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An aspect of local property for the convergence

of Jacobi series.

By G. S. PAKDET (a Chhatarpur, India). (*)

Snmmary. - In the present paper the author establishes a condition under
which the convergence of Jacobi series at an internai point of the in*
terval (— 1, -+-1) be cornes a local property.

1. Let f(x) be a fanction defined by — 1 <, x < 1 and such that
i

the intégral f (1 — x)a(l -hx)$f(x)dx exists. The JACOBI series corre-

spondiug to the fimction f(x) is

(1.1) f(x)co S

where

T{n H- l)T(n + q +
aan — T(n -H a -H l)T{n H- S

(1.2)

f(x)dx;

and the JACOBI polynomials Pw (as), a > — 1, p> — 1 are defined
by the following expansion:

1
— t -4- V l — 2xt ~*~ t2)-*{l

00

= Si
M=0

The ultrasphcrical series

(1.3) j_
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is the partieular case of the series (1,1) for the value a = p = ^ — =

and the Legendre series

00

(1.4) S CnPm{x),

is the particular case of the series (1.3) for the value ~ of the

parameter X.
TJnder the condition Cn = o{nllz), TOTJSTG (3) proved that the

convergence of the series (1.4) becomes a local property.
D. P. GrUPTA (1) has extended recently, the resuit of YOUNG to

the ultraspherical series and he has shown that:
If

then the convergence of the series (1.3) at an internai point x of
the interval (— 1, •+- 1) dépends only on the behaviour of the
generating function f(x) in the immédiate neighbourhood of the
point.

The object of this paper is to find condition such that the
convergence of the series (1.1) is a local property at any point of
the interval (— 1, -+- 1).

We are led to prove the following resuit :

THEOREM: If

(1.5) On = o{n^),

then the convergence of the series (1.1) at an internai point x of
the interval (—1, H- 1) dépends only on the behaviour of the gene-
rating function f(x) in the immédiate neighbourhood of the point

2, The proof of the theorem requires the help of the following
lemmas :

LEMMA 1 (2, p. 194). - If a and p be arbitrary real numbers, Then

cos \n

sin^ cos

0 < 6<7T.
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LEMMA 2 (2, p. 167):

P(n'&)(cos 8) =
(2.2)

(2.3)

LEMMA 3 (2, p. 71):

n 2 v - , - a - 4 - 3 + l r(v + l)r(v -i- « -f- p -t- 1)

^ " '

r(v -f- a -h i)r(v

• r p ; ( g ) - p r w ( f ) P i r + i ( g )

3, Proof of the theorem. The n th partial sum of the series (1.1) is,

_ «r(v + l)r(v + K + p + 1) 2vH-an-p-f-l
bn{œ) =

v ^ o r ( v -f. oc -+- l)F(v -f- p H- 1)

TJsing lemma 3, i. e.̂  (2.4), we haye

2-HX-P n ^
Sn(x) = i

 [

-H oc + S -h 2) T(^ -4- a -H l)r(n -f B + 1)
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j
_ 1

(3.1)
—i-fe a;—e' »+&' 1—e 1

—l — 1+E a:— e' a:+e' i—e

= J1 -f- Jj -+- J3 -+- Ji -+- Jg ,

say, having taken E < a ; - h l — e', 1 — cc — e' and

TT — 2-«-P r( n -4- 2)r(n -+- a -+- p -fr- 2)
w (2w + a + p + 2) f ( w + a H

Now,

(1 _ |J.(1 + f̂  .(1 _ |J.(1 + f̂  .

(3.2)
= J2 , i — 7̂*2,2; say .

Putting i = cos ô and denoting

Mw-Hl + (»4- P -»-l)/2| 6 — U + ^ U by o)»+i, we hare

by lemma 1,

y - *)(1 + f)9 .

