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Some Tauberian eonditions for summability (R’, p)
of trigonometrical series.

Nota di B. N. SABNEY (a Sagar, India) (¥)

Summary. - Tauberian conditions for summability (R, 1) has been obtained
by Sunouchi. These results generalise those of Szdsz. Sunouchi-Hirukawa
have extended those of the first author. The author here invetigates
the Tauberian conditions for summability (R', p) of which the results
of Sunouchi and Sunouchi-Hirukawa are particular cases.
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[0 o]
1. The series ¥ a, is said to be summable (R

y=1

, p) to the sum

zero if

(1.1) Ff)=1t 2 s S

@© sin vip
y=1

converges to the sum zero as { -~ 0, Where s, is the » — {h partial

o
sum of the series % a, and p is an integer (finite) such that p=>1.
y—1
Summability (R, 1) was initially studied by Szasz [1]. The
result due to SzAsz was extended by SuNoucHI [2] as follows:

THEOREM - S. If

(1.2) Su= 3 8, = o{n—9)
v=—1

and

(1.3) 50 l (ly‘ e O(n—(l—-&))

y= v

[e o)
then the series X a, is summable (R’, 1) to the sum zero as { — o
v—1

for o <3 < 1.

(*) Pervenuta alla Segreteria dell’U. M. I. il 16 ottobre 1961,
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Greneralising this result Hirukawa and SunNoucHr [3] proved
the following theorem:

n
TuEorEM - H~S. Let s be the (¢, 8) sum of the series X a,. If

y=1
8 —
(1.4) Sn = 0(nP1—d))
and
o . |
(1.5) z L = O(n—(1—9)
VN v

oc

where 0 <8 <1, 0 << f, then the series X @, is summable (E’, 1)

y=1
to the sum zero as ¢ — 0.

Yano [4] has further extended these results on the Tauberian
conditions for summability (R', 1). He has also obtained analogous
results for summability (R, 1).

The object here is to discuss the summability (R’, p) of the

o]
series X a, for all p=>1 (finite integer). We shall prove the follo-
y=1
wing theorem of which Theorem-S and Theorem H-S will be
particular cases for p =1, § =1 and p = 1, v = (1 — ) respectively.

[ee]
THEOREM A. - Let S5 be the (c, B) sum of the series X a» and

p e §
(1.6) 8% — o(wr)
and
(1.7) E}O ! Ofl" '! = O(n—1—9))

where >r>0, r+1>p 3=pP —7r)/B +1—p) and 0 <3 <1,
Q0

then the series X a, is summable (R, p) to the sum zero for all
=1

finite, positive M:tegml values of p.

2. We shall require the following lemmas in the sequel.

Leivmma 1. We write

@.1) D(f) = (Si’t‘ t)p
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then

2.2) (%)k@(t) = ‘I)(k)(t) =0Q1), as t — 0
and

(2.3) D)ty = O(—»), a8 t — oo.

This is due to KanNNo [5].
Lemma 2. - If

2.4) %IZ”::OWrﬂ~®)
then

2.5) ﬁzyaﬁmq:wm
(2.6) Sy = Sp = %jav——- O(nd)
and

2.7) ,i 2l oo,

This is due to SuNoucHI (See SunNovcHI [2]).

3. Proof of the theorem. We write

t 2 s, 0ut) =42+ 3 15, D)

y=1 1 n4-1

3.1) =®, + ®,, say.

Now by Lemma 2, we have

SC S B | SESYE SE P
e b o ] R M | R e (S 1A
2| ay| ® s
gA%: vp +B§v(v+1)1’

1
=0 (fnp_—&)’ by Lemma 2,
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Moreover, by ABEL’s transformation

o ., & sy(sin vt)f
3.2) ¢ En s PN =1 VE‘.” e

S S
v v+ 1)p

= O(t"P) Ej

v n

- 02 ;)

which is convergent for all ¢3=0. The fact is evident if =10
Now for a given positive ¢, we write

: (oI p _ _f+1—p
3.3) 0 = (e}~ Wherep_ 8—9_r+1—p'

Estimating now ®,, we have

(3.4 ®, =1 3 s, Dvi)
71
® g, /sinvi\p
:t,ﬁlv_p ( t )
PN Sv+1 Isnl
= O(t P)%n)il ® T r f

= O(tPn—(r—9), hy (3.2),
= O(t=#(st)lz—9), by (3.3)

= 0(»), by (3.3).

