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Some Tauberian conditions for summability (JS', p)
of trigonometrical series.

Nota di B. N. SAHNEY (a Sagar, India) (*)

Summa ry* - Tauberian conditions for summability (Rf, 1) has been obtained
by Sunouchi. These results généralise those of Szasz. Sicnouchi-Hirukawa
have extended those of the first author. The author here invetigates
the Tauberian conditions for summability (R', p) of which the results
of Sunouchi and Sunouchi-Hiruhawa are particular cases.

oooo

1. The series 2 av is said to be summable (R', p) to the sum

zero if

converges to the suna zero as t — o, where sn is the n — th partial
00

sum of the series S av and p is an integer (finite) such

Summability {R\ 1) was initially studied by SZASZ [1], The
resuit due to SzÀsz was extended by SimoTrcHi [2] as follows;

THEOREM -

(1.2)

and

(1.3)

S. If

00

L
v—n

n
S Sy =

la»
V

00

then the series S av is summable (R\ 1) to the sum zero as t -* o

for o < S < 1.

(*) Pervenuta alla Segreteria dell'U. M. I. il 16 ottobre 1961.
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Greneralising this result HIRTTKAWA and SUHOTJCHI [3] proved
the following theorem:

6 n

THEOREM - H-S. Let s* be the (c? p) sum of the series S av. If

(1.4)

and

(1.5) 2 W =
V=-W V

where o < S < 1, 0 <; p, then the series 21 av is summable (R\ 1)

to the sum zero as t ~ 0.
Yano [4] has further extended these results on the Tauberian

conditions for summability (JS', 1). He has also obtained analogous
results for summability (R, 1).

The object here is to discuss the summability (R% p) of the
00

series 23 av for all p>l (finite integer). We shall prove the folio-
V — 1

wing theorem of which Theorem-S and Theorem H-S will be
particular cases for p = 1, p = 1 and p = 1, v = p(l — S) respectively.

THEOREM A. ^ Let SJJ be the (c, p) sum o/* the series 21 av
1

(1.6) 8Ï =

and

(1.7) S L^-l =

> r > o, r -H 1 > p , 8 =p(|J — r)/(p +- 1 — p) a^d 0 < S < 1,
00

then the series 2 av is summable (R', p) fo the sum zero for all

finite, positive intégral values of p.

2. We shall require the following lemmas in the sequel.

LEMMA 1. We write

(2.1)
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then

(2.2) = °M> as ' -
and

(2.3) <&<*>(*) = 0(*-P), as < — oo.

This is due to KANNO [5].

LEMMA 2. - If

(2.4)

then

(2.5)

(2.6)

an a

(2.7)

Sn = Sn s S I «v ! = 0(»8),
1

00

is due to SUNOUCHI (See SUNOUCHI [2]).

3. Proof of the theorem. We write

oo n oo
t S sv<I>(v*) = t( S +• S

V^Tl 1 «4-1

(3.1)

by Lemma 2, we have

00

s (v
v

gy —
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Moreover, by ABEL's transformation

(3.2)

00

s 1)P

0(t-*

wliich is convergent for all t=^0. The f act is evident if t = 0
INVw for a given positive e, we Write

(3.3) n = where
M

—.

l—p
Bstimating now $>2, we have

(3.4)

Next

(3.5)

n+i

1 S

VJ/I (/ Ir

v /sin vt\^
p " \

( CO

( «+i vP (v - h 1)P
|s«

+ nv

= O(t-Pn-(P-V), by (3.2),

— O(t-P

= O(eP),

* = ,

— t

ƒ

(st)<Xp-% by (3.3)

by (3.3).

n

S av0(vf)
V—1

n-i ?+1

v=i y

/ s(^)€>(x<)do;.
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Now we take an integer ft > 1 from (1.6), (2.6) in Lemma 2
and by BIESZ 's convexity Theorem (See KAKNO [5]), we have

L = 1, 2,..., fc — 1,

Let S9{x) = s(x) = 2 av when n<,x

= -^ ƒ S»(xX» - t, q > O,

and

On intégration by parts k times and by Tirtwe of (3.5) we have

= t S \ -
V—l

(3.7)

Now, since

- O 5 , say for B < ft,

for p = ft.
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and henee

= o U p p • & • W-P • i-Pj, by (3.6).