* — g'

= Xn / (1 - cos 9)«(1 -i- cos 9)9 .
CC

COS
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-1+E

(C 0 S2J

) COS f(t)

M ƒ (sin 5)2a(coS

fafa B)

= O(n) \ P{n'®(x) | (n •+• i ) -
Ô \ « — 1 / 2

-*l*) f I (sin
2p f(t)

—1+8

dt

—1/2/ Q\P—1/2 fit)
i — x

cos Ü>OT+I I dt

-i+e

.in i /(*)
— X

dt

35-E'

= 0(1)/ I (sin J (
-l+e

s m ^ l I C O S 2 0 0 .

oo.-2

= "2, 1, X "•" "2, X, 2 )
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By RiTSMANN-LEBESGrtTE theorem,

(3.3) «72,1,1 = o(l).

, i, 2 = 0 {n-1) j ( sin g I [cos ^ j
t — x

dt

(3.4)

= o(l), as n ^ oo.

Combining (3.3) and (3.4). We have

(3.5) Ja, i = o(l).

Treating J2,2 in the same manner as J2i 1, we find that

(3.6) J2) a = o(l).

Combining (3.5) and (3.6); we have

(3.7) J t

Now,

1—£

(3.8)

— «7*6,1 — «7e, 2 ,

say.
Now,

/(')

t—x
dt.
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Putting t = cos <p, 1 — s = cos v], we haye ; ou the Unes of SZEGÖ,

(2, p. 253) keeping s sufficiently small

) l = 0{n)0(n-v*)f | P & Ç | cp2«+i(cos <p) | f cos <p

From ('2/2) and (2.3) it follows that:

0(1) / <p

0

O(l)jV«+i

(3.9)

0(1) ( 1 -
J

—1

\m\àt
1

— ~2

O(l)[(l-fp{l-*-W\f(t)\dt,

But by hypothesis (1.5), we have

2» -i- a

I (1 - *)«(1 -

e.
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or,

(3.10)

i

ƒ (1 - | f(t) | d* =

The left hand member is

—1 —1+4 0 1—5

, having taken 0 < l < 1.
Now, using lemma 1, we have

i8 = f- | t(t)

5

f(l — COS ̂ )«(1 H- COS W j P(n} 3)(COS di) j | f(00S

7T/2

7T/2

COS

/ ^ \a+ i /2 / M&+1/2

\ &l \ ÙJ

= I*>x •+-13»2, say

where ^ ̂ cos J/, 1 — S = cos S and

Now,

= j j n 4- (oc -H P -H l)/2 I 6 - U

o
f f tii\a—1/2 / (L\0—1/2

-=O(1,J rin| co.*)
TT/2

cos (On
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(3.11)

by BPIEMANIST-LEBESGUE theorem.
Also,

la, ! =

(3.12)

n-^) f (sin
71/2

| flcos

= o(l), as n —*• o o .

Combining (3.11) and (3.12), we have

I3 = o(l).

Similarly,

Again,

It =
J.

ƒ (l -

1

0(1) A l —

i f a ^-2

0(1) ƒ { ! -

if « <S — ö • 2, p. 253).

"We get siinilar expressions, for It also,
But by hypothesis, we have

Substituting the values of JM J2^ J3 and I4 as derived above, we
have

0(1) ƒ ( ! — ̂ )«/2-i/* = 0(1),
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(3.13)

if a S > - £ '

or,

(3.14)

i f*<-| .

Using (3.13) and (3.14), we see from (3.9) that

(3.15) JB, i = o(l).

J5j2 eau also be disposed off in exactly the same manner as
ƒ5,1 and combining wifch (3.15), we have

(3.16) J"5 = o(l).

Ji and J1 can also be treated in exactly the same way as Jt

and Js respectively, and finally, therefore, we get

œ-fe'

r /

lim Sn{x) — Kn / (1 — ;

(3.17)

e' being any positive quantity, arbitrarily small, but less than
x -h 1 and 1 — x.

This complètes the proof of the theorem.
I wish to express my warmest tanhs to Dr. D. P. GITPTA for

much help and advice.
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