Next
(3.5) O, =t 3 s,®00)
y—1
v-1
n—1i
=—12 ]s( )®(xct)d
v=1
=t / s(x)D(t)d
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Now we take an integer k=1 from (1.6), (2.6) in Lemma 2
and by Riesz’s convexity Theorem (See Kanno [5]), we bave

SB—p) 4 Tp
sh=o0 (n 8 "),

(3.6) ' p=1,2 ., k—1,
\ 85 = oplk—r—B),

n
Let S%x)=s(x)= 2 ay, when n<<x <m+ 1,

v=1

z
Stux) = L_ f S°(x)(x — £)9—dt, g >0,
Vg
and

dw
| Bl
D = [dfm‘L:n.

On integration by parts k times and by virtue of (3.5) we have

O, =— t[ SO(x)D (ict)dac

k—1
=t 3 (— 1)pSen)DhY  Ot)

+ (— 1)ktS*(m)DE™

D ()
- (— 1)kt f S¥(x) (é‘l—:k) D(act)dac

=@; + ®, + O, say for 8 <k,
3.7)

=®3 +¢4, fOI' ﬁ:ka

Now, since

tSp(n) Dl D(et) = Se(m)tr { dé};—)_;_l (I)(:ut)J

r=n
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and henee

Joom
@, =t 2 (— 1)sSen)DE ™ Olat)
p=1

6(a—p)

o(% B t—P) by (3.6).

3B—p) , T
p—p (—o+ =5 + B\))

—ol. e
(

—p S(B—P) .
A 8

S(B—p) _rp

) el a)>, by (33).

=0

In this expression the index of the power of ¢ is

u—p+p(p~wp—“)—%f)

i — 28 — Ly 186 — )+ — 3 J1e

= oo — 52 - wr =), by 3

:%[ — p:—”L—Ji’(r—a)], by (3.3)

r+1—p
M= : _ bp—r1)
= tr+i=p)’ since 8_7‘_‘_1_1)
which is positive for all p=1, 2,..., k—1 and 0 <38 <1, § =0,
p=1.
Therefore
(3.8) D,(f)=o(1), as ¢ — 0.

Bvaluating ®,(t), we obtain

®,(t) = (— 1)*tSk(xn) Dl ®

D(act)
= o(f + wk+r—B . f—1 . {—p . p—p), by (3.6) and Lemma 2,

= o(tk—p - (st)—pk+r—8—p)), by (3.3).
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In this expression the index of the power of ¢ is

_p—P(k+r—B—p)— ~ 1 (p—3)(k — p—p(k-+r—B— 1)}, by (8.3)
1
p-
1 —
m%—k8+(ﬁ+1)8f,sinceS:ﬁT%
5
:F81B+1_k;

which is positive, since  + 1> p and > r. Hence, We have
3.9 ®,(t) = o(1), as ¢ — 0.

Estimating ®,(f), we have

(3.10) D () = (— 1)e+1t / Sk(x)-— D(wt)da

= (— 1)k+1¢ / di:i O(act)dae ] (% — w)k—6—1.S88(u)du

n n %
= (— 1)k+1¢ [ SB(u)du / (x — u)e—b—1 ;ﬁ ®(xt)dx,

w
by change of order of integration

1 u+t_‘1 ()P ut™1  (etyTP—iL ()P

—1k+1/du dx + dujdx+/ du {dw
t_]' u

u-t—1

(ety—P utt—1 .
d
— f du [ dx % SB(u)(x — u)k—F—1 Tk O(xt)
(ty—P—t—1  (styP

= 4i(8) + bsll) + daf) + b(8), say.
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Considering ¢,(#), we have

1 wt—1

8.11) &8 = (— 1)e+ig [ SB(ut)das f (0 — u)k—B— dd—;k O (xt)d

—1 u +t_1

¢
= O(t): [l SB(u) | duft"-(w—u)"—ﬁ—ldmg, by Lemma 1

uw

1

— Q)+ f ofuwr)duf(u — z)e—BJit

— O(tﬁ“'l)['u"""l]f)_l
oy O(ta”)

