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An intégral for the product of two Laguerre polynomials

by LÉONARD CARLITZ (a Durham, TJ. S. A.) (*)

Summary. - The product L^(x)L^(y) ts représentée by a double intégral.

(1)

Let

Lm (x) = J

dénote the LAGIJERRE polynomial of degree w. Then

Lm (x)Ln (y) - rt<) gSfl ( - l)H- -fj ~

(m-*-n — r — s) ! F
(m — r) ! (n — s) ! T(a -h r •+- 1)T^ -4- s -+- 1) '

Silice [4. p. 263]

r(|jn-v -f- 1) 2^+v r
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it follows that

Lm {x)Ln iy) = i — r(a -+- m -f- i)r(p -H w
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(*) Pervemita alla Segreteria dellU.M.I. il 19 dicembre 1961.
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Using (1) this reduces to

(3>, , 2 + P + r ( a + m + l)F(p + n
n (y) = -gK2 r(<x

l

,3) .] ƒ
7T 71
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^ y ) cos6
ivm+M

\ COS Cp

In particular, when x = y (3) reduces to

i w («} J^ (a:) - ^ ^ ^ r ( a+p +

(4) * / / c o s ( m — w ) ? C 0 R ( a — P)0 cos*»-!^* cp cos^+P 6

: c o s (6 — <p) c o s 6\
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This formula may be compared with WATSOK'S formula [3]:

Jbm (X) ±jn (X)

F(a -+- m

21 IE
2 2
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As pointed out by WATSOIST. (5) includes BATLEY'S formula [2]

(6) Hm(x)Hn{x
J (w+w) T

fff" *

(»H-n)!
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where

It is not clear hovv to obtain a resalt like (6) from (8) or (4).
However using (7) and (2) we get

f w—2r-j-2s)ô*

Since the formula

ƒ•(m — 2r) ! {n — 2s) !
7T

2

is valid for ail r, s pro\dded that 2r -h 2s <. m-*-n, we may
extend the range o£ r, s and get

_m\n\ r

1

Therefore

TT . __ . , l ml ni f
(8) B4*)fl^) - - ̂ - ^ } 1 J xny%

«W,

•where



28 LEONARD C4RLITZ

In particular, when x = y, (8) reduces 1o

Hm(x)H„(y)

2*lm+n) m l H j F i(»+n) 1

which is a disguised version of (6).
In connection with (8) compaie [1, formula (5.5)].
We remark that for the confluent hypergeometric function

<P(a; c ; x ) = 2 - j
r=o \a

we can prove that

T(a)T(b) r(<

= —— / i
0 7T
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