3.16) J, = of1).

J, and J, can also be treated in exactly the same way as J,

and J; respectively, and tinally, therefore, we get

&4-e’
lim {Sn(w) - .Kn] (1 - t)a(l -+ t)ﬂ f(t’

s 0O t—x

T—c!

(3.17)
PP PE P () — PP (PSP | dt| =0,

¢’ being any positive quantity, arbitrarily small, but less than

x+1and 1—w.
This completes the proof of the theorem.

I wish to express my warmest tanhs to Dr. D. P. Gupra for

much help and advice.
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