In this expression the index of the power of t is

- [(V- - J»)P - ^ 3

- r H- 1 - p

which is positive for all f- = 1, 2,..., Je — 1 and 0 < 8 < 1, p ;> 0,

Therefore

(3.8) <D3(*) = o(l), as * — 0.

Bvaluating <3>4(£), we obtain

— o(t • nk+r-& • t*-1 - t-P • n-P), by (3.6) and Lemma 2,

= o(tk-P - (e*)-p<*+»-IHp>)) by (3.3).
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In this expression the index of the power of t is

-p-p)\, by (3.3)

f~

which is positive, since r •+- 1 > p and (ï > r. Hence, we have

(3.9) O4(£) = o(l), as t — 0.

Estimating <D5(£), we have

(3.10)
n

n x

ƒ M
^ ®{xt)dx j {x — uf-

r ( ^ dk

j u) uj (x dxk
0 U

by change of order of intégration

J / du! dx -t- I du i dx H- / du j dx0 u f - l U

— ƒ dte ƒ do; J
(et)—P—t-1 (et)—P
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Considering ^(i), we hare

t—i u+t—1

S3(w)dtt 1 (x- v)*-*r* — O

+

0

|, by Lemma 1

= o(l), as ( -^ o, since p > r > 0

Next

(3.12) +8(t) = ( - lf+H j S*(u)du {x - tt)fc-P-i ^ p lx

(ei)—P u-\-t~x

i / | SP(w) l du j (x — u^-b-1 • 0{xt)-Pdx

Ju' *
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), by (3.3)

= o(l), as t ~ 0.

Considering 3̂(̂ ) an<* on integrating, by parts its inner intégral,
we get

(3.13) S${U) f (x — <W)fc-P-l -j-r

J dxK

(e t )—P—f" 1

— (fc — 8 - 1) (x — rf-3-2
r ; j v ; dxk~1

where

(3.14)
(

X4(t), say.

Determining the yalue of Xt(f), we obtain

Xz(t) —

C c * ) ?
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Here the exponent of t is

' v v ;(r ~h 1 - p)

which is positive, since k < (3 H- 1.
Hence

(3.15) J3(t) = o(l), as t — o.
Also

( t ) - p r - i

(3.16) Z 4 ( f ) = O(W+*-P) f

— o(l), as i — O, by virtue of (3.3).

Thus from (3.14), (3.15) and (3.16) we get

(3.17) Xx(t) ~ o(l) as t — 0.

Estimating X%(t), we have
( e t ) - p _ t - l (e*)—P

(3.18) Z,(*) = 0(ifc) / I SP(M) I du ! O(xt)-P(x —

(6*)

0(tk~P)

= o(<3+i-p) ƒ u^-p)du -4- o^-p-pffc-P-1)) / W - P d^

= 0(1) as t — O, by viture of (3.3) and (3.9).
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On collecting (3.13), (3.17) and (3.18), we find that

(3.19) d/8(*) = o(l), as t -+ 0.

Lastly we observe that

(3.20) ty4(t) = (— l)*+i* ƒ S3(t*)du ƒ (aj — «)*»»-! ^
) - p - i - i <e*)—p

(e*)

= o(t*+1-P) ƒW.

rr: o(l), as t « 0, by (3.3).

Now on collecting (3.10), (3.11), (3.12) and (3.20) we get

(3.21) ®5(fl = o(l) as t — 0.

Combining (3.1), (3.4) and (3.20) we find that for an arbitrarily
chosen e,

| t S SvO(vi) | <A eP, as t — 0.

Since & is arbitrarily smalL, hence we have

(3 22) * S5 5vO(vf) ^ O a s f - 0 .

TMs complètes the proof of Theorem A.
I am indebted to professor M. L. MISRA for his suggestions

during the préparation of this paper.
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