=o(l), as £ — o, since f>r>0
Next

(t)—P u4-t—1 g
(3.12) $olt) = (— 1)k+1t/ Sﬂ(u)duf(w — u)k—ﬂ—lm D(xt)dax

t——l “w
sty P w4t1
= O(tF+1) [ | SBu) | du ' (x — u)k—B—1 . O(xt)—rdx
t——l 173

()P
= o(tk+1—7) f ur e u—P[(x — u)"—ﬂ]ﬁ"'r-ldu

t—l

(et)—p
= o(tk+1—p) [ u—P . dutf—Fk
—1

(ety=¢

= o(tf+r—r)[urti—p]
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= o(I—(r—®) + o(1), by (3.3)

=o(l), as t — 0.

Considering ¢,(f) and on integrating, by parts its inner integral,
we get
(et)y—P—t—2 (ept)_(’ g
(8:18)  uft) = (— et [ So) | (@ — w8t g Dt

0 u+t_1

G

=(— 1)k+1 f SB(u)dw }[(x_u)k_a_l e (I)( t)]ai:l

(st)™P
— b —p = 1) [@—wpsr
utt—1

k—1

d
T Dat)dee f

= X)) — (b — B — 1)X,(t), say,

where

(eb)—P—t—1
(3.14) X, = 0(t¥) f SB(u)du | £ (ct)op - ((st)—p — u)k—B—1

0
— (u + t—)—pi—k+B+1]|
= X,(f) + X,(¥), say.

Determining the value of X,(f), we obtain

(£ P
X,(t) = ole®e) (t+-—o+er) [ wri(et—r  u)i—B=idu

[

= o(tk—p+p(p ~k—r-+8)),
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Here the exponent of ¢ is

B—p o=l v+ 8= g (o= )+ 1)+ — p)(p ~ b+ )
_B=nB+1-k

which is positive, since k <<f§ + 1.

Hence
(3.19) X4() = o(1), as ¢ — o.

Also

(ety—P—t—2

(3.16) X (t) = o(tP+2—p) [W(u -+ t—t)—pdt

0
= o(tB+1-p)[ugr+1—p | (7
= o(#B+1—p)—plr+1-D))

—=o(1), as ¢ — 0, by virtue of (3.3).
Thus from (3.14), (3.15) and (3.16) we get

(3.17) X.(Hy=o(1) as t — 0.
Estimating X,(f), we have

(et)—P—t—1 (etyP
3.18)  X,(f) = O(tF) / | SB(w) | du j Olat) vl — u)f—8—2 dut
o u-t—t
(at)__P—t““1
fraad o(tk—p)] u’r‘-p[(w _ u)k——ﬁ -1 ](;_?_t_._pl du
0

(ety—P—t—1 (et)y—P—t—1
= o(t9+1—P) / w(r—o)du 4 o(tk—p—p(k—ﬂ—l)) f ur—r du

0 0

= o(IB+1—P - th—p—p(k—L—1))(gygr—p+1) (t) —P—t—t

—=o(l) as t — 0, by viture of (3.3) and (3.9).
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On collecting (3.13), (3.17) and (3.18), we find that
(3.19) s(f) =o(1), as ¢ — 0.
Lastly we observe that

(et)y— P u4t—1
(3.20)  Yu(f) = (— 1)k-+1t f SB(u)du [ (o — u)k-a—lj—:,c@(xt)dx
(ty—p—t—1 (et)—p
(t)y—P
— o(tk+1—p) f - topdul(e — uye -8l E e

(et)y—P—t—1
= o(B-F1i—p+ew)[ur-+1] ) —p_i—
= o(f(B-+1—p)—p(r+1—p,)
=o(1), as ¢ — 0, by (3.3).
Now on collecting (3.10), (3.11), (3.12) and (3.20) we get
3.21) D,(#) = o(1) as t — 0.

Combining (3.1), (3.4) and (3.20) we find that for an arbitrarily
chosen ¢,

o]
[t 2 sv®DE) | <Aep, as t — 0.
yv=1
Since ¢ is arbitrarily small, hence we have

Q0
(3 22) t 2 s,Pt)—0 as ¢t — 0.
vl
This completes the proof of Theorem A.
I am indebted to professor M. T. Misra for his suggestions
during the preparation of this paper.
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